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PREFACE 
The  "Conference on Photographic Astrometric Tech- 
nique" w a s  held from February 18th through February 20th 
1968, i n  o r d e r  t o  d i s c u s s  the t echn ique  used  fo r  ob ta in -  
i n g  a s t r o m e t r i c  p l a t e s ,  as w e l l  as the i r  mensura t ion  and  
reduct ion.   Because  of   the  appl icat ions  of   photographic  
a s t r o m e t r i c s  t o  sa te l l i t e  geodesy ,  the  conference  par t i -  
c ipan t s  were astronomers as well as geodes i s t s .  We hope 
t h a t  t h i s  c o n f e r e n c e  h a s  c o n t r i b u t e d  i n  making astronomers 
and geodes i s t s  more f a m i l i a r  and a p p r e c i a t i v e  of each oth- 
er's work. 
Thanks are due  the  many individuals  through whose 
work and coope ra t ion  th i s  confe rence  w a s  made poss ib l e .  
I n  p a r t i c u l a r  I s h o u l d  l i k e  t o  t h a n k  my wife ,  Mrs. 
Edelgard Eichhorn-von Wurmb,  who t r a n s c r i b e d  t h e  t a p e s  of 
t he  d i scuss ions ,  and g e n e r a l l y  a s s i s t e d  v e r y  e f f i c i e n t l y  
w i t h  t h e  work of organizing, holding, and ed i t i ng  the  p ro -  
ceedings of the conference.  
This  volume would not  have been publ ished without  the 
very  competent  and e f f i c i e n t  h e l p  of Mrs. Dorene L.  Malin- 
owski, who not only typed the manuscript ,  and i s  responsi-  
b l e  fo r  t he  gene ra l  l ayou t  and .  p roduc t ion ,  bu t  who a l s o  
caught many inaccuracies  and l i t t l e  e r r o r s  t h a t  had s l i p -  
ped  by the  au thors  and  the  ed i tor ,  and  who he lped  in  o th-  
er d i f f e r e n t  ways too  numerous t o  mention. 
Heinrich Eichhorn 
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THE ORIGIN AND GOALS OF THE AUTOMATED STELLAR 
PROPER MOTION  SURVEY 
Willem J. Luyten 
University of Minnesota 
ABSTRACT 
The historicaZ background of the automation of the 
steZZar proper motion survey i s  traced from i t s  begin- 
nings a t  Harvard Observatory i n  1928 t o  the taking of 
the series of pZates compzementing the National Geograph- 
iGMount PaZomar Sky Survey p Zates taken with the 48 inch 
Schmidt TeZescope a t  Mount PaZomar covering 77% of the 
s k y  with 936 pZates. The design goaZ for  the automation 
i s  the documentation of the proper motions of stars from 
tenth through twentieth red magnitude. A typicaZ scanning 
time for  a pair of  24 inch star plates  i s  projected to be 
about 45 minutes with the total processing time estimated 
a t  between one and two years for the complete s e t  of piates .  
INTRODUCTION 
During  most  of  my  scientific  life I have  been  interested in  stellar  motions, 
especially  of  faint  stars.  Virtually  the  only  way  of  finding  these  is  by  com- 
paring  two  plates  taken  with  the  same  telescope  a  number  of  years  apart.  Usually 
this  is  done  with  what  is known as  a  blink  microscope.  In  1928  when I as  still 
at  Harvard  Observatory, I began  a  proper  motion  survey  of  the  southern  hemisphere. 
To complete  the  actual  search of the  more  than 1000 plates  took  only  six  years, 
but  to  complete  the  measurement Gf all  the  motions  found  took  more  than  twenty- 
five  years  and  it  was  not  until  1962  that we could  publish  the  final  catalogue 
of motions  of  85 000 stars. 
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Meanwhile much b e t t e r   p l a t e  material had become a v a i l a b l e  i n  t h e  form of the 
Palomar National Geographic Survey done with the 48 inch Schmidt  te lescope of  the 
Palomar Observatory. The 936 p a i r s  o f  p l a t e s  - t a k e n  i n  b l u e  and r e d  - cover  77% 
of the sky and record images of stars down t o  21?2 i n  t h e  b l u e ,  and t o  a b o u t  20: 
i n  t h e  r e d .  S i n c e  t h e  vast ma jo r i ty  o f  f a in t  p rope r  mot ion  stars are red  i t  is 
obv ious  tha t  t he  r ed  p l a t e s  mus t  be  r epea ted .  
In  1958 I began a small p i l o t  p rogram us ing  the  o ldes t  p la tes ,  then  about  9 
yea r s  o ld ,  and t h i s  i n d i c a t e d  t h a t  t h e  optimum i n t e r v a l  between p l a t e s  w a s  be- 
tween ll and 13 yea r s  - wi th  smaller i n t e r v a l s  o n e  would n o t  f i n d  a l l  of t h e  s i g -  
n i f i can t  mo t ions ,  bu t  once  the  in t e rva l  ge t s  t oo  long  the  number of  moving  ob- 
j ec t s  found g e t s  s o  l a r g e  t h a t  t h e  program is  no  longer  manageable.  Hence, i n  
1962 I began i n  e a r n e s t  r e t a k i n g  t h e  new p l a t e s ,  and t o  d a t e  more than  700 of 
the  red  p la tes  have  been  repea ted .  
But almost  immediately  troubles  began  to  appear.  The Palomar-Schmidt r ed  
p l a t e s  show anywhere from 50 000 t o  1 0  000 000 star images  per  p la te  - depending 
on t h e  g a l a c t i c  l a t i t u d e .  To examine  even  the  former  pair of p l a t e s  u s i n g  t h e  
human eye and the human hand takes  about  30 hours  and usual ly  w e  f ind something 
l i k e  between  400  and 500 moving objec ts  on  a p a i r  o f  p l a t e s .  To measure these - 
and t h i s  c a n  b e  done  by s t u d e n t - a s s i s t a n t s  - t akes  a t  least another  200 t o  250 
hour s .  F ina l ly  the re  is another  20 hours  or  so p e r  p l a t e  of paper work before the 
d a t a  are r eady  fo r  pub l i ca t ion .  To s e a r c h  t h e  v e r y  r i c h e s t  p l a t e s  i n  t h i s  f a s h -  
i o n  is probably  not  poss ib le ,  bu t  even  i f  i t  were w e  estimate t h a t  i t  would prob- 
ab ly  take  a t  least 300  man-years t o  f i n i s h  t h e  j o b  - no one can do t h i s  k i n d  of 
work 40 hours  per  week. 
With the  p rospec t  t ha t ,  i f  t h i s  su rvey  cou ld  be  comple t ed  w e  would f i n d  
someth ing  l ike  ha l f  a m i l l i o n  f a i n t  stars wi th  la rge  proper  mot ion  i t  is  evident  
t h a t  w e  need t o  t u r n  t o  a u t o m a t e d  and computerized methods. About f i v e  y e a r s  
ago Robert  Li l les t rand of Control  Data Corporation and I began thinking ser ious-  
1 Y  abou t  t h i s -  In  1964  w e  s e n t  i n  a proposal  to  the Nat ional  Aeronaut ics  and 
Space Administration and a c o n t r a c t  was awarded t o  t h e  U n i v e r s i t y  of Minnesota 
with Control  Data Corporat ion as subcont rac tor  as of  Ju ly  1, 1965. A s  of  today 
f a b r i c a t i o n  of the machine i s  almost completed. What w e  hope i t  w i l l  do,  what 
it w i l l  accomplish follows. 
DESIGN  GOALS FOR AUTOMATIC SCANNING 
The star images on the pair  of star p l a t e s  are scanned by a r a p i d l y  moving 
spo t  of l i g h t  d e t e c t e d  by photomul t ip l ie rs .  The p o s i t i o n s  and  widths  of  the 
images are r eco rded  to  the  nea res t  mic ron  on magnetic tape. The  tremendous d a t a  
flow rate r e q u i r e s  t h e  u s e  of a ve ry  l a rge ,  ve ry  f a s t  compute r  t o  r e c o n s t r u c t  t h e  
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images  from  the  taped  data.  The  positions  of  the  centers  of  the  images  for  a 
small (16 x 16 mm) area  of  one  plate  are  compared  with  the  image  centers  for  the 
corresponding  area  on  the  other  star  plate.  The  computer  detects  any  misalign- 
ment  of  the  two  areas  and  aligns  them  to  optimum  coincidence  by  translational 
and  rotational  coordinate  transformation.  Non-coincident  images  are  identified, 
measured,  and  their  coordinates  in  plate  reference  and  in  right  ascension  and 
declination  are  printed  by  the  computer.  Depending  upon  how  small  the  motions 
we  wish to  accept  and  retain, we then  set  a  lower  limit  to  the  discrepancy  in 
position  between  the  two  plates  below  which we ''throw  them  back  in",  e.g.,  if 
we  wish  to  obtain  a  virtually  complete  list  of  all  motions  larger  than 0'.'10 an- 
nually - which  on  our  plates  with  our  average  interval  will  amount  to  a  displace- 
ment  of 18 microns - we might  set  this  lower  limit  at 15 microns. In the  end 
we thus  wind  up  with  a  list  of  objects  which  have moved.more than 15 microns  for 
which  we  have  the X and Y motions,  but we also  have  the X and Y coordi- 
nates  of  the  object  which  the  computer  will  translate  into  positions  in  the  sky, 
and,  in  addition,  have  a  good  indication  of  the  diameter  of  the  star  image  from 
which  the  brightness  can  be  derived.  The  final  data  output  will be on  tape  as 
well  as  on  cards. 
We  hope  and  expect  that  this  machine  will  be  able  to  process  a  pair of
plates  in 45 minutes  on  the  average.  Hence,  if  all  goes  well, we should  be  able 
to  finish  the  survey  in  one  or  two  years. 
THE  AUTOMATION OF THE STELLAR PROPER MOTION  SURVEY 
James S. Newcomb 
Control  Data Corporation 
ABSTRACT 
A microdensitometer, scanning pairs of star pZates 
of identicaZ areas of the sky taken a decade apart, is 
coupzed t o  a magnetic tape un i t  through a data acquisz- 
tion system. This system performs an image density thresh- 
oZd ZeveZ seZection f o r  each pZate and a buffer memory sys- 
tem t o  smooth the data fZow as weZZ as anaZog and digitaZ 
d i s p  Zay controZs. The data from the tape are processed 
3 
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Zater by a Zarge scaZe high speed computer which 
reconstructs the scanned images, discovers, mea- 
sures, and documents steZZm proper motions by 
precise comparison of corresponding areas of the 
b o  star pZates to detect  those images which have 
moved a t  Zeast 0!'10 annuaZ Zy i n  the time interuai! 
between the exposures. 
INTRODUCTION 
The  aim  of  the  automation  project  has  been  to  reduce  the  significant  inform- 
ation on the 14 in. X 14 in.  star  plates  taken  with  the 48 in.  Schmidt  telescope 
at  Mount  Palomar  to  measurements  in  digital  form  which  can  be  utilized  by  a  com- 
puter  to  discover  and  measure  stellar  proper  motions.  This  paper  will  summarize 
the  implementation  of  the  automation  and  describe  the  major  elements  of  the  data 
acquisition  system. A laser  scanning  densitometer  and  a  special  purpose  computer 
were  built  by  the  Aerospace  Research  Department  of  Control  Data  Corporation  to 
digitize  the  star  plate  information. 
A block  diagram  of  the  system  from  star  plate  scanning  to  computer  output 
is  shown  in  Figure 1. In  step  number  one,  signals  from  the  scanning  of  the  star 
plates  and  reference  reticle  flow  from  the  scanner  to  the  detection  electronics; 
digital  star  plate  and  spot  position  signals  flow  from  the  scanner  to  the  console 
The  combined  signals  enter  the  buffer-core  memory  complex  and  are  accumulated  un- 
til  a  tape-compatible  group  is  present.  Then  the  group  of  measurements  is  re- 
corded on the  tape.  In  step  number  two,  the  tape  is  read  into  the  computer;  the 
computer  then  reconstructs  the  star  images,  detects  and  documents  star  images 
which  have  moved. 
FIGURE 1 
Block  diagram of 
Data  Reduction  Sys- 
tem from  Star  Plate 
Scanner to Computer 
Output. The reduc- 
tion  occurs  in  two 
separate  steps;  the 
measurements  of i- 
mage  position and 
size  flow  from  the 
scanner  through  the 
data  control  and ac- 
quisition  system  to 
the  digital  magnetic 
tape;  the  tapes  are 
then read into  the 
computer  for  the ex- 
traction  of  proper 
motion  information. 
STAR PLATE 
SCANNER 
MOTOR  CONTROL 
X - 4 X I S  POSITION . CONTROL MEISUREMENTS - CONSOLE 
Y-AXIS  POSITION c - 
"---iOl 
SPOT POSITION RETICLE  PULSES 
U 
STEPXI DATA  STORAGE  ON TAPE 
STEPR 2 '  DATA PROCESSING 
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THE OPTICAL  SCANNING  SYSTEM 
A schematic diagram of the op t i ca l  sys t em is shown i n  F i g u r e  2. Light from 
a Perkin-Elmer helium-neon continuous gas laser passes through a converg ing  lens  
i n t o  a ro ta t ing  oc tagonal  pr i sm.  The r o t a t i n g  p r i s m  imparts  the scanning motion 
t o  t h e  laser beam. The beam is  s p l i t  by t h e  a c t i o n  o f  a beam s p l i t t i n g  p r i s m  
c lus te r  p laced  immedia te ly  beyond t h e  e x i t  f a c t  o f  t h e  r o t a t i n g  p r i s m .  The 
t h r e e  beams ob ta ined  f rom the  p r i sm c lus t e r  are shown i n  t h e  f i g u r e ;  o n e  beam 
with 50% of the beam >nergy- .goes  .upward  through the  re la t ive ly  dense  or ig ina l  
p l a t e s ;  t he  second  beam wi th  25%  of the energy passes downward through the 
r e l a t i v e l y  clear second epoch plates. The t h i r d  beam w i t h  25% of  the energy 
p a s s e s  i n t o  t h e  r e f e r e n c e  reticle which is e s s e n t i a l l y  a 64 micron scale from 
which t h e  i n s t a n t a n e o u s  p o s i t i o n  of t h e  s p o t  i s  obtained.  Light  passing through 
each  of  these  bar r ie rs  is c o l l e c t e d  by a s p e c i a l  o p t i c a l  s y s t e m  and i s  sensed by 
th ree  sepa ra t e  pho tomul t ip l i e r s .  L igh t  sou rces  and  p ivo ted  mi r ro r s  fo r  v i sua l  
observa t ion  of  the  star p la t e  pa i r s  fo r  a l ignmen t  pu rposes  a re  shown ad jacen t  
t o  t h e  p h o t o m u l t i p l i e r s  f o r  t h e  two star plates .  
FIGURE 2 
An optical  Schematic 
of the  Star  Plate  Scan- 
ning Microdensitometer. 
Monochromatic  light at 
.6328 microns  wavelength 
converges to a  spot af- 
ter  passage  through  a 
positive lens. The  con- 
verging  light beam is 
given  a  scanning  motion 
by its passage  through 
a  rotating  octagonal 
glass prism. A beam 
splitting  prism  cluster 
divides  the  converging 
beam into  three  parts - 
two  portions of the  beam 
scan  the  star  plates and 
one  scans  the  reticle. 
Individual  light  collec- 
tion  systems  monitor  the 
intensities of the  three 
beams. 
Scanning act ion on the star p l a t e s  i s  produced by a combination of the mo- 
t i o n  o f  t h e  s p o t  i n  t h e  Y d i r e c t i o n  o v e r  a s t r i p  16mm wide  and the motion of 
t h e  star p l a t e s  i n  t h e  X d i r e c t i o n  o v e r  a pa th  356mm long.   Both   the   ro ta t ing  
prism  and  the X axis dr ive  motors  are synchronous  and t h e i r  s p e e d s  so r e l a t e d  
t h a t  i n d i v i d u a l  a d j a c e n t  s c a n s  o f  t h e  moving s p o t  are f ive  mic rons  apa r t .  The 
s i z e  o f  t h e  star images of in te res t  ranges  f rom 900 microns to  about  25 microns. 
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The a v e r a g e  s i z e  i s  about 80 microns.  Thus,  an average stellar image  would be  
scanned 16 times. Af te r ,  a s t r i p  h a s  b e e n  s c a n n e d ,  t h e  p l a t e  h o l d e r s  are auto- 
m a t i c a l l y  moved t o  t h e  n e x t  s t r i p  p o s i t i o n  b e f o r e  t h e  n e x t  s c a n  b e g i n s .  A t  t h e  
maximum scan rate, t h e  p l a t e s  move a t  a v e l o c i t y  o f  6mm per  second,  and the pr ism 
r o t a t e s  a t  9000 rpm. V e l o c i t i e s  a t  one-half  and one-fourth of this value are a- 
v a i l a b l e  f o r  p l a t e s  o f  h i g h e r  s tar  d e n s i t i e s .  
A photograph of  the opt ical  scanning head is shown i n  F i g u r e  3 .  The beam 
s p l i t t i n g  p r i s m  c l u s t e r  is  shown mounted t o  t h e  r i g h t  o f  t h e  r o t a t i n g  p r i s m .  
The mir ror  and  converg ing  lens  co l lec t ing  l igh t  f rom the  laser beam are i n  t h e  
h o u s i n g  t o  t h e  l e f t  of the  ro ta t ing  pr i sm.  This  hous ing  conta ins  the  motor  and  
advance system for  focusing the converging lens .  Direct ly  above the pr ism clus-  
ter is the  hous ing  fo r  t he  l i gh t  co l l ec t ion  sys t em fo r  t he  uppe r  (o r ig ina l )  star 
p l a t e .  
FIGURE 3 
The  Scanning  Head of the  Microdensitometer. The  rotating  octagonal 
prism  is in  the  center of the  photograph;  the  prism  cluster  is  to  the 
right  of  the  rotating  prism and the  converging lens is  in  a  focusing 
mount on the left. 
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MECHANICAL  CONFIGURATION 
The  measuring  system  on  which  the  scaaning  is  based  is  the  orthogonal  lead 
screw  measuring  system of the  Moore  Measuring  Machine #Z.  Star  plates  clamped 
in  holders  mounted  on  the  ways  of  the  measuring  machine  move  by  the  optical  scan- 
ning  head  to  provide  part  of  the  scanning  action. A general  view  of  the  scanner 
as  placed  in  our  laboratory  for  testing  and  checkout  is  shown  in  Figure 4 .  The 
blink  microscope  used  for  visual  observation of the  star  plates  projects  out  of 
the  prism  cluster  assembly  to  the  front of the  machine.  The Y axis  lead  screw 
and  ways  are  parallel  to  the  micrbscope  tube;  the X axis  ways  and  lead  screw 
are  at  right  angles to the  tube.  Directly  below  the  eyepiece  of  the  microscope 
and  parallel to it  is  the  incremental  angle  encoder  directly  connected  to  the Y
axis  lead  screw.  At  right  angles  to  the  encoder  are  the  lead  screw  drive  motor 
and  electric  brake. A similar  assembly  is  connected  to  the X axis  lead  screw. 
On  either  side  of  the  microscope  support  stand  are  located  the  two  control  boxes 
used  to  provide  control  during  visual  alignment,  blinking,  plate  change,  and  test- 
ing  activities.  The  three  light  collection  systems  with a photomultiplier  and 
preamplifier  in  a  housing  on  each  are  shown  in  Figure 5. The  upper  light  collec- 
tion  tube is for the second  epoch  star  plate;  the  center  tube  collects  light  from 
the  reticle;  the  lower  tube  collects  light  from  the  first  epoch  star  plates. 
FIGURE 4 
The  Scanning  Microdensitometer.  The  star  plates  being  scanned  are in 
holders  immediately  above and below  the b l i n k  microscope  which pro- 
jects  out of the  front of the  scanning head. Parallel to the  micro- 
scope  is Y axis  motion  of  the  star  plates; at right  angles to  it 
is X axis. Controls  for  local  operation of the  machine  are  located 
on either  side of the Y axis ways. 7 
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FIGURE 5 
Side View of the  Mi- 
crodensitometer  Show- 
ing  the  Three  Light 
Collection  Systems. 
The  upper  horizontal 
tube  collects  light 
from  the  second  epoch 
star  plate  and  re- 
flects  it  to  the  pho- 
tomultiplier  housed 
at  the  near  end  of 
the  tube.  The  lower 
tube  collects  light 
from the  first  epoch 
star  plate;  the  cen- 
ter  tube  is  the  light 
collection  system  for 
light  passing  through 
the  reference  reticle. 
IMAGE  WIDTH AND POSITION  IDENTIFICATION 
Signals  from  the  two  star  plate  scannings  pass  from  the  photomultiplier  in- 
to  the  detection  and  data  display  system.  An  average  star  plate  background  sig- 
nal  level  is  computed  for  each  plate  and  the  average  maintained  at  a  constant 
level  by  automatic  gain  control of the  photomultipliers.  An  image  detection 
threshold  level  is  set  by  the  operator  for  each  star  plate.  When  the  signal 
from a star  plate  drops  below  this  threshold  level  (because  the  moving  spot  has 
encountered a dense  image)  the X and Y positions of the  scanning  spot  are 
entered  into  the  buffer  memory  through  an  electronic  gate.  The X position  is 
obtained  from a bidirectional  counter  which  keeps  track of the  pulses  from  the 
X axis  incremental  encoder.  The Y position  is  obtained  from  two  sources - 
the  counter  accumulating  the  pulses  from  the Y axis  angle  encoder,  and  the 
counter  system  that  measures  the  instantaneous  position of the  moving  spot  at 
the  time  the  image  was  encountered.  As  the  spot  traverses  the  image,  a  separate 
counter  records  the  distance  travelled.  When  the  spot  emerges  from  the  image 
and  the  signal  level  rises  beyond  the  threshold  level,  the  contents  of  the  image 
width  counter  are  entered  into  the  buffer. 
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THE CONTROL CONSOLE 
S ince  the  p l a t e  s cann ing  i s  c o n t r o l l e d  i n  a room separa te  f rom the  scanner  
room, adequate  cont ro ls  and  d isp lays  must  be  suppl ied  to  the  opera tor .  These  
con t ro l s  and  d i sp lays  as well as the special  purpose computer  needed for  data  
a c q u i s i t i o n  and t r a n s f e r  are housed i n  a separa te  console .  A photograph of t h e  
console  is  shown i n  F i g u r e  6 .  The l e f t  s ec t ion  o f  t he  conso le  p rov ides  con t inu -  
ous  moni tor ing  of  the  output  of  the  three  photomul t ip l ie rs  p lus  au tomat ic  ga in  , 
cont ro ls  and  focus ing  swi tches .  
FIGURE 6 
The  Control  Console.  The  actual  scanning  of  star  plates  and  the  writ- 
ing  of  data on digital  magnetic  tape  is  monitored  and  controlled  from 
this  console.  The  photomultiplier  outputs  are  observed  and  the  thresh- 
old  levels  controlled  from  the  left  hand  section  of  the  console.  Star 
plate  motion  controls  and  a  special  bright  display  of  the  detected im- 
ages  are  available  from  the  central  section  of  the  console.  Control, 
monitoring,  and  testing  of  the  digital  data  system  occur  in  the  right 
section  of  the  console. - 
I 
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The  center  panel  provides  a  continuous  bright  display  of  the  images  detected  by 
the  system  as  well  as  the  scanner  motion  controls. A sample  of  the  image  dis- 
play  of  a  star  plate  is  shown in  Figure 7, as  photographed  from  the  screen  of 
the  circular  tube in the  central  panel.  Note  the  diffraction  spikes  of  the 
bright  star,  the  scratch  on  the  plate  and  some  dust  particles  and/or  plate 
flaws.  The  right  end  of  the  console  contains  the  data  acquisition  logic,  the 
core  memory,  system  status  displays,  logic  system  test  equipment,  and  the  basic 
scan  and  stop  controls  for  standard  scanning.  Cables  connect  the  scanner  to 
the  console,  and  the  console  to  the  magnetic  tape  unit. Thus, contained in the 
console  is  the  data  "filtering"  of  the  threshold  level  system,  the  data  storage 
in the  memory  system,  and  the  data  transfer  to  the  magnetic  tape.  Data  is  read 
into  the  tape in complete  records  from  the  memory so that  the  tape  contains  on- 
ly  completely  filled  records.' 
FIGURE 7 
S t a r  P l a t e  Image  Display.   This  is  a phocograph   o f   t he   f ace  of t h e  
c i r c u l a r  t u b e  i n  t h e  c e n t e r  o f  t h e  c o n s o l e  a s  t h e  m i c r o d e n s i t o m e t e r  
s c a n n e d   a n   a c t u a l  s tar  p l a t e .  T h e  d i s p l a y  c o v e r s  a 1 6  x 16mm area 
of t h e  s t a r  p l a t e .  
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DATA REDUCTION I N  THE COMPUTER 
The t apes  are read  in to  the  compute r  fo r  da t a  r educ t ion  as f a s t  as t h e  
tape can be read.  This  means tha t  a l though the  da ta  f low f rom the  scanner  is 
completely random, the  da t a  f low in to  the  compute r  i s  now continuous.  
Computer process ing  of  the  star p l a t e  measurements begins with the recon- 
s t ruc t ion  of  the  images  f rom the  serial measurements obtained from the tape. 
The a s sembly  o f  t he  ind iv idua l  t r ans i t s  i n to  an  image i s  accompanied by simple 
tests of image shapes which decide whether an image i s  s u f f i c i e n t l y  s t a r - l i k e  
t o  b e  r e t a i n e d .  B o r d e r l i n e  cases would be rejected but  marked as a v a i l a b l e  f o r  
review by the astronomer.  
The c e n t e r s  o f  n e a r l y  c i r c u l a r  s t a r - l i k e  images are c a l c u l a t e d  by de te r -  
min ing  the  cent ro ids  of  the  i sophota l  area descr ibing the images.  The l o c a t i o n  
of t h i s  c e n t e r  i n  p l a t e  c o o r d i n a t e s  is used throughout  the rest of  the  ca lcu la-  
t i o n  as t h e  star image l o c a t i o n .  The area of t h e  star is  ca l cu la t ed  by t h e  
t rapezoidal   approximation.   Star   images  of  a more  complex shape,  such as those  
produced by b i n a r i e s ,  w i l l  be  descr ibed by a leas t  s q u a r e s  f i t  w i t h  t h e  u s e  of 
r e s i d u a l s  as a c r i t e r i o n  o f  a c c e p t a b i l i t y .  
The second s t e p  i n  t h e  d a t a  p r o c e s s i n g  i s  the al ignment  and analysis  of  a 
16mm square area on t h e  two star p l a t e s .  The cen t ro ids  of star images  on t h e  
two p l a t e s  are compared,  and t h e  b e s t  f i t  of alignment between the two areas is 
obtained, based on i t e r a t i v e  c o o r d i n a t e  t r a n s f o r m a t i o n s  of r o t a t i o n ,  t r a n s l a -  
t i o n ,  and s t r e t c h  of  emulsion.  Reference w i l l  be made t o  t h e  r e s u l t a n t  t r a n s -  
formations of previous nearby areas t o  g u i d e  t h e  i t e ra t ive  process on succes- 
s i v e  16mm square areas. Provis ion has  been made on t h e  s c a n n e r  i t s e l f  f o r  vi- 
sua l  a l ignment  of  the  p la tes  before  the  p l a t e  scann ing  beg ins ,  i n  o rde r  t o  re- 
duce  the  number of computer i t e r a t ions  necessa ry  to  p roduce  optimum coincidence.  
Af t e r  optimum coincidence has  been obtained for  a given 16mm square  reg ion ,  star 
image p a i r s  n o t  f i t t i n g  t h e  c o i n c i d e n c e  p a t t e r n  are measured and documented with 
r e spec t  t o  nea rby  stars of comparable area. Right  ascension and decl inat ion co- 
o r d i n a t e s  f o r  t h e  star images are obtained from reference stars loca ted  v i sua l -  
l y  on t h e  star p la t e s  be fo re  the  scann ing  beg ins .  
DATA FLOW RATES 
The expected data  f low rates from the star p la tes  have  been  a p i v o t a l  
f a c t o r  i n  t h e  s y s t e m  d e s i g n .  Measurements  of  samples  of  data  flow rates made 
with an engineer ing test model b u i l t  b e f o r e  t h e  a c t u a l  s c a n n e r  showed t h a t  star 
image measurements could be expected to come i n  random burs t s  wi th  wide  varia- 
t i o n s  i n  t h e  numbers of measurements made i n  each moving spot  scan  a long  a s t r i p  
be ing  be ing  scanned ,  a long  d i f f e ren t  s t r ip s  in  the  same p l a t e ,  and i n  d i f f e r e n t  
11 
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plate  pairs.  Estimates  of  the  average  data  flow  for  various  regions  of  the  sky 
were  used  to  evaluate  the  probabilities  of  losing  significant  quantities  of  da- 
ta  at  various  scan  speeds  because  the  data  flow  was  too  great  against  the  esti- 
mated  scan  time  for a complete  plate  pair  as  a  function  of  scanning  velocity. 
The  basic  design  conclusion  reached  from  these  measurements  was  that  any  com- 
puter  fast  enough  to  accept  data  from  closely  spaced  images  would  be  too  ex- 
pensive  to  sit  idle  during  the  time  no  data  was  being  delivered  to  the  machine. 
The  system  design  philosophy  has  been  to  detect  and  record  images 
whose  density  exceeds  the  detection  threshold  level.  The  astronomical  informa- 
tion  obtained  from  these  measurements  is  determined  by  the  computer  program  re- 
ducing  the  data;  documenting  stellar  proper  motions  will  be  the  first  but  need 
not be  the  only  information  obtainable  from  these  plates - the  change  in  in- 
formation  output  is  the  result  of  a  change  in  computer  program,  not  a  change  in 
the  hardware of the  scanning  system. 
Thus, we hope  to  produce  by  this  system  a  statistically  significant  num- 
ber of documented  proper  motions  of  stars  from  the  tenth  through  the  twentieth 
red  magnitude in  forms  readily  usable  by  the  scientific  community. 
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DISCUSSION 
Gatewood: How long does it take  to  measure a pair of plates on t h i s  machine? 
Newcomb: About 4 5  minutes. 
Gatewood: What i s  the accuracy of a measured posit ion? 
Luyten: We are aiming a t  an accuracy of 5 microns on the plate  which corresponds t o  about 0!'3, as 
i n  t h e  Astrographic  Cafalogue.  This i s  a  relat ive  accuracy i n  a  small f i e l d .  A t  t h i s  
time, without using the computer, we get absolute positions with an accuracy of 1 minute 
of arc. With the aid of the computer, we hope to eventually get the posit ions aceurately 
t o  one second of arc, corresponding t o  1 5 ~ .  
Mueller: What precisely does that  f igure mean? 
Luyten: This  re fers  to  the  accuracy with which the location of the image i n  t h e  emulsion i s  mea- 
sured. With the overlaid errors of emulsion shift, we may well get ultimately mean er- 
rors near 5!' . 
Strand: Will you be able to obtain this with the system of your reference stars? 
Luyten: I believe so. We have an average of 58 AGK2 s tars  on each p la te .  
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Herget: My own experience i s  t h i s :  I reduced forty-eight  Palomar Schmidt plates  and used the Yale 
Zone Catalogues as a source of reference stars.  The plates  had been measured on a manually 
operated measuring machine by van Houten. The m s  residuals on some plates  were as low as 
0!'3, others were 0!'7 . These figures describe the agreement  between the measurements and 
the positions printed i n  the Yale Catalogues. So maybe Luyten's figures are too pessimis- 
t i c .  
Luyten: Were these "good" plates? 
Herget: I don't  knm. They  were taken i n  1960 by Gehrels. 
Luyten: I t  i s  important t o  consider that all  our plates were taken through a plexiglass filter, 
while those that Herget ta lks  about were taken without  a  f i l ter .  Since plexiglass  f i l ters  
do not  last  for 15 years, I am sure   d i f f e ren t   f i l t e r s  were used a t   t h e   f i r s t  and second 
epoch.  The regions close to the edges of the  4 i n .  by 4 in. plates are particularly sen- 
s i t i v e   t o   t h i s ,  and we have noticed i n   f a c t   t h e   e f f e c t s  of d i f f e r e n t   f i l t e r s   a t   t h e   d i f -  
f eren t  epochs i n  t h e  proper motions. These are our reasons for being somewhat pessimist ic .  
Newcomb: The e f f e c t s  of granukzrity of the emulsion seems to  se t  t he  l im i t s  for the achievable ac- 
curacy i n  connection with the fact that every image i s  covered by severaZ s c m .  We no- 
t ice that the least  accurately measured stars are those of 301.1 diameter, the smallest we 
measure, mrd that  the accuracy r i se s  as the image diameters r i s e .  Also, we notice as the 
resu l t s  of eqeriments  which we have conducted, that the spacing between the scan lines 
i s   i n s i g n i f i c a n t  f o r  the ultimately achieved accuracy. 
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COMPUTER.CONTROLLED PRECISION DIGITIZERS 
OF 'OPTICAL  IMAGE DATA  EXTRACTION 
Richard  C.  Strand 
Brookhaven National Laboratory 
ABSTRACT 
The Flying Spot Digit izer  at  the Brookhaven Nation- 
aZ Laboratory and i t s  appzications  are  described. Sug- 
gestions are made as t o  how t h i s  apparatus might be used 
for the precise and f a s t  measurement of star images on 
photographic p Zates. 
AUTOMATIC  EXTRACTION  OF  DATA  FROM  BUBBLE  CHAMBER FILM 
Among  the  many  applications  for  information  storage  and  extraction  by  use 
of  photographic  film  are  the  several  million  bubble  chamber  stereo  triads  ex- 
posed  each  year  for  elementary  particle  experiments  (Brookhaven  National  Labora- 
tory,  1966).  One  third  of  a  representative  stereo  triad,  or  one  Ifview",  is  re- 
produced  in  Figure 1 . This  exposure  of  the  brookhaven  National  Laboratory  (BNL) 
twenty-inch  hydrogen  chamber  was  made  to  a  beam  of  secondary n+ mesons  which  have 
a  momentum  of 1.0 GeV/c  from  the  BNL  Alternating  Gradient  Synchrotron,  a 30 GeV 
proton  accelerator.  The  beam  tracks  start  at  the  right  and  are  deflected  down 
by  the  chamber  magnetic  field  of  17  kilogauss.  The  diameters  of  the  images  of 
the  individual  bubbles  on  the 35mm film  strip  are  about 30 microns.  The  linear 
bubble  density  of  a  track  is  proportional  to  the  square of the inverse  of  the 
particle  velocity.  Consequently,  the  relativistic n+ beam  tracks  and  the  low 
momentum  electron  spirals  produce  ''minimum"  bubble  density  while  some  nonrelativ- 
istic  particles  leave  more  continuous  tracks.  A  pair  of  "two-prong"  interactions 
occur  but  most  of  the  beam  tracks  pass  through  and  thereby  form  a  background  of 
noise  which  is  rejected  by  the  data  extraction  system.  For  stereo-reconstruction 
purposes, l lxl l  - shaped  and Ir+" - shaped  fiducial  marks  are  etched  into  the  bub- 
ble  chamber  window.  The  locations  of  these  marks  with  respect  to  the  camera 
optics  are  known  to  within  a  few  microns.  A  binary  coded  picture  number  for 
automatic  reading  also  appears  in  Figure 1. 
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F o r  f a s t e r  measurement a f l y i n g  s p o t  d i g i t i z e r  (FSD) (Hough and Powell, 
1960; Schutt ,1967; Strand, 1967) has been developed that automatically measures 
and records about  50 000 coordinates  of  bubble-like  images  from  one  frame. Dig- 
i t i z i n g s  from t h e  f i l m - s t r i p  r e p r o d u c e d  i n  F i g u r e  1 were p l o t t e d  on a CRT, a 
photograph of  which  appears i n  F i g u r e  2.  The q u a l i t y  of t h e  r e s u l t  is l i m i t e d  
by t h e  p l o t t i n g  CRT, bu t  a c l o s e  r e s e m b l a n c e  t o  t h e  o r i g i n a l  image is preserved.  
No t i ce  tha t  on ly  the  X - shaped fiducial  marks are de tec t ed  by t h i s  FSD. Since 
extended images that are p a r a l l e l  t o  t h e  d i r e c t i o n  of t h e  f l y i n g  s p o t  are no t  
d ig i t i zed ,  an  o r thogona l  s can  d i r ec t ion  is employed f o r  t h e  wide angle  t racks of  
i n t e r e s t .  
Hough and Powell(1960)  proposed the mechanical ly  def lected f lying spot  dig-  
i t i z e r  (HPD), Hough-Powell D i g i t i z e r ,  f o r  t h e  measurement of bubble chamber f i lm ,  
t h a t  w a s  developed cooperat ively a t  BNL, t h e  Lawrence Radiation Laboratory a t  t h e  
Univers i ty  of C a l i f o r n i a  a t  Berkley (LRL), and the European Organization for N ~ -  
c lear   Research ,  Geneva, Switzer land (CERN). The f l y i n g   s p o t   t r a c e s  a s e r i a l  path 
o v e r  t h e  f i l m  i n  much t h e  same manner as t h e  e l e c t r o n  beam of a t e l e v i s i o n  t u b e .  
Each s c a n  l i n e  of t h e  raster i s  formed as t h e  s p o t  moves o r thogona l ly  to  the  
uniform motion of  the f i lm on a p r e c i s i o n  s t a g e .  The spo t  gene ra t ion  scheme is  
shown i n  F i g u r e  3 .  The f l y i n g  s o u r c e  i s  t h e  a p e r t u r e  d e f i n e d  by t h e  i n t e r s e c t i o n  
of a f i x e d  s t r a i g h t  s l i t  wi th  a curved s l i t  which i s  loca ted  a long  the  r ad ius  o f  
a r o t a t i n g  d i s k .  The s p o t  is focused  onto  the  f i lm and a p r e c i s i o n  g r a t i n g .  
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When t h e  s p o t  i n t e n s i t y  is weakened due t o  t h e  o p a c i t y  of an image on t h e  f i l m ,  
t h e  p r e c i s i o n  g r a t i n g  l i n e  c o u n t e r  i s  i n t e r r o g a t e d  f o r  t h e  d i s t a n c e  o f  t h e  s p o t  
from a n  o r i g i n .  The o t h e r  c o o r d i n a t e  i s  taken  f rom the  pos i t ion  of  the  moving 
p r e c i s i o n  s t a g e  a t  t h e  end  of  each  f ly ing  spot  scan  l ine .  The coord ina tes  are 
s e n t  t o  t h e  computer during the scan from a local  buffer  used to  accomodate  the 
peak rates. 
The prec ise   coord ina tes   o f  a l l  images wi th in   an  area of  100 x 50mm2 are 
measured i n  f o u r  s e c o n d s .  T h e i r  c h a r a c t e r i s t i c s  are matched to  the  r equ i r emen t s  
of  bubble  chamber  experiments.  Kinematic least squa res   ana lys i s   (Crenne l l  e t  
a l . ,  1965) of w e l l  measured bubble chamber interactions show t h a t  i n d i v i d u a l  
t rack point  measurements  have effect ive set t ing errors  that  vary between four  
and nine microns on the f i lm.  Included here  are bo th  the  sys t ema t i c  and random 
uncer ta in t ies  of  the  whole  bubble  chamber instrument .  Manual t r a c k  p o i n t  mea- 
surementprec is ions  f rom two t o  s i x  m i c r o n s  are regular ly  used  for  exper iments .  
The HPD coord ina te  prec is ion  can  be  be tween three  and  s ix  microns .  The s p o t  
diameter  is about  15 microns and electronic  speeds enable  a 35 micron bubble 
FIGURE 4 
Early appearance of the BNL 35mm HPD. 
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c e n t e r  t o  c e n t e r  r e s o l u t i o n .  The coordinate  system is s t a b l e  a n d  a c c u r a t e  t o  a 
few microns as determined by precision grid measurements.  
The HE'D appara tus  w a s  developed by 1962.  The BNL HPD f o r  35mm f i l m  is  
shown i n  F i g u r e  4 and t h e  HPD f o r  70mm f i l m  is shown i n  F i g u r e  5. A t  t h e  t h r e e  
laborator ies ,  adequate  computer  t rack recogni t ion programs were developed i n  
another  one  to  three  years .  Exis t ing  computer  speeds  were too  s low for  au to-  
matic scanning, s o  manual  guidance for  the HPD measurement is provided by a 
scan  t ab le  . ope ra to r  who f i n d s  t h e  e v e n t  o f  i n t e r e s t  and  makes rough se t t ings  on  
t h r e e  p o i n t s  p e r  view on each  t rack .  These  three  poin ts  def ine  a c i r c u l a r  400- 
micron-wide  "road"  on  the  film. A t  BNL d u r i n g  t h e  HPD scan ,  po in t s  w i th in  the  
road are saved by t h e  computer and a f t e r  t h e  s c a n  t h e y  are recorded on magnetic 
t a p e  f o r  later processing by t h e  t r a c k  f i n d i n g  program, FILTER (Hough, 1965).  
Development of accu ra t e  t r ack  f ind ing  p rograms  to  f ind  the  po in t s  t ha t  be long  
t o  t h e  t r a c k  w a s  more d i f f i c u l t  t h a n  e x p e c t e d  (Hough and  Powell,  1965). It w a s  
necessary  to  use  the  redundancy  of  the  th i rd  s te reo  view (Crennel l ,  1965)  to  
check the quali ty of each track measurement.  
.FIGURE 5 
RNL 7 0 m  HPD. 
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A t  BNL, CERN, and LRL t h e  HPD systems are be ing  used  for  exper iments  be- 
tween one-quarter and three-quarters of a mi l l i on  even t s  pe r  yea r .  These  even t s  
are l i m i t e d  by t h e  manual scanning and road making. Several second generation 
HE'D'S are coming i n t o  o p e r a t i o n .  The  Sogenique company of  England  manufactures 
most  of these machines .  Two groups , a t  LRL (White e t  a l . ,  1968)  and  Columbia 
Univers i ty  (Newman et a l . ,  1968) are working  on the automatic  scanning of  bub- 
b l e  chamber p i c t u r e s .  The HPD group a t  CERN (Al taber  et a l . ,  1968) is devel- 
oping the programs for  the ver tex guidance where the scan table  operator  f inds 
the  even t  and measure the approximate coordinates  of  only the interact ion point  
i n  e a c h  view. 
Bubble chamber HPD's have been appl ied to  the automatic  scan-measuring of  
spark  chamber f i l m  ( L a s s a l l e  and Zanella, 1968) from elementary pa r t i c l e  ex- 
per iments  where the number of information elements per photograph i s  about 
three orders  of  magni tude lower.  Recent ly ,  the BNL 70mm HPD w a s  u sed  to  d ig i -  
t i z e  some a s t r o n o m i c a l  p l a t e s  f o r  H. Eichhorn  and G .  Gatewood (1970)  of t h e  
Universi ty  of  South Flor ida.  
ASTRONOMICAL  MEASUREMENTS:  HARDWARE POSSIBILITIES 
A f ly ing  spot  can  be  genera ted  mechanica l ly  as i n  t h e  HPD o r  e l e c t r o n i c a l l y  
by a p r e c i s i o n  CRT, c a l l e d  PEPR (Shutt ,  1967) for Precision Encoding and P a t -  
t e r n  R e c o g n i t i o n  i n  i t s  bubble chamber  form.  Nine-inch  tubes  have  been manu- 
f a c t u r e d  t h a t  h a v e  a 13 micron spot a t  t h e  c e n t e r  and about a 20 micron spot 
a t  the  edge.  Phosphor  decay times are ava i lab le   tha t   a l low  speeds   comparable  
t o  t h e  p r e s e n t  HPRD's and t h e  s p o t  l o c a t i o n  is d i r e c t e d  by a computer. Here 
t h e  f i l m  a p p e a r s  t o  b e  a random access  memory. 
Recently a new Videcon tube was developed by RCA f o r  space a p p l i c a t i o n s  
wi th  a 5000 l i n e  r e s o l u t i o n  on a 4 l / 2  - inch tube.  This  device could have po- 
t e n t i a l  u s e  f o r  d a t a  e x t r a c t i o n  from film. 
The one micron precision needed for star image coordinates could be ob- 
tained  from  bubble chamber  FSD's. I f  each star image were "d ig i t i zed"  seve ra l  
times, the  ave rage  coord ina te  p rec i s ion  would  be  improved. I f  t h e  "rough1' l o -  
c a t i o n  of each star image were known, then  a p r e c i s i o n  s t a g e  c o u l d  p o s i t i o n  
t h e  p l a t e  f o r  a v e r y  f i n e  s c a n  o v e r  a small area. 
Dimension  and  shape  of s te l la r  images ( s t a r  p u l s e s )  are less uniform than 
those of  the bubble  pulses .  The d ig i t za t ion  o f  pu l se  wid th  and he ight  as w e l l  
as pos i t ion  could  be  obta ined .  S ta r  recogni t ion  programs could  make good use 
of wid th  and  he ight  in format ion .  For  ins tance ,  i f  a star is recogn ized  in  two 
mutual ly  or thogonal  scans,  then i t  should have consis tent  widths  and heights .  
Such redundancies may be  used  to  gua ran tee  the  qua l i t y  of t h e  r e s u l t .  
The va lue  of manual a s s i s t ance  fo r  an  au tomat i c  da t a  ex t r ac t ion  s y s t e m  i s  
well es tabl ished.   For   example,   there  must  be some star images  within  the 
f r inge  o f  o the r  images t h a t  a human eye can measure which a f ly ing  spo t  dev ice  
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could not be expected to resolve.  These "sub-spot data" can be  convenient ly  
e x t r a c t e d  by proper  provis ion for  an operator  on-l ine.  Another  example inevi-  
t ab ly  occur s  when an impor t an t  p l a t e  is so  bad that  some images w i l l  b e  classi- 
f i e d  as t Isub-spotsf t .  The operator  should be able  to  view, for  comparisons,  a 
p ro jec t ion  o f  t he  p l a t e  and  a d i g i t a l  d i s p l a y  o f  t h e  raw coord ina tes  or  recog- 
n ized  stars on a display scope.  The  computer  program  can  provide a s u i t a b l e  
range of  magnif icat ions.  A " l i g h t  pen" o r  a " t r ack  ba l l "  dev ice  can be used by 
t h e  o p e r a t o r  t o  i n d i c a t e  t h e  exact loca t ion  o f  stars t o  t h e  computer. A d i s -  
p l a y  a l s o  is ve ry  he lp fu l  fo r  deve lop ing  and  ope ra t ing  the  d ig i t i ze r .  
Three general  computer configurations are poss ib l e .  A s e p a r a t e  medium s i z e  
computer, big enough to  con t ro l  t he  appa ra tus  and  a l so  r ecogn ize  the  star images, 
is t h e  least complicated. To hold down development  costs,   the i n i t i a l  configu- 
r a t ion  can  have  the  minimum amount of central  memory and  per iphera ls  necessary  
while   the  hardware is developed. However, compilation  of FORTRAN programs 
shou ld  be  poss ib l e  wi th  th i s  conf igu ra t ion  o r  else t h e  c o n t r o l  program develop- 
ment costs  might  get  out  of  hand.  
One could  a l so  use  a small computer t o  d r ive  the  ha rdware  and c o l l e c t  t h e  
r a w  d i g i t i z i n g s  and send them t o  a l a r g e  c e n t r a l  computer f o r  star recogn i t ion .  
This,   however,   does  introduce a problem. It i s  d e s i r a b l e  t o  b e  a b l e  t o  c o m p l e t e  
the  scanning  and  measurement  of  one  plate  before  going  onto  the  next. The l a r g e  
computer  must therefore   provide  t ime-shared  service.  The time sharing  system 
becomes one extra complication. 
The least  d e s i r a b l e  c o n f i g u r a t i o n  h a s  t h e  d i g i t i z e r  d i r e c t l y  o n - l i n e  t o  a 
large  t ime-sharing  computer.  Here t h e  d i g i t i z e r  d e v e l o p e r s  are o f t e n  c o n s t r a i n -  
ed to working a t  odd hours  to  check out  their  programs without  temporar i ly  de- 
s t roying  the  larger   host   system.  Undoubtedly,   t ime-sharing  systems w i l l  be i m -  
proved because the larger computers seem t o  p r o v i d e  t h e  least  expensive computa- 
t ion .  
ASTROMETRIC MEASUREMENTS: SOFTWARE CONSIDERATIONS 
Computer programs f o r  s c f e n t i f i c  r e s e a r c h - t e n d  t o  r e q u i r e  f r e q u e n t  r e v i s i o n  
t o  meet the  needs  of new exper imenta l  s i tua t ions .  The  development  of  scanning 
and  measuring  programs  leads  to  prolonged  periods  of t r i a l  and e r ro r .  Fo r  these  
r e a s o n s ,  t h e  FORTRAN language is p r e f e r a b l e  t o  t h e  b a s i c  machine assembly lan- 
guages  because it is i n t r i n s i c a l l y  easier t o  document  and  modify.  For many ap- 
p l ica t ions ,  the  documenta t ion  is inse r t ed  wi th  the  code  in  the  fo rm o f  comment 
cards .  Where required,   machine  language  subrout ines   can  be  l inked  to   the FOR- 
TRAN structures .  The major  programs should be control led by one large rout ine,  
c a l l e d  a d i s p a t c h e r ,  t h a t  c o n t a i n s  o n l y  l o g i c a l  b r a n c h e s  t o  c a l l  t h e  a p p r o p r i a t e  
s u b r o u t i n e s  f o r  p a r t i c u l a r  s u b - t a s k s .  Each rou t ine  shou ld  beg in  wi th  a s h o r t  
paragraph on i t s  purpose ,  t he  de f in i t i on  o f  va r i ab le s  and a warning about any 
complicated logic  or  approximations used.  A t  a p p r o p r i a t e  p l a c e s  i n  t h e  c o d e ,  
d e s c r i p t i v e  comments are i n s e r t e d .  
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F i r s t  t h e  h a r d w a r e  d r i v e r s  must be prepared for  tes t ing,  maintenance,  and 
measurement   opera t ions .   Dig i ta l   d i sp lay   d r ivers   for   g raphic   communica t ion  
could come next .  Then t h e s e  two d r i v e r s  s h o u l d  b e  i n t e g r a t e d  i n t o  a n  o v e r a l l  
measurement-system-monitor t h a t  w i l l  c o n t r o l  the sequence of  operat ions to  be 
performed for testing, calibration, and measurement.  
Pattern recognition programs must have the most human-like decision making 
a b i l i t y .  T h e r e  i s  a t e n d e n c y  t o  s o l v e  p a r t  o r  a l l  of t h e  p a t t e r n  r e c o g n i t i o n  
problem wi th  spec ia l  equipment .  This  tendency  would  be  res i s ted  in t i t i a l ly  be- 
cause FORTRAN programs are much more qu ick ly  mod i f i ed  than  e l ec t ron ic  c i r cu i t s .  
The redundancy i n  t h e  d a t a  c a n  b e  e x p l o i t e d  t o  i n s u r e  t h e  q u a l i t y  o f  t h e  re- 
s u l t s .  Comparison  of  previous  manual  measurements  of  the same p la t e  w i th  au to -  
matic measurements w i l l  " teach"  the  pa t te rn  recogni t ion  program many  new t r i c k s .  
F i n a l l y  t h e r e  w i l l  be  experiment  dependent  subrout ines ,  and data  display 
rou t ines  fo r  p rocess ing  and  pub l i ca t ion  of r e s u l t s .  Where many l a b o r a t o r i e s  
c o l l a b o r a t e ,  common magnet ic  tape  formats  for  da ta  in te rchange  must be  spec i -  
f i e d .  
CONCLUSIONS 
The bubble chamber exper iments  in  e lementary  par t ic le  physics  are now bene- 
f i t i ng  f rom au tomat i c  f i lm  da ta  ex t r ac t ion  p rov ided  by f l y i n g  s p o t  d i g i t i z e r s .  
The methods are gene ra l  enough, s o  t h a t  t h e i r  e x t e n s i o n  t o  o t h e r  d a t a  e x t r a c -  
t i o n  b o t t l e n e c k s  seems p r a c t i c a l .  The FSD'S have been used for  spark chamber 
f i l m  and the i r  app l i ca t ion  to  pho tograph ic  a s t rome t r i c  t echn ique  has  been  test- 
ed. 
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DISCUSSION 
Rosenberg: Which s ize  plates  did you scan, and how long did i t  take t o  scan them? 
R. S t r and :  Plates of the format l o o m  x 150m were measured i n  s i x  seconds on the 7 0 m  machine 
with a 50 micron distance between the scan l ines .  Also, the machine  can scan bacbard 
and forward, but i n  our work, we have not scanned any frame twice since we did not con- 
s ider  thCs necessary. 
23 

THE  USEFULNESS OF A FLYING SPOT DIGITIZER FOR THE 
MEASUREMENT OF THE  COORDINATES  OF  STAR  IMAGES 
ON PHOTOGRAPHIC PLATES* 
Heinrich Eichhorn and George Gatewood 
Univers i ty  of South  F lor ida  
ABSTRACT 
The FZ9in.g Spot Digit izer (FSD)  of t he ,  Brook- 
haven National Laboratory (BNL) can measure the 
coordinates of s tar  images on photographic pZates 
in one pass with an accuracy of 4.8 microns r.m.s. 
error. A fieZd of the   s i ze  50 x 100 square m i Z -  
limeters i s  measured i n  a few seconds. Suggestions 
are made ha ,  a be t t e r  accuracy can be achieved 
through the way in which the measurements are ar- 
ranged and by repe t i t ion  of the measurements. I t  
is suggested that the speed of photographic astro- 
metric measurements can be irproved by about two 
orders of magnitude, a t  no Zoss of accuracy, by 
proper use of the FSD. 
1. 
The p r i n c i p l e  of measuring coordinates of images of stars on photographic 
p l a t e s  h a s  i n  t h e  p a s t  b e e n ,  to a c c u r a t e l y  a l i g n  w i t h  them a measuring device 
(center  of  a r o t a t i n g  s e c t o r ,  c r o s s  h a i r s ,  e t c . )  by a measurable  motion. From 
t h i s ,  t h e  c o o r d i n a t e s  of t h e  image are computed., In  r ecen t  times, s e v e r a l  now 
well-known types of measuring machines  have been put  into operat ion in  which hu- 
man judgment as a measuring p,rinciple i s  e l imina ted  and i n  which t h e  human opera- 
t o r  o n l y  i n i t i a t e s  t h e  m e a s u r i n g  p r o c e s s  and overrides the measuring machine when 
i t  is a b o u t  t o  commit a se r ious  b lunde r ,  such  as measuring an obviously deformed 
image. 
*F ina l  r epor t ,  NASA gran t  f NGR 10-008-011. 
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Even under  the  most  favorable  c i rcumstances ,  th i s  mode of  measuring the co- 
o rd ina te s  by going from one image t o  t h e  n e x t  w i l l  be  t i m e  consuming. Also, un- 
less some kind o'f an image sensor i s  employed this w i l l  r e q u i r e  e i t h e r  a human 
ope ra to r  t o  select t h e  'images, o r  a program which brings the measuring device 
s u f f i c i e n t l y  n e a r  t o  t h e  images t o   b e  measured i n  a predetermined sequence. 
The a l t e r n a t i v e  t o  t h i s  " s t a r - b y - s t a r "  mode of automatic (and semi-automat- 
ic)  measuring is a scanning  device ,  wi th  which  the  p la te  is  sys t ema t i ca l ly  
searched  for  images.  A s  soon as t h e s e  are recogn ized ,  t he i r  coord ina te s  are 
measured  and  recorded .  S ince  the  en t i re  p la te  i s  covered by the  scanning  pro-  
cess, the mechanical  movements which produce i t  may fo l low a r e g u l a r  p a t t e r n  
which need not involve much change of momentum, so t h a t  i t  can  be  expec ted  to  
proceed much f a s t e r  t h a n  any t lstar-by-starl l  measuring process.  
2. 
The scanning mode of measuring images on photographic material i s  being em- 
p loyed  in  an  appa ra tus ,  now rece iv ing  i ts  f i n a l  c h e c k o u t ,  f o r  t h e  d e t e r m i n a t i o n  
of re la t ive proper  motions  (Luyten,  1970  and Newcomb, 1970) .  A t  t h e  Brookhaven 
Nat ional  Laboratory,  Hough and  Powell  (1960) f i r s t  d e s i g n e d  and constructed a 
scann ing  dev ice  fo r  t he  measurement of the coordinates of the trails of  subatom- 
i c  p a r t i c l e s  on films which were exposed i n  b u b b l e  chamber experiments.  This 
appara tus ,  ca l led  "Fly ing  Spot  Dig i t izer" ,  w i l l  record measurements of the co- 
o rd ina te s  of  images i n  a n  area of  about 5 x 7 c e n t i m e t e r s  i n  a few seconds.  
This  i s  several orders  of  magni tude  fas te r  than  any ,  even  au tomat ic ,  image-by- 
image  machine  would  perform  the same ta sk .  A l i g h t  beam is sent  th rough the  
f i lm  (o r  p l a t e s )  and  a receiver reacts when t h e  i n t e n s i t y  o f  t h e  p a s s i n g  l i g h t  
dec reases .  Whi l e  the  l i gh t  beam i s  k e p t  i n  a f a s t  up  and down mot ion ,  t he  f i e ld  
t o  b e  measured i s  t r anspor t ed  a t  r i g h t  a n g l e s  t o  t h e  d i r e c t i o n  of t h e  up and 
down motion of the scanning beam. The d is tance .be tween two v e r t i c a l  s c a n  l i n e s  
(scan width) can be controlled and is  about  ten microns a t  minimum. The he ight  
of the scanned area ( i . e . ,  t h e  l e n g t h  of a scan  s t roke )  can  a l so  be  con t ro l l ed  
and is  d i v i d e d  i n t o  40 000 d i s c r e t e  f i e l d s ,  s o  t h a t  e a c h  o f  t h e s e  would be one 
micron long for  a scanning s t roke length of  four  cent imeters .  Accurate  coor-  
d i n a t e  measurement is t h e r e f o r e  p o s s i b l e  o n l y  i n  t h e  d i r e c t i o n  o f  t h e  s c a n  
s t roke .  
It follows from the mechanics of the FSD t h a t  t h e  s c a n n i n g  beam w i l l  en- 
counter every image  whose diameter is a t  least e q u a l  t o  t h e  s c a n  w i d t h  a t  least  
once,  and larger  images several  times. For  the purpose of  measuring the coor-  
d i n a t e s  of points  on bubble  chamber trails ,  t h e  FSD i s  provided with a device  
which w i l l  r ecord  tha t  pos i t ion  of  the  measur ing  beam where t h e  i n t e n s i t y  of t h e  
blackening  reaches i t s  maximum. This  i s ,  o f   c o u r s e ,   n o t   t h e   i d e a l   d i g i t i z a t i o n .  
p o s i t i o n  f o r  star images,  s ince on a t y p i c a l  good p l a t e  t h e  b l a c k e n i n g  i n t e n s i t y  
p r o f i l e  a l o n g  a scan through a s te l lar  image rises r a t h e r  s t e e p l y  t o  a p l a t eau ,  
a t  which it rema ins  in  the  inne r  r eg ions  o f  t he  star image.  The d i g i t i z a t i o n  
would then occur  whenever  this  plateau i s  reached, s o  t h a t  a l a r g e  s te l lar  image 
would be recorded as a series of  points  (each obtained by a d i f f e ren t  s cann ing  
s t r o k e )  t h a t  l i e  on a somewhat semi-circle  shaped curve.  
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For photographic-astrometric a p p l i c a t i o n s ,  a d i g i t i z i n g  d e v i c e  f o r  t h e  FSD 
would be  des i r ab le  wh ich  r eco rds  the  center l i n e  of the i n t e n s i t y  p r o f i l e  o r  t h e  
equ iva len t  t he reo f ,  i n s t ead .  The au tho r s  unde r s t and  tha t  t he  cons t ruc t ion  o f  
such a device  is en t i r e ly  f eas ib l e  (S t r and ,  1968) .  
3.  
The p u r p o s e  o f  t h e  i n v e s t i g a t i o n s  d e s c r i b e d  i n  t h i s  p a p e r . w a s  p r i m a r i l y  t o  
f ind  ou t  whe the r  t he  FSD could  usefu l ly  measure  the  coord ina tes  of  stellar im- 
ages on photographic  p la tes  a t  a l l ,  and i f  so ,  how accura te ly .  S ince  wi thout  
mechanical changes,  the FSD cannot accommodate f i l m s  o r  p l a t e s  o f  more than  
50mm width,  i t  w a s  somewhat d i f f i c u l t  t o  f i n d  a p p r o p r i a t e  material f o r  measur- 
ing  because  good p la tes ,  once  taken ,  are r a r e l y  d i s p o s a b l e ,  o r  a v a i l a b l e  f o r  
trimniing t o  s i z e .  D r .  A. Upgren o f  t he  Van Vleck Observatory put a t  t h e  au- 
t h o r s '  d i s p o s a l  a p l a t e  from t h e  Van Vleck parallax program on which several 
m i s i d e n t i f i e d  f i e l d s  were photographed and where the exposures had been taken 
wi th  a coa r se  ob jec t ive  g ra t ing .  Seve ra l  s cann ing  runs  were made on a p i e c e  
f r o m  t h i s  p l a t e  t h a t  had  been  cu t  t o  s i ze  s o  t h a t  i t  would f i t  i n t o  t h e  FSD 
f i l m  s t a g e .  Measurement runs made on a p i e c e  of a negat ive  copy  of a p l a t e  
which had or iginal ly  been taken a t  t h e  26-inch refractor  of the Leander McCorm- 
ick  Observa toryproved  to  be  unusable ,  apparent ly  because  the  two fold copying 
process  had rendered the images too hard ( i .e. ,  c o n t r a s t y ) .  
The  measurements were recorded on  magnetic tape. Many of t h e  d i g i t i z a t i o n  
records  do n o t  i n d i c a t e  stars. A par t i cu la r ly  s t rong  f luc tua t ion  in  background  
b lacken ing  can  t r igge r  t he  d ig i t i za t ion  s igna l ,  and s o  w i l l  any s u f f i c i e n t l y  
in tense  b lackening  (or  ob jec t ) ,  whether  assoc ia ted  wi th  a star o r  n o t .  
4 .  
Two of the  main probelms in  p rocess ing  the  ou tpu t  from the  FSD a r e  t h e r e -  
f o r e  t h e  d e c i s i o n  w h i c h  d i g i t i z a t i o n s  are due  to  star images and which are n o t ,  
and the computation of t h e  e f f e c t i v e  measured coordinate (emc) from t h e  v a r i o u s  
d i g i t i z a t i o n s  on one image. 
The f i r s t  problem could be solved by regard ing  as l eg i t ima te  on ly  those  
marks which produced records of a t  least two e n c o u n t e r s  w i t h  t h e  d i g i t i z i n g  
beam, which would be indicated by t h e  f a c t  t h a t  t h e  a c c u r a t e  c o o r d i n a t e s  (mea- 
sured  by the scan) measured a t  s u c c e s s i v e  s c a n  s t r o k e s  d i f f e r  by less than  a 
f i x e d  amount (no more than  a few microns). Whether a l e g i t i m a t e  mark o r i g i n a t e s  
from a star o r  p l a t e  i m p e r f e c t i o n ,  etc.,  can usual ly  be decided by t h e  p a t t e r n  
of  the coordinates  of  i t s  d ig i t i zed  po in t s  and  p roven  e i the r  by c o r r e l a t i n g  t h e  
measured image coordinates  with the preciously known coord ina tes  of  the  stars i n  
t h e  f i e l d ,  o r  by  comparing t h e  measurements on two p l a t e s  of t h e  same f i e l d ,  ex- 
posed  under as i d e n t i c a l  c o n d i t i o n s  as poss ib l e .  We used the computer  only to  
e l i m i n a t e  i s o l a t e d  d i g i t i z a t i o n s ,  i . e* ,  those  for  which  there  w a s  n o t  a t  least 
one a t  a s u f f i c i e n t l y  similar p o s i t i o n  on a ne ighbor ing  scan  s t roke .  This  s imple  
p rocedure  go t  r i d  o f  most of the spurious digit izations and rendered the remain- 
i n g  material u s a b l e  f o r  f u r t h e r  p r o c e s s i n g .  
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This  w a s  done by p l o t t i n g  ( o n  a n  a p p r o p r i a t e  scale) t h e  measured coordinates 
o f  t he  d ig i t i zed  po in t s .  Those  be long ing  to  the  same image l i e d  t y p i c a l l y  on 
curved  and  s loped  l ines .  F igure  1 shows t h e  p o i n t s  o r i g i n a t i n g  f r o m  a f a i r l y  
s t r o n g  c e n t r a l  image.  The u n i t  on the ver t ical  scale is  i n  t e n  t h o u s a n d t h s  of 
an  inch ,  and  the  separa t ion  of t h e  p o i n t s  o n  the a b s c i s s a  i s  15 microns.  Figure 
2 shows the  p lo t s  o f  t he  po in t s  wh ich  o r ig ina t ed  f rom the  d i f f r ac t ion  images of 
t h e  same star whose c e n t r a l  image produced the points  plot ted in  Figure 1. 
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FIGURE 1 
The way the machine  sees  a  strong  central  image.  The  scan  lines  are 
15 microns apart. 
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FIGURE 2 
The way  the  machine  sees  diffraction  images (of 824 ) .  
C 
Altogether ,  31 images were t h u s  i d e n t i f i e d .  A s  t h e  e f f e c t i v e  measured ( y ) 
coordinate  of  an  image w e  r e g a r d e d  t h e  s t r a i g h t  mean o f  t he  ind iv idua l  y val- 
ues   given by a l l  s can  s t rokes  tha t  encoun te red  th i s  image.  Undoubtedly, a more 
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s o p h i s t i c a t e d  d e f i n i t i o n  would h a v e  r e s u l t e d  i n  emc's of  higher  ul t imate  accu-  
r a c y .  I n  o r d e r  t o  o b t a i n  a n  estimate of the  accuracy  of  these  emc's which is 
a lower limit fo r  t he  accu racy  the  coord ina te s  o f  t he  same images were measured 
on t h e  two-screw Mann measuring machine of the Universi ty  of  South Flor ida Ob- 
servatory.  During this  manual  measurement ,  the qual i ty  of  the images w a s  jud- 
ged on a scale from zero (very bad image) t o  f i v e  ( p e r f e c t l y  round image). 
Next,  the y coordinates  measured by the  screw ( ys } and  those  measured by 
t h e  FSD ( yf ) were compared  by a least squares  so lu t ion  of  the  form 
ys = Axf + Byf + C + Dd + Eq 
where d is the  e f f ec t ive  d i ame te r  o f  t he  image,   expressed  in  terms of t h e  num- 
ber  of  scan  s t rokes  dur ing  which  it w a s  d ig i t i zed ,  and  q i s  t h e  q u a l i t y  of t h e  
image, expressed i n  terms of  the  d i scussed  scale above.  This  solut ion showed t h e  
fo l lowing   f ea tu re s :   t he   s t anda rd   dev ia t ion  of D i s  one  tenth  of i t s  va lue ,  
t hus   t he   t e rm  wi th  D i s  e s s e n t i a l   i n   t h e   r e d u c t i o n  model.  The term Eq w a s  
added a f t e r  a pre l iminary  reduct ion  had suggested a c o r r e l a t i o n  of t h e  r e s i d u a l  
t o  t h e  image qua l i ty ,   and  E t u r n e d  o u t  t o  b e  n e a r l y  f i v e  times i ts  s tandard  
d e v i a t i o n ,  t h u s  h i g h l y  s i g n i f i c a n t .  The s t anda rd  dev ia t ion  o f  t he  r e s idua l s ,  
i . e . ,  t he  d i f f e rences  y s  - (Axf + . . . + Eq) r e s u l t s  as 0.0048mm. I f  one as- 
sumes a s t anda rd  e r ro r  o f  0.0015mm f o r  t h e  measurements on the Mann measuring 
machine, t he  s t anda rd  e r ro r  o f  an  emc measured  on t h e  FSD t u r n s  o u t  t o  b e  
0.0045mm. The e s t a b l i s h m e n t  o f  t h i s  f i g u r e  w a s  the pr imary purpose of  the in-  
v e s t i g a t i o n  d e s c r i b e d  i n  t h e  c u r r e n t  p a p e r .  
FIGURE 3 
P r e l i m i n a r y  r e s i d u a l  vs .  
i m a g e  q u a l i t y .  
5 = p e r f e c t l y  r o u n d  
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F i n a l  
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This number is of  course qui te  large and would a t  f i r s t  s i g h t  s u g g e s t  t h a t  
t h e  FSD is usefu l  for  on ly  very  c rude  as t romet r ic  purposes .  However, t h e  ac- 
curacy  ava i lab le  through more soph i s t i ca t ed  use  o f  t h i s  i n s t rumen t  can ,  i n  ou r  
opinion, be improved t o  where the emc's would b e  a t  least  as accurac t e  as t h e  
coordinates  obtained on a manually operated screw measuring  machine.  The mea- 
su r ing  and  r educ t ion  p rocess  desc r ibed  in  th i s  pape r  wou ld ,  fo r  t h i s  pu rpose  
have t o  be modified as follows: 
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a. It would  probab.ly  be  unwise t o  i n c r e a s e  t h e  s c a n  w i d t h ,  s i n c e  t h e  least 
coun t   o f   t he   d ig i t i za t ion  is 1/40 000 of the scan  width.   Since the scan  width 
is  t h u s  l i m i t e d ,  t h e  p l a t e  w i l l  h a v e  t o  b e  s h i f t e d  i n  y between various scan- 
n ing  sweeps . .  I f  .it is  s h i f t e d  by exac t ly  ha l f  the scan  wid th  or  somewhat less, 
every image w i l l  be covered by a t  least two scanning sweeps. The multiple cov- 
e rage  of t h e  images   thus   a id   in   increas ing   the   accuracy .  The  measurements 
o b t a i n e d  i n  d i f f e r e n t  s c a n n i n g  sweeps can be reduced to the same frame of  r e fe r -  
ence by a p rocedure  ana logous  to  the  p l a t e  ove r l ap  method. This can be made e- 
ven more accu ra t e  by s h i f t i n g  t h e  p l a t e  by an accurately measured dis tance.  It 
is clear tha t ,  even  cons ide r ing  the  l imi t ed  f i e ld  tha t  can  be  scanned  on t h e  
FSD, a mechanical device can be constructed which w i l l  a l low plates  of  any 
reasonable  s ize  to  be  measured  on t h e  FSD. 
b.   Since  only  one  coordinate  is measured  accura te ly ,  the  p la te  (or  the  d i -  
r e c t i o n o f  s c a n n i n g )  must be rotated by 90" in  o rde r  t o  measu re  bo th  coord ina te s .  
I t ' w o u l d  t h e n  b e  n a t u r a l  t o  m e a s u r e  t h e  p l a t e  i n  at least f o u r  d i f f e r e n t  p o s i -  
t ions,  between each of which the p l a t e  and (or )  the  d i rec t ion  of  the  scanning  
would be turned on an angle  of  90".  
c. The emc's w i l l  h a v e  t o  b e  computed by a considerably more s o p h i s t i c a t e d  
p r o c e d u r e  t h a n  t a k i n g  t h e  s t r a i g h t  mean of t he  d ig i t i zed  coord ina te s  on  ad jo in -  
i ng  scann ing  s t r ip s .  
d.  The FSD can be made t o  d i g i t i z e  e q u a l  p o s i t i v e  and negat ive values  of a 
ce r t a in  abso lu te  ca lue  o f  t he  s lope  o f  t he  b l acken ing  in t ens i ty  cu rve  a long  the  
chord  in s t ead  o f  t he  ze ro  s lope  of t h i s  cu rve .  Eve ry  s t roke  would t h e n  y i e l d  
two d i g i t i z a t i o n s  on every image, one when t h e  beam e n t e r s  and one when it 
l e a v e s   t h e  image. The mean o f   t hese  two would   p robably   be   be t te r   su i ted   for  - 
t he  a s t rome t r i c  pu rposes  than  the  p re sen t  mode of d i g i t i z i n g  t h e  f i r s t  o c c u r a n c e  
of  zero s lope of t he  cu rve  of the  b lackening  in tens i ty  a long  the  chord .  
Both a. and c .  above w i l l  mean tha t  every  image i s  measured a t  least  about 
e i g h t  times in   bo th   coord ina tes .   This   redundancy ,   in   connec t ion   wi th   the  modi- 
f i c a t i o n  of t h e  c r i t e r i o n  f o r  d i g i t i z i n g ,  c o u l d  r e s u l t  i n  a s t a n d a r d  e r r o r  of 
t h e  emc's of t h e  v a r i o u s  images in the order of between one and two microns. 
In view of t h e  r a p i d i t y  of the scanning sweeps,  even the multiple measurement of 
i n d i v i d u a l  p l a t e s  n e c e s s a r y  f o r  o b t a i n i n g  t h e  c o o r d i n a t e s  a c c u r a t e l y  w i l l  be a- 
bout 100 times fa s t e r  t han  measu r ing  the  same p l a t e s  on a modern semi-automatic 
machine. 
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t o  M r .  Richard Powers of the Tampa, F lo r ida  I B M  o f f i c e  who he lped  wi th  the  in-  
t e r p r e t a t i o n  o f  t h e  d i g i t i z e r  m a g n e t i c  t a p e .  Miss Marie de Luccia and M r .  Wil- 
'liam J. Veige l  cont r ibu ted  a cons iderable  amount of  data  handl ing.  
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DISCUSSION 
Jefferys: Did you scan your plate i n   d i r e c t  or reverse? That would have eliminated Some of the mag- 
nitude dependent and quality dependent e f f e c t s  from the means of the  direct  and reverse 
measurement. 
Eichhorn: Unfortunately we were pressed for  t ime.  The machine i s  designed t o  be operated with f i h  
frames, and to  get  a  piece of g lass  to  fit it proved t o  be qui te  cumbersome and time con- 
suming. 
Murray: How w a s  the image quality  judged? 
Gatewood: A t  the measwing microscope i n   t e r n  of roundness. Perfectly round images were c las s i f i ed  
as rrfiverr, the worst as "zero". 
Newcomb: I n  o w  system, a counter i s  started when the scanning spot strikes a dense area, and stop- 
ped when it  leaves i t .  This w a y  we get the center of the d a r k  area as well  as i t s  s i z e ,  
which i s  a measure fo r  the  magnitude of the star.  
Eichhorn: I remember D r .  R. Strand as having told me that  Dr. Hough, one of the designers of the 
machine,has sa id tha t   t he   d ig i t i z ing   c i rcu i t  of the Brookhaven Flying Spot Digitizer could 
be modified t o  do essent ial ly  the same thing. 
R.Strand: ( t o  Newcomb) Will your machine be comercially available? And what w i l l  it cost? 
Newcomb: An exact duplicate would cost about $245 000.00 
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ABSTRACT 
The Lick-Gaertner automatic equipment has 
been designed minZy for the measurement of s t e  Z- 
Zar proper motions with reference t o  gaZaxies, and 
consists of -two main components : the survey machine 
and the automatic measuring  engine. The survey ma- 
chine i s  used for i n i t i a l   i n spec t ion  and select ion 
of objects for subsequent measurement. Two pZates, 
up t o  17 x 17 inches each, are surveyed simuZtaneous- 
Zy by means of projection on a screen. The approxi- 
mate posit ions of objects seZected are measured by 
two opticaZ  "screws": heZicaZ Zines cut through an 
aZuminum coating on gZass cy Zinders. These approxi- 
mate coordinates t o  a precision of the order of 0.03mm 
are transmitted to a card punch by encoders connected 
with  the c y  Zinders. 
This card deck serves as input for the automat- 
i c  measurement process. A card i s  read, the auto- 
matic engine goes to  tha t  pos i t ion ,  f inds  and centers 
the object whose precise coordinates and a photometric 
parameter are then punched. The next card i s  then 
read, the measurement and recording process repeat- 
ed, and so .on unt i  Z the Zast seZected image i s  mea- 
sured. The measuring  engine i s   i n  a separate, special- 
Zy a i r  and humidity conditioned room, and normaZZy 
needs  no  supervision  during  the measurement. Remote 
contro2 and supervision are possible, however, from 
another room. 
The precise positioning of star images is ac- 
compZished by a spinning-sector scanner,' and two 
czystaZ-quartz scaZes ruZed in miZZimeters serve 
for coordinate measurement. An iris system is used 
for photometry. AZthough aZZ the eZectronics are 
transistorized, the automatic engine needs a few 
hours of warm-up for  dimensionaZ s tabi  Z i t y .  When 
the Zatter i s  achieved, the coordinate measurements 
repeat within 0 .5  microns f o r  practicaZZy inde f in i t e  
periods; runs separated by 12 hours have not reveaZ- 
ed any significant systematic changes i n  coordinates. 
The absoZute accuraey of a measuremen& over the whoZe 
17-inch range i s  within one micron for steZZar images 
from approzimate Zy one magnitude above the pZate Zim- 
it to those reaching 0 . 2 5 m  i n  diameter.  Outside 
these  Zimits  the accuracy i s  Zower. On the average, 
gaZ&es are measured with an approximate Zy 50% Zar- 
ger error than stars. SZightZy Zess than three hours 
are required for automatic measurement of 300 objects 
on a 17 x 17 inch pZate, i. e., approximateZy 35 sec- 
onds per image. 
INTRODUCTION 
The Lick-Gaertner equipment for automatic measurement of astronomical 
p l a t e s  was spec ia l ly  des igned  fo r  de t e rmina t ion  o f  s t e l l a r  proper motions with 
r e f e r e n c e  t o  g a l a x i e s ,  as p a r t  o f  t h e  L i c k  p r o g r a m  i n t i a t e d  by Wright (1950). 
The f i r s t - epoch  p l a t e s  o f  1246  f i e lds  were taken  wi th  the  b lue-cor rec ted  lens  
of the  Carnegie  20-inch  Astrograph  from  1947  to  1954. A 6" x 6" f i e l d  was 
photographed on each 17 x 17  inch  p l a t e ;  t he  sky  f rom -23" t o  +90" i s  covered, 
with a minimum overlap of  one degree between adjacent  f ie lds .  A 20-year  inter-  
val  between photographs w a s  chosen for measurement of proper motions (Vasilev- 
skis,  1954);  consequently the second-epoch photography was s t a r t e d  i n  1967. 
In  planning the second-epoch series, i t  w a s  dec ided  to  enhance  the  va lue  
of the program by determinat ion of  magni tudes and colors  of  those stars mea- 
sured  for  proper  mot ion .  Accord ingly ,  the  Carnegie  Ast rograph  was equipped 
with a s e c o n d  l e n s ,  c o r r e c t e d  f o r  y e l l o w  l i g h t  ( V a s i l e v s k i s ,  1 9 6 4 ) ,  a n d  t h e  
second-epoch  photography is b e i n g  c a r r i e d  o u t  i n  two colors .   This  means t h a t  
a t  least  t h r e e  p l a t e s  w i l l  b e  a v a i l a b l e  f o r  e a c h  f i e l d ,  a n d  a t o t a l  number of 
approximately 4000 p l a t e s  w i l l  have to  be  measured.  Since  approximately 300 
o b j e c t s  w i l l  be  se l ec t ed  on  each  p l a t e ,  i t  would t a k e  several decades t o  c a r r y  
out  a l l  the posi t ion and photometr ic  measurements  by convent ional  means.  The 
p rope r  s e l ec t ion  o f  t hose  ob jec t s  to be measured i s  a l s o  a major  task and must 
be  cons idered  carefu l ly .  It was decided to  develop and bui ld  two s e p a r a t e  ma- 
c h i n e s ,  o n e  f o r  t h e  e f f i c i e n t  s u r v e y i n g  o f  t h e  p l a t e s  a n d  t h e  s e l e c t i o n  o f  ob- 
jects,  a n d  t h e  o t h e r  f o r  c a r r y i n g  o u t  a completely automatic process of measure- 
men t . 
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One of us (S.V.) d i d  t h e  o r i g i n a l  p l a n n i n g  and prepared the instrumental  
s p e c i f i c a t i o n s ,  w h i l e  t h e  o t h e r  (W.A.P.) has  been  respons ib le  for  every  phase  
of  the technological  process .  Both have worked t o g e t h e r  c l o s e l y  d u r i n g  t h e  f u l l  
dura t ion  of  the  pro jec t ,  which  w a s  sponsored by the Nat ional  Science Foundat ion.  
The p r e s e n t  r e p o r t  w i l l  be  concerned pr imari ly  with the operat ion and per-  
formance of the equipment; a de t a i l ed  t echn ica l  accoun t  w i l l  be  publ ished a t  a 
la te r  da te .  An ou t l i ne  o f  t he  spec i f i ca t ions  and  the  means chosen t o  s a t i s f y  
them has been published elsewhere (Vasilevskis,  1960) and  need not  be  repea ted  
i n   f u l l   h e r e .  
THE SURmY MACHINE 
FIGURE 1 
Survey  Machine. To the right of the  operator i s  the control rack of the au- 
tomatic measuring engine, located i n  another room. 
O b j e c t s  f o r  measurement are s e l e c t e d  and the i r  approximate  coord ina tes  re- 
corded on punched cards with the aid of the survey machine shown i n  F i g u r e  1. 
Two p l a t e s ,  up t o  1 7  x 17  inches   each ,   can   be   p laced   in   adapters  on a hor i -  
z o n t a l  c a r r i a g e  a t  the  top  o f  t he  main s t r u c t u r e .  A high-pressure mercury lamp 
i s  l o c a t e d  a b o v e  t h e  c a r r i a g e ,  t o  i l l u m i n a t e  areas of t h e  p l a t e s  t h a t  are pro- 
jec ted  on  a 1 2  x 12 i n c h  s c r e e n  i n  f r o n t  of t h e  o p e r a t o r ;  t h e  o p t i c a l  l a y o u t  
is shown i n  F i g u r e  2. A 3 x 3 inch  area of   the   r igh t -hand  p la te   can   be  view- 
ed a t  a magnif icat ion of  4x f o r  a genera l  inspec t ion  of  a l a r g e  f i e l d ;  t h i s  
co r re sponds   t o  1 4 1  x 1 4 1  on Carnegie   Astrograph  plates .   For  more d e t a i l e d   i n -  
spec t ion  and  f ina l  s e l ec t ion  o f  ob jec t s ,  bo th  p l a t e s  can  be  p ro jec t ed  a t  magni- 
35 
f i c a t i o n s  of e i t h e r  lox o r  20x. For  changes of magn i f i ca t ion ,  op t i ca l  compo- 
nen t s  are p l a c e d  i n  or removed from t h e  ' l i g h t  p a t h s  by remotely operated rota-  
ry  so lenoids .  E i ther  f ie ld  can  be  b locked  or  bo th  opened  by s h u t t e r s .  A vari- 
able-speed bl ink device is a lso  incorpora ted  in to  the  machine .  
0. OF MACHINE 
LAY CONDENSER 
MAGNIFICAT10 
SHUTTER ' 
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FIGURE 2 
O p t i c a l  l a y o u t  of t h e  s u r v e y  machine. 
Cont ro l s  fo r  t hese  ope ra t ions  and a l s o  f o r  t h o s e  t o  b e  d e s c r i b e d  l a t e r  are 
loca ted  a t  t he  sc reen ,  as shown i n  F i g u r e  3 .  I n  t h e  c e n t e r ,  u n d e r  t h e  s c r e e n  is  
a j o y - s t i c k  f o r  c o n t r o l l i n g  t h e  r a p i d  m o t i o n  o f  t h e  p l a t e  c a r r i a g e ,  w i t h  a vari- 
able  speed up t o  2.5 inches  p e r  second. The f i n a l  s e t t i n g  is done by fou r  push- 
but tons  loca ted  to  the  r igh t  of  the  screen .  Whi le  these  cont ro ls  cause  a motion 
of t he  who le  ca r r i age  in  two c o o r d i n a t e s ,  t h e  l e f t  p l a t e  a d a p t e r  c a n  b e  moved 
r e l a t i v e l y  t o  t h e  r i g h t  i n  t w o - c o o r d i n a t e  l i n e a r  and angular   d i rec t ions .   Toggle  
and se l ec to r  swi t ches  a t  the  ex t reme le f t  o f  the  cont ro l  pane l .  ac tua te  motors  
f o r  t h e s e  r e l a t i v e  m o t i o n s ,  t h u s  p e r m i t t i n g  e f f i c i e n t  and precise  superimposing 
of  images  on both p la tes .  
Other  cont ro ls  on the  pane l  are: a switch for the mercury lamp, a knob f o r  
a s l igh t  change  of m a g n i f i c a t i o n  o f  o n e  f i e l d  r e l a t i v e  t o  t h e  o t h e r ,  two knobs 
for  br ightness  ad jus tment  of i n d i v i d u a l  f i e l d s  i n  o r d e r  t o  match p l a t e s  w i t h  d i f -  
ferent background fog, and finally,  two cont ro ls  for  coord ina te  punching .  
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The coord ina tes  obta ined  are t o  s e r v e  as input  for  subsequent  au tomat ic  
measurement,  and t h i s  f a c t  had to  be  cons idered  in  the  deve lopment  of  the  sur -  
vey  machine. On one  hand,  the  process  of  surveying must  be e f f i c i e n t  enough 
t o  keep up with the automatic measurement, and so no time should be wasted in  
pu r su i t  o f  excess ive  p rec i s ion .  On the  o ther  hand ,  the  coord ina tes  must  be ac- 
c u r a t e  enough f o r  p o s i t i o n i n g  t h e  image wi th in  the  scanne r  of the  au tomat ic  
machine. A p r e c i s i o n  of 0 . l m  w a s  s p e c i f i e d  i n  o r d e r  t o  s a t i s f y  b o t h  t h e s e  re- 
quirements.  The ac tua l  prec is ion  of  the  measur ing  device  is higher ,  as w i l l  be 
mentioned l a t e r .  
To select  an object  for  automatic  measurement ,  i ts  image is centered  on a 
cross-wire re t ic le  p ro jec t ed  on the  screen  (F igure  2 ) .  Two r o t a t i n g  g l a s s  c y l -  
i n d e r s ,  w i t h  a h e l i c a l  l i n e  c u t  t h r o u g h  a n  aluminum band deposi ted on each, 
s e rve  to  p rov ide  pos i t i on  r e fe rence ,  as shown i n  F i g u r e  4 .  The p i t c h  of t h e s e  
o p t i c a l  screws is  50mm wi th  a p rec i s ion  h ighe r  t han  0.Olmm. Each cy l inde r  
d r i v e s  a d i g i t a l  e n c o d e r  and is  a l so  gea red  to  the  l ead  sc rew tha t  moves t h e  
corresponding s tage.  The cy l inders  and  the  lead  screws r o t a t e  i n  s y n c h r o n i z a -  
t i o n ,  t o  w i t h i n  t h e i r  relative e r r o r s .  When t h e  c a r r i a g e  s t o p s ,  i ts  p o s i t i o n  
w i t h  r e s p e c t  t o  t h e  h e l i c a l  l i n e s  is sensed by p h o t o e l e c t r i c  e r r o r  d e t e c t o r s  on 
t h e  c a r r i a g e .  An e r ro r  s igna l  causes  a se rvomoto r  to  ro t a t e  t he  cy l inde r  and  
encode r  fo r  co r rec t ion  of t h e  e r r o r .  A d i f f e r e n t i a l  i n  t h e  g e a r - t r a i n  c o n n e c t -  
i ng  the  cy l inde r  w i th  the  l ead  sc rew p reven t s  mot ion  of t he  ca r r i age  du r ing  the  
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machine. 
t he  co r rec t ion  p rocess .  Thus t h e  measurement  does  not  depend  on e r r o r s ,  back- 
l a s h ,  o r  wear of t h e  l e a d  screws. A push-button a t  the  r igh t  l ower  co rne r  of 
t he  con t ro l  pane l ,  F igu re  3,  causes  the  t r ans fe r  o f  coord ina te  in fo rma t ion  from 
the  encode r s  to  an  I B M  526 punch, shown i n  F i g u r e  1; the read-out is t o  t h e  
n e a r e s t  0.05mm. 
A selector  switch above the recording push-but ton permits  a cons iderable  
s a v i n g  i n  t i m e  dur ing  measurement  of  e i ther  the  f i r s t  o r  second order  spec t ra  
t h a t  are produced  by coarse  gra t ings  p laced  over  the  Ast rograph  lenses .  The 
g r a t i n g  images are d i s p l a c e d  i n  t h e  n o r t h - s o u t h  d i r e c t i o n  a t  d is tances  of  0.25mm 
and 0.50mm from t h e  c e n t r a l  image f o r  t h e  f i r s t  and second order ,  respect ively.  
Dur ing  the  su rvey  ope ra t ion  the  cen t r a l  image is always put on the cross-wire, 
and i f  i n s p e c t i o n  shows t h a t  t h i s  image is to  be automatical ly  measured,  then 
t h e  s e l e c t o r  s w i t c h  i s  l e f t  i n  its z e r o  p o s i t i o n .  I f ,  however, it is decided 
t o  m e a s u r e  t h e  g r a t i n g  images i n s t e a d ,  t h e  s w i t c h  is t u r n e d  t o  o n e  o f  t h e  o t h e r  
two posi t ions depending upon w h e t h e r  t h e  f i r s t  o r  s e c o n d  o r d e r  s p e c t r a  are t o  b e  
measured. A cons tan t  is thus  added  to  and  subtracted  from  the 1 coord ina te ,  
and two va lues  of these  modi f ied  coord ina tes  ,are punched, corresponding t o  p o s i -  
t ions  of  the  se lec ted  gra t ing  images .  
Tests and extensive use of the survey machine since i t s  i n s t a l l a t i o n  i n  
1963 have demonstrated that i ts  pe r fo rmance  su rpasses  the  o r ig ina l  Spec i f i ca t ions  
and  expectat ions.   Since two p la tes   a re   surveyed   s imul taneous ly ,  i t  is  Poss ib l e  
t o  keep  pace  with  the  subsequent  automatic  measurement of i n d i v i d u a l  p l a t e s .  If 
p a r t i c u l a r  c a r e  i s  e x e r c i s e d  i n  c e n t e r i n g  images  on the cross-wire ,  coordinate  
e r r o r s  do not exceed O.O3mm, the  rounding error  of  the read-out  to  0.05mm. I n  a 
normal survey when e f f i c i e n c y  is  of  pr imary importance,  the operator  cannot  
spend  too much time on e x c e p t i o n a l l y  c a r e f u l  c e n t e r i n g .  Then t h e , c o o r d i n a t e  er- 
r o r s  become la rger ,  bu t  normal ly  they  s t i l l  do not exceed O . l m m ,  and consequent- 
l y  do not  cause any d i f f i c u l t i e s  i n  t h e  a u t o m a t i c  measurement.  Although  the ma- 
chine was pr imar i ly  des igned  for  the  Lick  Proper  Motion program, i t  is  being 
success fu l ly  used  in  o the r  work, such as t h e  b l i n k i n g  of p l a t e s  f o r  l a r g e  p r o p e r  
motion stars o r  t he  d i scove ry  of v a r i a b l e  stars, coordinate measurement for i- 
den t i f i ca t ion  pu rposes ,  e s t ima t ion  of s te l la r  c o l o r s ,  etc.  
THE MEASURING ENGINE 
The automatic  measuring engine,  depicted in  Figure 5, is mounted  on an i- 
s o l a t e d  c o n c r e t e  s l a b  i n  a separate  a i r -condi t ioned and humidi ty-control led 
room, as shown i n  F i g u r e  6. Auxiliary  equipment  consisting  of two I B M  526 
punches and three electronic  racks,  is l o c a t e d  i n  t h e  s u r v e y  room. One of t h e  
punches reads the survey cards ,  while  the other  records the resul ts  of  the auto-  
matic measurement. 
The usual  measuring  procedure is  as fol lows:  One of t h e  two s imultaneously 
surveyed  p la tes  is  put  into the measuring engine,  where i t s  p o s i t i o n  is defined 
by th ree  s tuds  aga ins t  wh ich  two. edges  of  the  p la te  rest. During the  survey  
p rocess ,  t he  pos i t i ons  o f  bo th  p l a t e s  were a l s o  d e f i n e d  by e x a c t l y  t h e  same type  
and  ar rangement  of  s tuds ,  and  the  coord ina te  or ig in  in  the  measur ing  engine  is 
t h e  same as in  the r ight-hand adapter  of  the survey machine.  This  means t h a t  
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FIGURE 6 
Plan of rooms  with 
the  automatic  mea- 
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the ground  floor of 
the  Natural  Science c 0
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a p l a t e  s u r v e y e d  i n  t h i s  a d a p t e r  n e e d s  no pos i t i ona l  ad jus tmen t  p r io r  t o  au to -  
matic measurement. A s  a r u l e ,  t h e  c e n t e r  and o r i e n t a t i o n  o f  t h e  o t h e r  p l a t e  d i f -  
f e r  s l i g h t l y  f r o m  t h o s e  o f  t h e  f i r s t ,  s o  t h e  p o s i t i o n  o f  t h e  l e f t - h a n d  s u r v e y  
machine adapter must be adjusted so as to  super impose  both  f ie lds  on  the  survey  
screen .  For  au tomat ic  measur ing  of  th i s  p la te ,  an  adapter  wi th .ad jus tab le  s tuds  
is  ava i lab le   for   the   measur ing   engine .  It has  been  found,  however,  that i t  i s  
more convenient  to  produce an adjusted survey deck by use  of a computer. A few 
stars are measured  semi-automatically  and a comparison  of  these  measurements 
wi th  the  survey  coord ina tes  g ives  the  necessary  re ference  informat ion  for  ad- 
j u s t i n g  and punching the or iginal  input  data  for  subsequent  automatic  operat ion.  
Normally the  ope ra to r  o f  t he  su rvey  mach ine  a l so  supe rv i se s  the  au tomat i c  
m e a s u r i n g  a c t i v i t y .  A f t e r  p l a c i n g  o n e  p l a t e  i n  t h e  e n g i n e  he r e t u r n s  t o  t h e .  
survey room, l o a d s  t h e  r e a d e r  w i t h  t h e  i n p u t  c a r d s ,  s tar ts  the  eng ine  by a swi tch  
on t h e  c o n t r o l  r a c k  shown i n  F i g u r e  1 and Figure 6 ,  and resumes h is  survey  of  a- 
no the r  p l a t e -pa i r .  Measurement  proceeds automatical ly  there  af t .er  unt i l  the  las t  
o b j e c t  s e l e c t e d  i s  measured  and  recorded.  If a mal func t ion  occurs  dur ing  the  
process ,  a buzzer calls t h e  a t t e n t i o n  of t h e  o p e r a t o r ,  who u s u a l l y  i d e n t i f i e s  t h e  
r e a s o n  f o r  t h e  f a i l u r e  by t h e  i n d i c a t o r  l i g h t s ,  and c o r r e c t s  it by the remote 
c o n t r o l s .  
The p r i n c i p l e  of  the automatic  operat ion i s  shown i n  F i g u r e s  7 and 8. When 
the  survey  coord ina tes  are read by the measuring machine, they are s t o r e d  i n  a 
comparator  uni t  and also t ransmit ted to  servo systems which dr ive the carr iage 
t o  t h e  p o s i t i o n  c a l l e d  by the  su rvey  da ta .  A s  a t  the survey machine,  the car- 
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FIGURE 7 
Block diagram  showing  the  operation of the  automatic  measuring engine. 
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FIGURE 8 
Optical  layout of the  automatic  measuring engine. 
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r i a g e  p o s i t i o n  is r e f e r r e d  t o  two. g l a s s  c y l i n d e r s  w i t h  h e l i c a l  l i n e s  whose en- 
code r s  con t inuous ly  t r ansmi t  t he  pos i t i on  o f  the c a r r i a g e  t o  t h e  c o m p a r i s o n  
u n i t .  When t h i s  p o s i t i o n  i n f o r m a t i o n  a g r e e s  w i t h  t h e  s t o r e d  s u r v e y  d a t a ,  t h e  
c a r r i a g e  s t o p s  a n d  measurement starts. These s teps  can be bypassed i f  manual  
pos i t i on ing  is d e s i r e d .  I n  t h a t  case t h e  c a r r i a g e  is pos i t i oned  by  push-but- 
tons,  and measurement  ini t ia ted by p res s ing  a n u l l - d e t e c t  c o n t r o l .  I n  any case 
a l l  the  subsequent  prec ise-se t t ing  opera t ion  proceeds  wi th  the  car r iage  sta- 
t iona ry ,  t hus  in su r ing  tha t  no  poss ib l e  v ib ra t ion  caused  by motion of the heavy 
s t ages  can  en te r .  
S e t t i n g  on t h e  image is performed.by a s p i n n i n g - s e c t o r  t y p e  s c a n n e r  f i r s t  
developed and employed by t h e  Watson Computing Laboratory of IBM (Lentz and Ben- 
n e t t ,  1 9 5 4 ) .  The  image is centered  on t h e  s c a n n e r  a x i s  by  two p lane -pa ra l l e l  
p l a t e s  p l a c e d  i n  t h e  l i g h t  beam, as Figure 8 shows.  The  amount of  displacement 
is measured by coun t ing  d iv i s ions  on sec to r s  a t t ached  to  the  p l a t e s ;  each  coun t  
is equ iva len t  t o  0 .1  mic ron  on t h e  p l a t e .  
Two scales d i v i d e d  i n t o  millimeters are used for coordinate measurement. 
The scales are made of c r y s t a l  q u a r t z  f o r  d i m e n s i o n a l  s t a b i l i t y ,  and t h e  d i v i -  
s i o n s  are engraved  through  an aluminum coat ing .  The p o s i t i o n  o f  t h e  c a r r i a g e  
is r e f e r r e d  t o  t h e  scales by  two index  l i nes  ru l ed  on  g l a s s  ba r s  t ha t  are at- 
t a c h e d  t o  t h e  c a r r i a g e  s t a g e s  a t  r i g h t  a n g l e s  t o  t h e  c o r r e s p o n d i n g  scales. Op- 
t i c a l  systems moving w i t h  t h e  s t a g e s  compare t h e  i n d e x  l i n e s  w i t h  t h e  scales by 
means of t i l t i n g  p l a n e - p a r a l l e l  p l a t e s  t h a t  act  as mic romete r s  fo r  i n t e rpo la t ion  
between the scale l i n e s ,  as shown i n  F i g u r e  8. A Maksutov type  op t i ca l  sys t em 
is  u s e d  f o r  c o r r e c t i o n  o f  t h e  o p t i c a l  a b e r r a t i o n s  of t h e s e  p l a t e s  which appear 
a t  l a r g e  p l a t e  tilts, f o r  example when displacements  of  the order  of  lmm are re- 
quired.   Again,   the   uni t   count   of   measuring  the t i l t  o f  t he  plates is equiva len t  
t o  0 .1  mic ron  on t h e  scales. Er ro r s  of t h e s e  scales were de termined  in  the  pro-  
cess of ca l ib ra t ion ,  and  are permanent ly  s tored and automatical ly  combined wi th  
the scanner and scale read-outs  in  every measurement .  In  this  way t h e  f o u r  de- 
cimals of millimeters are o b t a i n e d ;  t h e  f u l l  millimeters are taken from the en- 
coders   of   the   hel ical ly-engraved  glass   cyl inders .  When the  dec imals  of  the  sur -  
subt rac ted  f rom the  f ina l  combina t ion;  a computer u n i t  f o r  t h i s  o p e r a t i o n  i s  in -  
co rpora t ed  in  the  p rogram rack .  I f  t he  cen t r a l  image i s  measured,  the  coordi-  
na te  informat ion  is  t r a n s m i t t e d  d i r e c t l y  t o  t h e  punch fo r  r eco rd ing ;  if a g r a t -  
i n g  image i s  measured, the  informat ion  i s  s t o r e d  u n t i l  t h e  s e c o n d  image is a l s o  
measured, and then coordinates of both the images are recorded on t h e  Same card.  
.very  coord ina te  are nea r  ze ro ,  one  fu l l  millimeter may need t o  b e  added t o  o r  
E r ro r s  of t h e  c a r r i a g e  ways are e l imina ted  by mounting t h e  s c a l e s  as sug- 
ges ted  by Abbe (1890), namely i n  s u c h  a way tha t  t he  axes  o f  bo th  the  sca l e s  and 
o f  t he  scanne r  in t e r sec t .  The re  i s ,  however, a depar ture  f rom the  way chosen by 
Zeiss (Konig,  1932) t o  c a r r y  o u t  t h e  i d e a  of Abbe. The mechanical  contact  be- 
tween the  edges  of  the  car r iage  and t h e  s l i d i n g  scales has been replaced by an 
opt ica l   "contac t"   be tween  the   index- l ines   and   the   f ixed   sca les .   S ince ,   i f   the  
scales were p l a c e d  i n  t h e  p l a n e  of t he  p l a t e  emul s ion ,  as suggested by Abbe, a 
machine f o r  measurement of 1 7  x 1 7  i n c h  p l a t e s  would b e  p r o h i b i t i v e l y  l a r g e ,  t h e  
scales are placed above the carr iage.  The scale-reading system is so designed 
t h a t  any small tilt of t h i s  s y s t e m  i s  eliminated from the measurement.  
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FIGURE 9 
Indicator  lights 
and controls of 
the  automatic 
measuring  machine. 
A s  soon as an image is centered ,  i ts  photometric measurement i s  i n i t i a t e d .  
The photometer contains an iris diaphragm as proposed by Eichner e t  a l .  (1947). 
The l i g h t  from the photometer lamp i s  s p l i t  i n t o  two beams, one passing through 
t h e  iris w i t h  t h e  star image cen te red ,  wh i l e  t he  o the r  serves as a comparison 
beam. The  imbalance  between  the beams a c t u a t e s  a servosys tem which  ro ta tes  the  
i r is  r i n g  until a ba lance  is achieved. A s e c t o r  w i t h  5000 d i v i s i o n s  is a t t ached  
t o  t h e  r i n g ,  and the  d iv is ions  count  provides  a photometric read-out which is 
f inal ly  recorded together  with the coordinate  measurements .  
The process  of measurement is monitored by the  con t ro l  r ack  shown i n  F i g u r e  
1. A t  t h e  t o p  is a numerical  :display of  coordinates  t ransmit ted from the po- 
s i t ion ing  encoders  connec ted  wi th  the  "opt ica l  screws"; these  coord ina te s  ag ree  
wi th  the  survey  input  when t h e  p l a t e  c a r r i a g e  s t o p s .  Under t h i s  d i s p l a y  is a 
te lev is ion  screen  showing a p l a t e  area of 5mm across  en larged  40x. A c i rc le  pro- 
j e c t e d  i n  t h e  c e n t e r  o f  t h e  s c r e e n  shows t h e  250 micron opening of the scanner,  
and at least a pa r t  o f  t he  image  se l ec t ed  must be within the circle f o r  automat- 
i c  measurement. I n  manual  operation,  images are b rough t  w i th in  th i s  circle by 
push-but tons.  Under  the screen there  are i n d i c a t o r  l i g h t s  and c o n t r o l s  l o c a t e d  
on two panels,  one ver t ical  and the other ,  below i t ,  inc l ined ;  bo th  these  pane l s  
are shown i n  F i g u r e  9 .  
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I n  t h e  u p p e r  p a r t  o f  F i g u r e  9 appear  indicator  lamps which l ight  up i n  se- 
quence as ope ra t ion  o f  t he  au tomat i c  eng ine  p rogres ses .  In  case of a f a i l u r e  
t h e  l as t  l i g h t  shows t h e  s t e p  whose completion has .been interrupted. Switches '  
between t h e  l i g h t s  p e r m i t  s t o p p i n g  t h e  a u t o m a t i c  o p e r a t i o n  a t  any s t e p  d e s i r e d ;  
t h e s e  are used mainly for  tes t ing and adjustment  purposes .  Under the bank of 
l i g h t s  t h e r e  is a row of cont ro ls ,  inc luding  a s e l e c t o r  s w i t c h  f o r  a u t o m a t i c  
o r  manual mode. 
I n  t h e  m i d d l e ,  a t  t h e  t o p  of the  lower  pane l ,  there  are s ix  a d d i t i o n a l  
lamps representing the sequence of measurement;  they l ight when the measuring 
l i g h t  on the upper  panel  goes on.  These addi t ional  l ights  show the  p rogres s  
of center ing  the  image ,  reading  the  scales, and ope ra t ion  of the photometer;  
a switch permits  bypassing the photometer  when it i s  not needed. Eleven more 
l i g h t s  on the measuring engine,  which can be seen through a window from t h e  
survey room, i n d i c a t e  t h e  p o s i t i o n  of t h e  p l a n e - p a r a l l e l  p l a t e s  and t h e  i r is ,  
and p rov ide  add i t iona l  d i agnoses  i f  a f a i l u r e  o c c u r s .  C o n t r o l s  f o r  manual 
measurement are mounted i n  t h e  l o w e r  r i g h t  p a r t  o f  t h e  i n c l i n e d  p a n e l .  
The 1 7  x 17 inch  proper  mot ion  p la tes ,  and o t h e r  plates  wi th  many images, 
are measured  automatically.  Completely  manual  operation i s  used  only on rare 
occasions.  More f requent   use  i s  made of  the  semi-automatic mode. I n  t h i s  c a s e  
the  inpu t  coord ina te s  do not  need  to  br ing  images  wi th in  the  scanner ;  th i s  i s  
performed by manual c o n t r o l s  as soon as t h e  image appears on the screen and the 
ca r r i age  s tops .  Th i s  mode is used  for  producing  ad jus ted  input  da ta  for  p la tes  
s u r v e y e d  i n  t h e  l e f t  a d a p t e r ,  as mentioned before, and also for measurement of 
a small number of images per plate,  as in  pa ra l l ax  p rograms .  
The 1 7  x 1 7  inch  p la te  wi th  300 nea r ly  un i fo rmly  d i s t r ibu ted  images can be 
measured  au tomat ica l ly  in  near ly  three  hours ;  the  average  speed  for  such  p la tes  
i s  35 seconds  per  image. The e f f i c i e n c y  is o f  cour se  s l i gh t ly  h ighe r  fo r  c lus -  
tered images,  and  lower i f  a few wide ly  sca t t e red  ob jec t s  are measured. Need- 
less to  say,  the photometr ic  measurements  a lone would r e q u i r e  a considerably 
longer  time wi th  a convent ional  i r is  photometer. 
Accuracy is t h e  main concern i n  a measuring engine, and tests of var ious  
components were made as t h e  c o n s t r u c t i o n  of the machine progressed.  After  the 
engine was completed, i ts  performance was t e s t e d  a t  the  Gaer tner  p lan t  in  Chica-  
go ,  and  aga in  a f te r  it w a s  i n s t a l l e d  a t  Lick Observatory in  Santa  Cruz.  Two 
types  of tests were made: those  of  repea tab i l i ty ,  and  of  the  to ta l  e r ror  of  
measurement. 
The r e p e a t a b i l i t y  i s  determined by comparison of successive measurements of 
t he  same image w i t h  minimum t i m e  in te rva ls  be tween.  From  many tests it was 
found tha t  for  stellar images of good q u a l i t y  t h e  a v e r a g e . d e v i a t i o n  i s  0.35 and 
0.25 microns i n  X and Y r e spec t ive ly .  The s y s t e m a t i c a l l y   l a r g e r   e r r o r s   i n  X 
are probably due 70 t h e  f z c t  t h a t  t h e  c o r r e s p o n d i n g  s t a g e  i s  c a r r i e d  by t h e  mo- 
b i l e  U_ c a r r i a g e ,  w i t h  t h e  added  complication  of a double  motion  and more invol -  
ved  arrangement  of  the  measuring  components.  Quite  recently D r .  A.R. Klemola 
made tests o f  r epea tab i l i t y  ove r  a long per iod of  t i m e ;  h i s  r e s u l t s  are present -  
ed i n  F i g u r e s  1 0  and 11. The a b s c i s s a e  i n  b o t h  g r a p h s  are t h e  t i m e  i n t e r v a l s  
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W A R M - U P  T I M E  IN H O U R S  
FIGURE 10 
Repeatability of coordinate  measurement  as  a  function of the 
warm-up  period  after  a  two-day  shut-down.  Ordinates  in  microns. 
a f t e r  t h e  e n g i n e  was turned  on fol lowing a two-day shut-down.  Five stars were 
s e l e c t e d ,  one i n  t h e  c e n t e r  and o t h e r s  i n  t h e  c o r n e r s  of a 1 7  x 1 7  i n c h  p l a t e ,  
and the  cyc le  of measuring these stars w a s  au tomat ica l ly  repea ted  for  a lmost  
1 4  hours.  Open circles   represent   measurements   of   the   central  s tar,  b a r s  o f  f i l l -  
ed c i r c l e s  po in t  t owards  the  co r re spond ing  co rne r s ,  w i th  no r th  up and east t o  
t h e  l e f t .  Each  symbol r ep resen t s  a mean of  approximately  10  measurements. The 
agreement between successive individual measurements confirmed the short-term 
repeatabi l i ty   quoted  above.  The graphs,   however ,   exhibi t   the   long-term  s tabi l -  
i t y  of the measuring engine.  
In Figure  10,   only  measurements  in .x are r e p r e s e n t e d  f o r  t h e  i n i t i a l  f i v e  
hour s ;   t he   o rd ina te   i n   mic rons  is shown on t h e . r i g h t  s i d e  of the  frame. The 
sys t ema t i c  depa r tu re s  and  l a rge  sca t t e r  c l ea r ly  show t h a t  t h i s  i n t e r v a l  is  t h e  
minimum  warm-up time. The d i f f e r e n c e s  i n  X are s e v e r a l  times l a r g e r ,  and they 
are no t  r ep resen ted  in  F igu re  10 .  Excep t  fo r  t he  t e l ev i s ion  sys t em,  a l l  t h e  
c o n t r o l  and  power c i r c u i t s  are b u i l t  w i t h  s o l i d - s t a t e  components  and should not  
r e q u i r e  any s i g n i f i c a n t  warm-up time. The warm-up t i m e  presumably i s  necessary 
f o r  t h e  machine to  r each  the rma l  equ i l ib r ium and d i m e n s i o n a l  s t a b i l i t y  a f t e r  t h e  
many lamps are turned  on. The r e p e a t a b i l i t y  i n  b o t h  c o o r d i n a t e s  i s  shown f o r  
measurements a f t e r  t h e  f i r s t  f i v e  h o u r s ;  t h e  o r d i n a t e  f o r  2 is marked  on t h e  
l e f t  s i d e .  F o r  e a c h  s t a r  t h e  mean of a l l  t h e  measurements  during this  s table  
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W A R M - U P  T IME  IN  H O U R S  
per iod  was compared w i t h  t h e  i n d i v i d u a l  means,  and t h e  d i f f e r e n c e s  p l o t t e d .  As 
can  be  seen ,  the  long- t ime repea tab i l i ty  i s  w i t h i n  h a l f  a micron. 
The repeatabi l i ty  of  photometr ic  measurements  is shown i n  F i g u r e  11; t h e  
o r d i n a t e  i s  i n  u n i t s  o f  t h e  l a s t  d i g i t  of the  photometer  output.   Approximately 
1200 un i t s  co r re spond  to  a range of f i v e  s te l lar  magnitudes on blue plates  taken 
with the Carnegie  20 inch  Ast rograph ,  or  0.004 magnitudes per  uni t .  Figure 11 
shows tha t  the  photometer  a l so  needs  a five-hour. warm-up per iod ,  a f te r  which  the  
s t a b i l i t y  i s  wi th in  one  un i t .  The p l a t e  e r r o r s  are much l a rge r ,  o f  cour se ,  and 
the  p rec i s ion  quo ted  means on ly  tha t  t he  pho tomete r  e r ro r s  can  be  neg lec t ed  in  
discussions of photometric measurements. 
For  determinat ion of t o t a l  e r r o r s ,  n o t  j u s t  r e p e a t a b i l i t y ,  s e v e r a l  1 7  x 1 7  
inch  plates  were chosen and up ' to  300 objec ts ,  bo th  ga lax ies  and  stars, were 
s e l e c t e d  f o r  measurement  on  each p l a t e .  Ob jec t s  were d iv ided  in to  seve ra l  g roups  
accord ing  to  cer ta in .proper t ies  of  the i r  images ;  codes  for  use  in  comput ing  were 
a s s igned  to  each  g roup  in  the  p rocess  of su rvey ing  the  p l a t e s .  Each p l a t e  w a s  
measured i n  f o u r  p o s i t i o n s ,  a t  90" i n t e r v a l s  i n  o r i e n t a t i o n .  The  measured  co- 
o r d i n a t e s  were then  t ransformed to  the  same p o s i t i o n  a n g l e  by a computer, and 
the measurements of the same o b j e c t s  o b t a i n e d  i n  a l l  f o u r  p o s i t i o n s  were i n t e r -  
compared,  Since each rectangular  coordinate  of  every  object was measured  with 
both  sca les  a t  two d i f f e r e n t  p o s i t i o n s  o f  e a c h  s c a l e ,  it was p o s s i b l e  t o  make 
an   ana lys i s  of v a r i o u s  e r r o r s .  The   cor responding   leas t - squares   so lu t ions  re- 
vealed immediately a s y s t e m a t i c  e r r o r  of up to  three  microns  in  measurements  
made a g a i n s t  t h e  2 scale, and f u r t h e r  i n v e s t i g a t i o n  showed t h a t  a cu rva tu re  
of the corresponding index-l ine w a s  r e s p o n s i b l e  f o r  t h e  e r r o r .  The depa r tu re  
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from a s t r a i g h t  l i n e  w a s  found t o  b e  r i g o r o u s l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  
t he  d i s t ance  f rom the  cen te r ,  and  amounts t o  6.49 microns a t  200mm from t h e  cen- 
ter, i . e . ,  a t  the  edges  of  17  x 1 7  i n c h  p l a t e s .  
The index-l ines  ruled on glass  bars  were t e s t e d  f o r  s t r a i g h t n e s s  a f t e r  t h e i r  
manufacture, and the curvature must have been produced during the process of at- 
t ach ing   t he  & -bar   to   the   car r iage .   Repea ted   de te rmina t ions  a t  i n t e r v a l s   o f  
several months  showed t h a t  t h e  c u r v a t u r e  is cons tan t ,  and t h e r e f o r e  of  no  con- 
ce rn .  In  p rope r  mot ion  and  o the r  d i f f e ren t i a l  measurements t h e  e r r o r  i s  elimi- 
na ted ;  co r rec t ion  of a b s o l u t e  p o s i t i o n s  r e q u i r e s  a s i n g l e  a r i t h m e t i c  s t a t e m e n t  
i n  t h e  computer  program. S t i l l ,  w e  are tempted t o  s t o r e  t h e  e r r o r s  i n  t h e  p r o -  
gram rack  o f  t he  measu r ing  eng ine  fo r  co r rec t ion  in  the  measurement process. 
NO o the r  sys t ema t i c  e f f ec t s  cou ld  be  de t ec t ed ,  and a f t e r  t h e  c u r v a t u r e m e n -  
t ioned  was t a k e n  i n t o  a c c o u n t ,  t h e  t o t a l  a c c i d e n t a l  e r r o r  w a s  found from resi- 
duals   of  least squa res   so lu t ions .  Stars were d iv ided   i n to   fou r   g roups :   1 )   ve ry  
f a in t ,  ba re ly  above  the  p l a t e  l i m i t ,  2) faint, approximately one magnitude above 
t h e  p l a t e  l i m i t ,  3) medium, wi th  images  of  the  order  of  100  microns  in  d iameter ,  
4 )  b r i g h t ,  w i t h  i m a g e s  a l m o s t  f i l l i n g  t h e  s c a n n e r  area. The p robab le  e r ro r s  of 
a measurement  of an image in   t hese   g roups  are: i n  X, 1.15, 0.79, 0.69,  0.73 
microns,  and i n  ,Y, 0.74,  0.56,  0.54,  0.55  microns,   respectively.  As befo re ,  
t h e  e r r o r s  i n  X are s l i g h t l y  l a r g e r  t h a n  i n  Y . The  images  of  very f a i n t  
stars produce a small s i g n a l  w i t h  t h e  250 micron scanner, ,  and consequently those 
e r r o r s  are t h e  l a r g e s t .  The e r r o r s  of  measurement  of ga l ax ie s  depend  even  more 
on t h e  q u a l i t y  of  images.   For  galaxies  normally  selected  for  standards on t h e  
Lick Proper Motion program, the errors are about 50% h ighe r  than  those  fo r  stars. 
- 
CONCLUSION 
The bas ic  technologica l  ideas  regard ing  the  descr ibed  equipment  were formu- 
l a t e d  i n  1959.  The p r o j e c t ,  however, w a s  n o t  c o n s t r a i n e d  i n  its progress  by 
t h e  o r i g i n a l  i d e a s ,  and appropr i a t e  new technological developments were incor-  
porated as they became ava i l ab le .  Th i s  f ac t  has  pe rmi t t ed  the  sys t em to  meet 
t h e  s e v e r e  r e q u i r e m e n t s  o f  v e r s a t i l i t y  and p r e c i s i o n  o r i g i n a l l y  s p e c i f i e d  f o r  
the equipment.  
The v e r s a t i l i t y  w a s  d f c t a t e d  by the special  needs of  the Lick Proper  Motion 
program, and i t  is  d i f f i c u l t  t o  v i s u a l i z e  a program demanding a g r e a t e r  f l e x i b i l -  
i t y .  Indeed ,  i nd iv idua l  components  of the  present  equipment  might w e l l  serve as 
independen t  un i t s  fo r  many a s t r o n o m i c a l  e f f o r t s ;  some of t h e s e  p o s s i b i l i t i e s  
have been out l ined elsewhere (Vasi levskis ,  1960) .  
P rec i s ion  canno t  be  d i scussed  sepa ra t e ly  f rom the  p l a t e  s i ze  and speed of 
measurement. The l i m i t s  o f  d i m e n s i o n a l  s t a b i l i t y  may have nearly been reached 
i n  t h i s  l a r g e  e n g i n e  f o r  1 7  x 17  inch  p l a t e s .  As long as mechanical  motions  of 
heavy s t a g e s  are r equ i r ed ,  t he  ca r r i age  speed  tha t  is compa t ib l e  wi th  pos i t i ona l  
s t a b i l i t y  is l i m i t e d ,  r e g a r d l e s s  o f  t h e  means u s e d  f o r  t h e  a c t u a l  c o o r d i n a t e  
measurement. F i n a l l y ,   t h e   a p p r e c i a b l e   i n t r i n s i c   d i m e n s i o n a l   e r r o r s   t h a t  are 
inherent  in  as t ronomica l  photography do n o t  j u s t i f y  . e x c e s s i v e  e f f o r t  and expense 
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i n  ach iev ing  p rec i s ion  wh ich  canno t  be  u t i l i zed  in  p rac t i ce .  
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DISCUSSION 
Do you use a d ig i ta l  computer anywhere i n   t h e  measuring process direct ly? 
No. Our output i s  on punched cards, which  are then computer processed. 
The combined action of grating dispersion and of atmospheric dispersion will make the 
grating images an top look di f ferent  from the grating images a t  t he  bottom. DO you 
ant ic ipate  tha t  th i s  w i l l  cause a n y  d i f f i c u l t i e s ?  
We now have i n  operation a program, consisting o f  over 100 f i e l d s  which have as the 
main purpose the detection of error sources. I agree that the l ine connecting the gra- 
t i ng  and central images ought t o  be horizontal, but I would be against changing t h e ,  
alreacIy establ ished pract ice  for  our second epoch plates.  Since our measurements are 
essent ia l ly  d i f ferent ia l ,  the  e f fec t s ,  i f  any, may be eliminated. 
The plates being taken now i n  Argentina for the YaZe-Colwnbia program, the line con- 
necting the images lies horizontally for the very reason mentioned by Murray. 
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A SEMI-AUTOMATIC  MEASURING  MACHINE 
K. Aa .  S t rand  
U. S.  Naval Observatory 
ABSTRACT 
The U. S.  NavaZ Observatory acquired, i n  1966,  
a machine which i s  designed t o  Zocate automaticaZZy 
a star image on a photographic plate from approxi- 
mate coordinates on a punched card and t o  measure 
and record i t s  p o s i t i o n  t o  a micron. The machine 
was manufactured by NucZear Research Instruments, 
Inc., BerkeZey,  CaZifornia,  according to  the  Ob- 
servatory ' s  design  specifications. 
The main frame of the machine i s  of granite, 
as  are  the x and y coordinate  carriages  which 
move on a i r  bearings against granite ways. 
The system i s  capabZe of making measurements 
continuousZy over a 10 x 2 0  inch range by  means of  
a Ferranti maid fringe system, with a Zeast count 
of one micron. 
A SEMI-AUTOMATIC  MEASURING MACHINE 
A semi-automatic measuring machine w a s  acqui red  by t h e  U. S.  Naval Observa- 
t o r y  i n  1966 fo r  t he  pu rpose  of measuring the extensive p l a t e  mater ia l  expected 
to  accumulate  f rom the t r igonometr ic  s te l lar  parallax program being carried out 
w i th  the  61  inch  As t romet r i c .Ref l ec to r  a t  the Obse rva to ry ' s  F l ags t a f f  S t a t ion ,  
F lags ta f f ,  Ar izona .  It was r e a l i z e d  that  a c o n s i d e r a b l e  s a v i n g s  i n  manpower 
would b e  p o s s i b l e  i f ;  1) Automat ic  center ing  of  images  rep laced  v isua l  b i sec t ion ,  
2) Measurements could be recorded directly on punched cards or tape, 3) Automatic 
prepos i t ion ing  on  se lec ted  images  was made a v a i l a b l e ,  4 )  Easy  access  to  the  ma- 
ch ine  was made avai lable  for  rapid change-over  f rom p l a t e  t o  p l a t e .  
The las t  two f e a t u r e s  are of pa r t i cu la r  impor t ance  in  v i ew o f  t he  r e l a t ive ly  
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few s ta r  images which are b e i n g  s e l e c t e d  f o r  measurement on each  p la te  and  be- 
cause a p a r a l l a x  series c o n s i s t s  of some 50 p l a t e s  with i d e n t i c a l  r e f e r e n c e  
stars. These  fea tures ,  as w e l l  as a series of  o thers ,  were i n c o r p o r a t e d  i n  t h e  
d e s i g n  s p e c i f i c a t i o n s  drawn up by t h e  Naval Observatory.  
The machine w a s  b u i l t  by Nuclear Research Instruments (NRI) in  Berke ley ,  
C a l i f o r n i a  -- t h e  same f i rm tha t  bu i l t  the  Franckens te in  machine  which  w a s  f i r s t  
developed a t  t h e  Lawrence Radiat ion Laboratory for  measuring nuclear  t racks in  
bubble chamber photographs. 
The measuring  system  consis ts   of :   1)  The opto-mechanical  assembly  called 
II the  machine", 2 )  A t h r e e  r a c k  e l e c t r o n i c  c a b i n e t ,  3) Two IBM-526 Card  Punches. 
The main s t r u c t u r a l  members of the machine are heavy g r a n i t e  components, 
as are t h e  two ca r r i ages  wh ich  ca r ry  the  pho tograph ic  p l a t e  ove r  a 10 x 10 inch  
area. The lower  ca r r i age  ( the  sadd le )  r i des  ove r  t he  base  p la te  on e i g h t  l i f t  
air  bear ings  (pressure  60 lbs . / sq .  inch) ,  and  i ts  motion i s  con t ro l l ed  by gran- 
i t e  guideways  mounted  on the base-plate.  Guide a i r  bear ings  main ta in  the  l ine-  
a r i t y  of the motion.  
A s  shown i n  F i g u r e  1, the  uppe r  ca r r i age  ( the  s t age )  rests above the base 
on f o u r  l i f t  a i r  bea r ings  (p re s su re  4 5  l b s . / sq .  i nch )  and i s  he ld  perpendicular  
t o  t h e  s a d d l e  by two guideways mounted on i t ,  again using guide a i r  bear ings  
moving aga ins t  the  gran i te  gu ideways .  
Lift Air Bearing J 
Saddle Guide  Air Bearing 
r S a d d l e  Drlve Motor 
Stage G u b d e w a y I  - vA 
LSaddle Lift Air Beoring 
FIGURE 1 
Schematic  drawing of the U. S. Naval Observatory's  semi-automatic  measuring 
machine,  showing  the  base  plate  with  the  measuring,  stages,  their  guideways 
and  synchro-motor  drives. 
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Air b e a r i n g s  s e p a r a t e  c a r r i a g e s  and ways by approximately 
~ (no i se  1 / 4  micron). 
2.5 microns 
Both  car r iages  are moved by means o f  b a l l  screw assemblies  dr iven by syn- 
chro  motors.  However,  two opto-e lec t r ica l   t ransducers ,   employing   Fer ran t i   g ra t -  
ings ,  moni tor  car r iage  movement a l o n g  t h e  two axes for measurements to a least  
count of +1 micron. 
The photographic  p la te  mounted on t h e  p l a t e n  i s  i l l umina ted  by a 450 w a t t  
Xenon arc lamp, t h e  l i g h t  of which passes  through the platen and the photographic  
p l a t e   t o  a 40x o r  3x p r o j e c t i o n  l e n s .  
The l i g h t  i s  t h e n  d i r e c t e d  t o  a beamspl i t te r ,  which  d iv ides  i t  i n t o  two 
pa ths .  One beam forms  an  image  on  the  viewing  screen a t  t h e  f r o n t  of t h e  ma- 
ch ine ;  t he  o the r  beam i s  r e f l e c t e d  o f f  a 45" mirror  to  an opto-mechanical  de- 
t ec t ing  head  wh ich  gene ra t e s  s igna l s  t o  con t ro l  t he  au to -cen te r ing .  
The  image beam e n t e r s  t h e  p o r t  a t  t he  f ron t  o f  t he  de t ec t ing  head  and is  
d i v i d e d  i n t o  two l i g h t  p a t h s  by a small b e a m s p l i t t e r  f o r  two or thogonal  scans.  
Each beam then reaches a pho tomul t ip l i e r  t ube  mounted behind the scanning disk.  
The auto-center ing is performed by means  of a 5 inch  scanning  d isk  wi th  24 
slits r o t a t i n g  a t  3600 rpm, scanning the image a t  a ra te  of one micron i n  one 
microsecond. 
A s  each s l i t  of the disk "scans" over the image beam, the  photomul t ip l ie r  
r e c e i v i n g  t h i s  beam genera tes  a " t rack" pulse .  A second pulse  ( the marker  pulse)  
i s  gene ra t ed  fo r  each  t r ack  pu l se  v i a  the  marke r  l i gh t ,  mi r ro r s ,  s cann ing  d i sk ,  
and  marker l i gh t  pho to tubes .  The marker  assemblies are o r i e n t a t e d  s o  t h a t  t h e  
marke r  pu l se s  f a l l  a t  t h e  o p t i c a l  r e f e r e n c e  p l a n e  and t h e r e b y  e s t a b l i s h  a t i m e  
r e f e r e n c e  f o r  t h e  e l e c t r o n i c  c i r c u i t s .  
The detect ing head scans an area of 3 5 0 ~  i n  d i a m e t e r  a t  t he  p l ane  of t h e  
photographic  p la te .  The maximum s i z e  image  which  can  be  centered  automatically 
i s  2 0 0 ~ .  The smallest s i z e  i s  of t h e  o r d e r  of 5 0 ~ .  
Two osc i l l o scopes ,  l oca t ed  below the viewing screen,  monitor  detect ing head 
o p e r a t i o n  t o  e n a b l e  t h e  o p e r a t o r  t o  view t h e  i n t e r p r e t a t i o n  o f  t h e  image  by t h e  
scanner .  
The cen te r ing  of t h e  image, once within the scanning area, is p r a c t i c a l l y  
ins tan taneous  -- whi le  the  ca r r i age  t r ave l ing  speed ,  u s ing  the  joy s t i c k ,  is 
1 i n * / 2  see.. I n  t h e  p r e p o s i t i o n i n g  mode the  speed  is one - th i rd  th i s  va lue .  
A s p e c i a l  f e a t u r e  of t h e  machine is  the easy attachment and detachment of 
the  photographic  p la te  to  the  machine .  The p l a t e  i s  h e l d  t o  a g l a s s  p l a t e -ho lde r  
by means of a vacuum. The p l a t e - h o l d e r ,  i n  t u r n ,  is h e l d  i n  p l a c e  by a vacuum 
a g a i n s t  a r o t a t a b l e  g l a s s  p l a t e n ,  w h i c h  i s  a l s o  h e l d  i n  p o s i t i o n  w i t h  a vacuum 
on top  of t h e  s t a g e .  When t h e  p l a t e n  is be ing  ro t a t ed ,  a p re s su re  i s  appl ied  
f o r  l i f t - o f f  f o r  e a s y  movement. S i m i l a r  l i f t - o f f s  are  u s e d  f o r  t h e  p l a t e  and 
t h e  p l a t e  h o l d e r .  
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FIGURE 2 
Front  view of t h e  semi-automatic  measuring machine showing the 
v i ewing   s c reen   and   con t ro l   conso le .  Shown at  t h e   r i g h t   c e n t e r  
i s  t h e  t h r e e  r a c k  e l e c t r o n i c  c a b i n e t .  
F igure  2 shows a f r o n t  view of t h e  f i n i s h e d  machine with the control  con- 
s o l e  from which the machine i s  operated.  
The f i r s t  p l a t e  i n  a p a r a l l a x  series is measured i n  t h e  manual mode. This  
provides the deck of punched cards which are used as a program deck for the re- 
maining plates i n  t h e  series to  be  measured  in  the  semi-automat ic  mode. It is  
in t ended  tha t  t he  measu re r  be  r equ i r ed  to  examine t h e  image to  be  measured ,  ei- 
t h e r  on t h e  s c r e e n  o r  by means of t h e  o s c i l l o s c o p e  t r a c i n g ,  f o r  a c c e p t a n c e  o r  
r e j e c t i o n  p r i o r  t o  r e c o r d i n g  t h e  p o s i t i o n .  
The machine has been found to  have  a s l i g h t  b i a s  d e p e n d i n g  upon magnitude. 
This can be compensated for, however, by measur ing  each  p la te  in  two p o s i t i o n s ,  
t u r n i n g  t h e  p l a t e  180’ between  them.  With t h i s  method 6 t o  8 p l a t e s  can  be com- 
pletely measured in  one hour ,  as compared t o  two p l a t e s  on a manually operated 
machine. 
The measurements obtained with the semi-automatic machine compared t o  t h o s e  
wi th  a machine using conventional bisection of images, show a d e c r e a s e  i n  t h e i r  
mean e r r o r  of 25%. The  machine  has a r e p e a t a b i l i t y  of 0.81.1. 
The s i g n i f i c a n t  i n c r e a s e  i n  a c c u r a c y  and measuring speed has not only had 
a s i g n i f i c a n t  impact  on t h e  Naval Observatory’s  as t rometr ic  programs,  but  has  
a l s o  a s s i s t e d  s e v e r a l  o t h e r  o b s e r v a t o r i e s  i n  t h e i r  p r o g r a m s .  - 
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Murray : 
Strand: 
Murray: 
St rand : 
Vasilevskis: 
Strand : 
Schmid: 
Strand: 
Fredrick: 
van  de Kamp: 
Strand: 
Fredrick: 
Vasilevskis : 
Strand : 
van  de Kamp: 
Strand: 
Are you talking about the accuracy of a posit ion of a  s tar  or  t ha t  of i t s  image on the  
plate? 
The error I was re f e r r ing   t o  i s  what we call  'hean error of u n i t  weight" i n  a p a r -  
a l lax  solut ion.  
This then depends on the posit ion of the image on the plate,  and i t s  structure? 
That i s  correct. 
Have you investigated the ways and their orthogonality? 
Yes. This was  done  by L3r. Wesselink during one of his recent visi ts  t o  t h e  Naval Obser- 
vatory when he f o m d  a deviation of 13!'7 f 0!'7 ( m e .  I 
What i s  t h e  s e n s i t i v i t y  t o  v i b r a t i o n s ,  and the long term s t a b i l i t y  of the apparatus, 
especially of the zero points? 
The original Ferranti counting system was modified by Nuclear Research, Inc. ,  and i s  
v e q  stable.  
According t o   s m e  of rry own experience with airborne equipment, I f ind  tha t  laser  in-  
terferometer measuring machines are sensit ive to even the clapping of hands, which 
causes them t o  m up counts due to  the  change in  the  a i r  dens i t y .  
Dr. Strand's measurement procedures appear t o  have increased the weipht of varaZ1m 
p k t e s  by a factor of 2. I t  would be interesting to f ind out exactly,  which feature 
of the automatic measuring process i s  responsible for  t h i s .  Perhaps the personai 
equation in  b i sec t ing  by different observers i s  the reason for this.  
I t  mag be due to the automatic machine centering as compared to the bisecting by human 
measurers. The fa in t e s t  images  measured by our machine are two magnitudes above the 
plate  l i m i t ,  therefore qui te  bZack, and the bZackening densi ty  prof i le  goes up rapidlg 
as one enters an image. The machine, i n  e f f e c t ,  then measures the center of the 
image ' s  geometric boundarg . 
The fatigue of the measurer which s e t s   i n   a f t e r  about one hour i s  probably responsible 
for a good share of the larger error on manual and v isual  machines as compared t o   t h a t  
on the USNO automatic machine. 
I know from my own experience that measuing visually for many hours i s  extremely dif- 
f i c u l t  and tedious,  even for ideal,  round images. Since the setting accuracy of a bi-  
s e c t i o n   i s  about a t h i r t i e t h  of a diameter, large images are measured visual ly  less  
accurately than small ones. This i s  not  true for  the awtomatic machine. 
We have found that  we can measure very faint  images visual ly  more accurately than au- 
tomatically. This is obvious Zy because i n   t h e i r  case the blackening density profi Ze 
i s  very shallow. 
This investigation shows that the process of visually bisecting an image i n   t h e  meas- 
uring machine has indeed been a principal contributor t o  the total error, along with 
emulsion s h i f t s ,  e t c .  
The automatic measuring machine probably approaches the best  measuring accuracy we can 
expect, since out df the 1 .  7 microns (m.e. 1) achieved with i t ,  0.8 o r  so might be due 
t o  emulsion s h i f t s .  
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Eichhorn: 
Strand: 
Eichhorn: 
Strand: 
Vasilevskis: 
m a t   i s   t h e   d i s p e r s i o n  of the dif ference between measurements of the  same s tars  when 
a plate  measurement i s  repeated? 
Very smaZZ. 
Does t h i s  mean that the measurements of the  same p l a t e s   b u t   i n   d i f f e r e n t  runs give 
pract ical ly  ident ical  resul ts  wi thin one micron, which i s   t h e   l e a s t  count of the ma- 
chi ne ? 
Yes. 
O n e  o f  the error sources of manual measurements are periodic and progressive errors 
of the  scrms  which are improperly accounted for .  mfor twmte ly ,  these  have t o  be 
eonstantlg kept mder survei ZZanee, since they change in   t ime  due t o   t h e  wear of the  
screws. In the Gaertner machine a t  Lick Observatory, t h i s  problem w a s  avoided by not 
having mechanical measuring screws a t   a l l .  
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THE  EXTRACTION OF ACCURATE COORDINATES OF IMAGES 
ON  PHOTOGRAPHIC  PLATES  BY  MEANS OF A  SCANNING  TYPE 
MEASURING MACHINE 
B. E. Ross 
Univers i ty  of South  F lor ida  
INTRODUCTION 
A problem of the Moir6 method experimental stress a n a l y s i s  i s  similar t o  a 
problem  encountered i n  a s t r o m e t r y .  It is necessary t o  ex t r ac t  accu ra t e  coord i -  
nates from images on photographic plates.  This paper w i l l  d i s c u s s  t h e  s o l u t i o n  
to  the  mutua l  p rob lem found  app l i cab le  to  the  f i e ld  of experimental stress anal-  
y s i s .  It is hoped t h a t  t h i s  d i s c u s s i o n  w i l l  s t imu la t e  fu r the r  t hough t  r a the r  
t han  sugges t  an  u l t ima te  so lu t ion  to  the  p rob lem of photographic measurement. 
The photographic measurement problems are similar i n  t h a t  i n  b o t h  d i s c i -  
plines comparative measurements must be made from two large format  photographic  
p l a t e s .   S e v e r a l   s i g n i f i c a n t   d i f f e r e n c e s   i n   t h e   p r o b l e m   e x i s t .  One d i f f e r e n c e  
i s  t h e  number of  p la tes  to  be  measured  is much less i n  e x p e r i m e n t a l  stress an- 
a lys i s .   The re fo re ,   t he re  is less pressure   to   measure   rap id ly .   Another   d i f fe r -  
ence is the  fact  t h a t  i n  e x p e r i m e n t a l  str.ess analysis continuous tone images 
are being measured whereas i n  a s t r o m e t r y  t h e  e x i s t e n c e  and p o s i t i o n  of s ingu la r -  
i t i e s  i n  t h e  o p t i c a l  image are being measured. 
A br ie f  d i scuss ion  of  the  Moir6  method  of experimental  stress a n a l y s i s  is  
p r e s e n t e d  t o  o u t l i n e  t h e  measurement  problem. A discussion of the photo-read- 
ing  device  deve loped  to  make t h e  measurements follows. 
THE MOIRE METHOD 
The o b j e c t  of the Moir6 method of experimental  stress a n a l y s i s  is t o  pro- 
duce a set of f r i n g e s  i n  a photographical ly  recorded image which indicate  the 
loca l  d i sp l acemen t s  on a deformed body. 
I f  t h e  d i s p l a c e m e n t s  are known, s t r a i n s  and stresses can be determined. 
Fr inges  are formed by embedding, imprinting or etching a set of  c rossed  l ines  
on t h e  o b j e c t  i n  a n  undeformed state.. These are photographed before  and af ter  
deformation of t h e  s u r f a c e  t o  which the  l i nes  have  been  app l i ed .  A r e fe rence  
l i n e  set a t  t h e  o r i g i n a l  s p a c i n g  is superimposed on the result ing negatives and 
a new nega t ive  is obtained containing Moir6 fr inges.  
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FIGURE 1 
S t a i n l e s s  s t e e l  r i n g  number t w o  a t  room t e m p e r a t u r e .  
FIGURE 2 
S t a i n l e s s  s t ee l  r i n g  number  two h e a t e d  t o  1580°F O . D .  and 900’F 1 . D .  . 
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The f r inges  r ep resen t  l i nes  o f  equa l  d i sp l acemen t s  of the deformed body. 
An example of t he  da t a  expec ted  i s  shown in Figures  1 and 2 which show a r i n g  
a t  room temperature  and a t  an 'e leva ted  tempera ture  respec t ive ly .  Tempera ture  
grad ien ts  have  in t roduced  thermal  stresses i n  the  r ing .  Smal l  d i f f e rences  i n  
p o s i t i o n s  of t h e  maximum d e n s i t i e s  o f  t h e  f r i n g e s  must be measured. 
FIGURE 3 
Photo-reader 
used 
to 
Interpret 
fringe 
patterns. 
MEASUREMENT OF M O I R E  FRINGES 
The  machine t h a t  is most commonly u s e d  t o  extract c o o r d i n a t e  i n t e n s i t y  i n -  
fo rma t ion  in  expe r imen ta l  stress a n a l y s i s  work is the Joyce-Loeble recording 
microdensitometer,  shown i n  F i g u r e  3 .  
The machine  uses a dua l  beam density measuring system. "Dual Beam" means 
t h a t  one  source  of  l ight is s p l i t  i n t o  two beams. One beam t r ave l s  t h rough  the  
photographic p l a t e  and by a microscope arrangement i s  f o c u s e d  a l t e r n a t e l y  upon a 
s i n g l e  p h o t o  c e l l .  The p h o t o  c e l l  a l s o  "sees" the second beam a f t e r  i t  has 
passed through a c a l i b r a t e d  v a r i a b l e  d e n s i t y  p l a t e .  A servo motor driven by t h e  
a m p l i f i e d  d i f f e r e n c e s  i n  t h e  two  beams e s t a b l i s h e s  t h e  p o s i t i o n  o f  c a l i b r a t e d  
plates .  A pen a t t a c h e d  t o  t h e  moving c a l i b r a t e d  p l a t e  r e c o r d s  i n t e n s i t y  a l o n g  
one axis  on a shee t  of paper. Along the other axis of the paper  is  a mul t io l i ed  
coordinate dimension accomplished by t h e  u s e  of levers. Mechanical  mult ipl ica-  
t i o n s  of 2000 r e s u l t  i n  i n c r e a s e d  a c c u r a c y  o f  t h e  f i n a l  measurement performed on 
the  paper  record .  An a l t e rna te  a r r angemen t  p rov ides  e i the r  ana log  on d i g i t a l  e- 
l e c t r i c  o u t p u t  s i g n a l s .  
This  machine provides  very accurate  intensi ty  information.  It a l so  p rov ides  
accura te  coord ina te  pos i t ions  over  an  ex t remely  small range  (on  the  order  of 
thereby  reducing  coord ina te  pos i t ion  accuracy .  A machine w a s  des igned  to  over -  
come t h i s  d i f f i c u l t y .  
1 / 4 m )  . The r e q u i r e m e n t  t o  s c a n  l a r g e  p l a t e s  i n v o l v e s  s t a r t i n g  and s topping  
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THE NEW SCANNING  MACHINE 
The new device  cons is ted  of  a l i g h t  s o u r c e ,  o p t i c a l  s y s t e m ,  and photo ce l l  
mounted i n  a r e l a t i v e l y  massive yoke ,  which  t rave led  in  carefu l ly  machined  ways 
on r o l l e r  b e a r i n g s .  The  yoke  had a travel s l i g h t l y  l o n g e r  t h a n  t h e  l o n g e s t  
p l a t e  t o  b e  measured. The yoke w a s  d r iven  by a machined lead screw by a con- 
s t a n t  v e l o c i t y  motor. A fundamenta l  concept  in  the  des ign  w a s  t h a t  time can 
be  d iv ided  in to  smaller increments more accura te ly  than  can  l inear  mot ion .  The 
photographs were, therefore ,  scanned  a t  constant speed and a ve ry  accu ra t e  os- 
c i l l a t o r  c o n t r o l l e d  t h e  time of  in tens i ty  sampl ing .  T i m e  increments  could  be 
d i r e c t l y  r e l a t e d  t o  p o s i t i o n s  on the photograph.  One problem i n  a c h i e v i n g  con- 
s t a n t  v e l o c i t y  was t h e  e x i s t e n c e  of small p rogres s ive  e r ro r s  i n  the  mach ined  
l e a d  screw t h a t  were p e r i o d i c  w i t h  a pe r iod  o f  s eve ra l  r evo lu t ions  of t h e  screw. 
These were removed by us ing  a s o f t  elastic nut  which fol lowed the average pi tch 
over  a cons ide rab le  l eng th  of t h e  screw. A set o f  ad jus t ab le  opaque p l a t e s  be- 
nea th  the  pho tograph ic  p l a t e s  ac tua t ed  aux i l i a ry  swi t ches  wh ich  s t a r t ed  and  
s topped  the  sampl ing  e l ec t ron ic  c i r cu i t s .  The cons t ruc t ion  i s  i l l u s t r a t e d  i n  
Figure 4 .  
The combination of slow speeds and rapid sampling yielded accuracies of posit ion 
coordinates of one micron. Plates were r ead  in  success ion  and d a t a  were compar- 
ed i n  a d i g i t a l  computer. 
FIGURE 4 
Photo-reader 
components 
GENERAL DISCUSSION 
This  machine  opera ted  accura te ly  enough to  obta in  the  des i red  resu l t s .  
However, i t  suf fered  one  defec t  which  has  been  in  ev idence  in  o ther  machines  
descr ibed  in  th i s  conference .  That  is , i t  ope ra t ed .  "open  ended'' i n  t h e  p h o t o  
c e l l  c i r c u i t  and i n  t h e  s c a n n i n g  mechanism.  The term "open  ended" impl i e s  t he  
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l a c k  o f  e r r o r  d e t e c t i o n  a n d  c o r r e c t i o n  i n h e r e n t  i n  t h e  system. The dua l  beam 
f e a t u r e  of the Joyce-Loeble microdensitometer i s  an example of a n u l l  b a l a n c e  
p r inc ip l e .  Th i s  is c a l l e d  a "closed system" and is d e s i r a b l e  f o r  any system 
i n  genera l .  The  problem i n  p h o t o  ce l l  and  motor  dr iven  c i rcu i t s  is t h a t  power 
supply vol tages ,  values  of  passive elements  and mechanical  motions are s u b j e c t  
t o  changing conditions.  Only i n  a t rue  nu l l  ba l ance  sys t em can  the  e f f ec t  o f  
component elements be minimized. 
A new system is under design which uses a n u l l  b a l a n c e  c o n t r o l  o n  b o t h  t h e  
i n t e n s i t y  measurement (photo cell) and on the  cons t an t  speed  ca r r i age  travel. 
The photo ce l l  w i l l  o p e r a t e  i n  a dua l  beam c i r c u i t  which i s  i n h e r e n t  i n  any 
l i gh t  i n t ens i ty  measu r ing  dev ice .  The t a b l e  t ravel  w i l l  y i e l d  a frequency s ig-  
n a l  g e n e r a t e d  by f i n e  m o i r 6  g r i d s  o r  a l t e r n a t e l y  monochromatic l i g h t  i n t e r f e r -  
ence   f r inges .  The reference  f requency is  conta ined   in   an   envi ronment   cont ro l -  
l e d  s t a t i o n .  The e r r o r  s i g n a l  between the generated frequency and the reference 
frequency w i l l  be  used  to  cont ro l  the  cons tan t  speed  servo  sys tem.  Thus t h e  ma- 
chine can become independent  of  temperature  changes,  local  machine diff icul t ies ,  
and e l ec t ron ic  sys t em components. 
Unfortunately the system is  des igned  fo r  low speed scans.  
DISCUSSION 
Rosenberg: H a w  well  does your constant velocity principle Work? 
Ross : We achieve  a reproducibility o f  about  a enth  of  a micron. 
Rosenberg: C a n  you measure photographic plates with your machine? 
Ross : Yes,  but in   the  present  form  not  for making accurate measurements over  the whole f i e M .  
Eichhorn: Could the combination of screw motion and time be used as a digit ization pri ,ncipZe to 
be used f o r  measurements on astrometric plates? 
Ross : This is essent ia l ly  what is happening wi th   the   f l y ing   spot   d ig i t i zers .  
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1MPROVEMENTS IN ROSS TYPE ASTROMETRIC OBJECTIVES 
James G. Baker 
Harvard College Observatory 
ABSTRACT 
I t  is shown that asphekc deformations of 
the f i r s t  and fourth elements of the four element 
Ross objective can be introduced to permit one t o  
obtain improved color correction for astrometric 
purposes. The usual monochromatic aberrations  are 
as well corrected as for the standard Ross lens. 
In addition, one can eliminate or reduce additional 
aberrations, such as secondary spectrwn, chromatic 
spherical aberration, chromatic coma and chromatic 
dis tort ion.  The resulting  objectives  are  suitable 
for use as intermediate and long focus astrometric 
objectives covering large angle f i e  Zds. 
INTRODUCTION 
The a v a i l a b i l i t y  of high speed electronic  computers  has  brought  a complete- 
l y  new perspec t ive  in to  the  procedures  of  op t ica l  des ign .  Problems can  now b e  
t ack led  and  in  many cases  adequate ly  so lved  in  a few minutes running t i m e  on 
an electronic  computer  such as t h e  I B M  7094 o r  the CDC 6400 which previously 
would e i t h e r  have taken years to complete on a desk  ca lcu la tor  or  have  been  too  
complicated to  solve.  
One of  the most widely used opt ical  systems for  the photography of  star 
f ie lds  has  been  the  four  e lement  refractive sys t em in t roduced  in to  p ro fes s iona l  
astronomy by F. Ross in   the   n ine teen- twent ies .   This   type  of op t i ca l  sys t em 
compr ises  an  ax ia l ly  a l igned  ar ray  of  lens  e lements  in  the  order  pos i t ive ,  neg-  
a t ive ,  nega t ive  and  pos i t i ve .  Such an  a r r ay  a l lows  the  des igne r  t o  va ry  a l a r g e  
number o r  pa rame te r s  r e l a t ed  func t iona l ly  to t h e  a b e r r a t i o n s  a f f e c t i n g  t h e  q u a l -  
i t y  of star images  over  the  f ield,   aperture  and  spectrum. The range of so lu t ions .  
is p a r t i c u l a r l y  l a r g e  when one considers  that  the four  e lements  can be chosen 
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from as many as t h r e e  h u n d r e d  c u r r e n t l y  a v a i l a b l e  t y p e s  o f  o p t i c a l  g l a s s  manu- 
f a c t u r e d  i n  many coun t r i e s .  
The o r i g i n a l  d e s i g n  by Ross is n e a r l y  symmetrical and uses  the normal  crown 
and f l i n t  g l a s s e s  w h i c h  are s t i l l  t h e  m o s t  p r a c t i c a b l e  g l a s s  t y p e s  f o r  i n s t r u -  
ments  intended for  a l o n g  u s e f u l  s e r v i c e  l i f e  i n  u n h e a t e d  o b s e r v a t o r y  domes. 
The choice of  near  symmetry has  con t inued  to  be  ve ry  su i t ab le  fo r .  a s t rome t r i c  
o b j e c t i v e s  t h a t  must be  as i n s e n s i t i v e  as p o s s i b l e  t o  thermal v a r i a t i o n s  and t o  
small e r r o r s  i n  a l i g n m e n t  t h a t  may change with time. 
The one  des ign  f ea tu re  tha t  has  l ed  to  the  p re sen t  i nves t iga t ion  is the  use  
of aspheric  deformations on t h e  f i r s t  and four th  e lements  to  achieve  the  e l imin-  
a t i o n  of  chromat ic  spher ica l  aber ra t ion  even  though for  as t romet r ic  reasons  one  
may have designed a Ross sys tem wi th  a very compact barrel  length.  For example,  
t h e  20- inch  b lue  as t rographic  objec t ive  a t  Lick Observatory,  designed by Ross 
i n  t h e  t h i r t i e s ,  r e t a i n s  a l a r g e  r e s i d u a l  c h r o m a t i c  s p h e r i c a l  a b e r r a t i o n  t h a t  
a f f ec t s  t he  l imi t ing  magn i tude  undu ly  and tha t  l eads  to  ove r ly  en la rged  d i ame te r s  
f o r  t h e  more heavily exposed star images  on a g iven  p l a t e .  One must a l s o  h a s t e n  
t o  state,  however, t h a t  t h e  a s p h e r i c  d e f o r m a t i o n s  r e q u i r e d  f o r  t h e  e l i m i n a t i o n  
o f  t h e  c h r o m a t i c  s p h e r i c a l  a b e r r a t i o n  f o r  so  l a r g e  a lens  sys tem are of substan- 
t i a l  dep th  and  the i r  f ab r i ca t ion  would have been beyond the technology of  the 
t i m e .  Increased  cos t  and  de l ivery  t i m e  occasioned by s t rong  a sphe r i c s  are a l s o  
v e r y  s i g n i f i c a n t  f a c t o r s .  
I n  p r o c e e d i n g  w i t h  t h e  i n v e s t i g a t i o n  t h e  a u t h o r  h a s  a l s o  become i n t e r e s t e d  
i n  c a r r y i n g  o u t  a few comparative studies with respect to  combina t ions  of  g lass  
types ,  some su i tab le  for  reducing  the  secondary  spec t rum whi le  a t  t h e  same time 
possessing matched physical properties about which more w i l l  be  said below.  
The s e l e c t i o n  of matched g l a s s  t ypes  has  become f e a s i b l e  f rom the  ava i l ab i l i t y  
o f  p r e c i s e  d a t a  i n  t h e  new comprehensive  Schott   Optical  Glass Catalogue. (One 
shou ld  no te  tha t  subs t an t i a l  p rog res s  has  been  made r e c e n t l y  on t h e  a p p l i c a t i o n s  
o f  h a r d  p r o t e c t i v e  c o a t i n g s  f o r  s e n s i t i v e  g l a s s e s .  When such coat ings are cover- 
ed i n  t u r n  w i t h  h a r d  n o n - r e f l e c t i o n  c o a t i n g s  f o r  h i g h  e f f i c i e n c y  i n  d e s i r e d  
wave leng th  in t e rva l s ,  t he  op t i ca l  sys t ems  used  in  a s t rome t ry  may soon provide 
improved performance and a lengthy  service l i f e  t o g e t h e r . )  
It is wel l  known t h a t  t h e  most longstanding problem connected with refrac-  
t i v e  o p t i c a l  s y s t e m s  i s  that of the  co lor  curve  of  the  sys tem.  That  is t o  s a y ,  
a wide range of spec t ra l  wavelengths  cannot  readi ly  be  brought  to  a s u f f i c i e n t l y  
good common focus.  The problem l ies  more i n  the p h y s i c a l  l i m i t a t i o n s  o f  o p t i c a l  
materials than  in  the  unde r ly ing  ma themat i ca l  p r inc ip l e s .  Fo r  a s t rome t r i c  pu r -  
poses  the  ex is tence  of  an  inadequate  co lor  curve  a f fec ts  main ly  the  e f f ic iency  
of the system, inasmuch as a r educ t ion  in  the  wave leng th  in t e rva l  u sed  w i l l  
cause a cor responding  lessening  of  the  defocus ing  er rors  bu t  a t  the expense of 
t o t a l  l i g h t  e n e r g y .  
The mathematical  theory i s  cus tomar i ly  fo rmula t ed  in  terms of a power series 
tha t  fo r  ro t a t iona l ly  symmet r i ca l  sys t ems  is  expanded as a func t ion  of  th ree  ro-  
ta t iona l  var iab les  and  one  sub-funct ion  of the wavelength.  The ind iv idua l  term, 
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i f  o f  h i g h e r  o r d e r  t h a n . t h e  first, may be considered an aberrat ion and the co- 
e f f i c i e n t s  o f  the r e s p e c t i v e  terms become func t ions  of the  parameters  of  the  
sys tem,  inc luding  rad i i  o f  curva ture ,  th icknesses  and spac ings ,  g l a s s  i nd ices  
and d ispers ions ,  aspher ic  deformat ions  and  the  l ike .  
The l i n e a r  terms are, o f  cour se ,  r e l a t ed  to  the  foca l  l eng th  and t o  t h e  f o -  
ca l  pos i t i on ,  and  are s a i d  t o  b e  g a u s s i a n .  The d e s c r i p t i o n  of a p e r f e c t l y  de- 
signed system would be complete i n  terms of t h e s e  two parameters.  However, the 
h igher  order  ' aber ra t iona l  terms i n   p r a c t i c e  are r a r e l y  p r e c i s e l y  z e r o  and must 
i n s t ead  be  b rough t  i n to  a s ta te  of  balance with one another  a t  a magnitude s o  
small tha t  t he  pu rposes  o f  t he  op t i ca l  sys t em are achieved. 
I f  i n s t e a d  of making use  of r a t i o n a l  v a r i a b l e s  o n e  carries o u t  t h e  power 
series expans ion  for  a r o t a t i o n a l l y  symmetrical o p t i c a l  s y s t e m  i n  terms of t h e  
y and z i n t e r c e p t s  i n  t h e  a d o p t e d  e n t r a n c e  p u p i l  and  of t h e  two independent di-  
r e c t i o n  c o s i n e s  of any g i v e n  r a y  i n  o b j e c t  s p a c e ,  h e  w i l l  t h e n  b e  s e t t i n g  up an  
expans ion  in  fou r  independen t  va r i ab le s ,  o r  i n  f ive ,  i f  t he  wave leng th  is in-  
c luded.   Because  of   the  underlying  rotat ionalsymmetry  there  w i l l  e x i s t  c e r t a i n  
r e l a t i o n s h i p s  among t h e  v a r i o u s  c o e f f i c i e n t s .  One s p e a k s  o f  f i r s t  o r d e r ,  t h i r d  
o r d e r ,  f i f t h  o r d e r ,  s e v e n t h  a n d  h i g h e r  o r d e r  terms. The f i r s t  o r d e r  is proper ly  
c a l l e d  t h e  g a u s s i a n ,  t h e  t h i r d  o r d e r  i s  c a l l e d  t h e  S e i d e l ,  and t h e  f i f t h  i s  n o t  
customari ly  given any similar des igna t ion ,  a l though K. Schwarzschild  (1905-1906) 
w a s  t he  f i r s t  to  s tudy  the  geomet r i ca l  na tu re  of t h e  f i f t h  o r d e r  a b e r r a t i o n s .  
There are f i v e  monochromatic c o e f f i c i e n t s  of the  th i rd  order  which  compr ise  
sphe r i ca l   abe r ra t ion ,  coma, astigmatism, cu rva tu re  of f i e l d  and d i s t o r t i o n .  I n  
a d d i t i o n ,  t h e r e  are two chromatic  aberrat ions which are t h e  two chromatic vari- 
a t i o n s  of the f i r s t  o r d e r  g a u s s i a n  terms and which may be considered roughly of 
th i rd  order  magni tude  among the  h i e ra rchy  of terms. These seven conditions 
through the process  of  design must  be reduced to  more o r  less n e g l i g i b l e  magni- 
tude.   These  condi t ions  represent   he  aberrat ions.  One, of considerable . im- 
p o r t a n c e  t o  a s t r o m e t r i s t s ,  i s  the  wavelength  dependent  d i f fe rence  in  magni f ica-  
t i o n  o v e r  t h e  f i e l d ,  which i s  e s s e n t i a l l y  a dependence of t h e  scale and there- 
f o r e  o f  t h e  f o c a l  l e n g t h  01% wavelength. 
The longi tudina l  co lor  aber ra t ion  or  pr imary  spec t rum can  be  e l imina ted  in  
a l l  cases i n s o f a r  as t h e  Ross type  system is concerned .   S imi la r ly ,   the  l a te ra l  
co lor  aber ra t ipn ,  which  i s  the above mentioned chromatic  difference of  magnif i -  
c a t i o n ,  c a n  r e a d i l y  b e  e l i m i n a t e d  i n  a Ross type  sys tem,  but  here  w e  are speak- 
ing  so  f a r  o n l y  of the ch romat i c  va r i a t ion  of the gaussian term. The  monochro- 
mat ic  aber ra t ions  can  a l so  be  e l imina ted  or  rendered  harmless  through the  th i rd  
o r d e r  i n  any p r a c t i c a b l e  Ross system design, but even so, the s ta te  of correc- 
t i o n  is only a very good f i r s t  a p p r o x i m a t i o n  t o  a f ina l  op t imized  sys tem.  
The asymmetr ic  aberrat ions of  coma, d i s t o r t i o n  and la teral  co lo r  a l l  are 
of importance i n  a s t r o m e t r i c  c o n s i d e r a t i o n s  and must be held to very small re- 
s i d u a l s  i n  any f i n a l  d e s i g n .  On the  o ther  hand ,  the  symmetrical a b e r r a t i o n s  of 
sphe r i ca l  abe r ra t ion ,  a s t igma t i sm and c u r v a t u r e  o f ' f i e l d  a f f e c t  m a i n l y  t h e  e f -  
f ic iency  of  the  sys tem but  are not  par t icu lar ly  dangerous  because  they  do n o t  
d i s p l a c e  t h e  i m a g e s  l a t e r a l l y ,  u n l e s s  by some ove r l a id  secondary  e f f ec t ,  fo r  
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example ,  by  unsymmetr ica l  v igne t t ing  of  the  pupi l  in  the  outer  f ie ld .  Then, too,  
any s i g n i f i c a n t  d e t e r i o r a t i o n  o f  t h e  d i f f r a c t i o n . s t r u c t u r e  o f  t h e  image, whether 
monochromat i ca l ly  o r  i n  ou t ly ipg  wave leng ths  in  the s p e c t r a l  i n t e r v a l  employed, 
may cause some s l igh t  i nc rease  in  measu r ing  e r ro r s  because  of a p a r t i a l  e n l a r g e -  
ment o f  t he  star image and because the edge gradients in the image may become 
reduced  in  combina t ion  wi th  the  usua l ly  much more s e r i o u s  s e e i n g  e r r o r s .  
THEORY AND PROGRAMS 
The next  higher  order  of  approximation is t h e  f i f t h  and h e r e  t h e  s i t u a t i o n  
becomes cons iderably  more complicated.  Because of  the cross-mult ipl icat ion of  
terms i n  m a t r i x  o p e r a t i o n s ,  t h e  f i r s t  and t h i r d  o r d e r  c o e f f i c i e n t s  r e a p p e a r  i n  
va r ious  ways among t h e  more e l a b o r a t e  c o e f f i c i e n t s  of t h e  f i f t h  o r d e r ,  and i n  
a d d i t i o n ,  i n t r i n s i c a l l y  new terms of   the   f i f th   o rder   appear .   Schwarzchi ld   found 
t h a t  t h e  t o t a l  e f f e c t  is t o  have  n ine  independen t  f i f t h  o rde r  cond i t ions .  
In  add i t ion ,  one  no te s  the  ex i s t ence  of t he  ch romat i c  va r i a t ions  of t h e  
f i v e  S e i d e l  t h i r d  o r d e r  c o e f f i c i e n t s ,  w h i c h  may be thought of as f i f t h  o r d e r  i n  
magnitude among the  h ie rarchy  of  te rms  in  the  expans ion ,  and the secondary chro- 
ma t i c  va r i a t ions  o f  t he  gauss i an  terms, which then become the secondary spectrum 
i n  t h e  l o n g i t u d i n a l  a b e r r a t i o n  and the  secondary  spec t rum in  the  lateral  co lo r .  
Thus,  one now has a t o t a l  of s i x t e e n  a b e r r a t i o n s  of f i f t h  o r d e r  n a t u r e .  I f  o n e  
adds  in  the  prev ious ly  d iscussed  lower  order  aber ra t ions ,  he  w i l l  then have a 
t o t a l  of 25 cond i t ions  to  cons ide r .  
The secondary  spec t rum in  the  long i tud ina l  foca l  e r ro r  is more simply known 
as the secondary spectrum, and t h e  p l o t  o f  t h e  d i f f e r e n t i a l  f o c a l  p o s i t i o n  
against  wavelength i s  ca l led  the  co lor  curve  of  the  lens  sys tem.  The secondary 
s p e c t r u m  i n  t h e  l a te ra l  co lo r  i s  less w e l l  known as a d i r e c t  e r r o r  i n  a s t r o m e t r y  
and i s  one of  several  aberrat ions sqal lowed up i n  t h e  a s t r o m e t r i c a l l y  w e l l  known 
and t roublesome residual  dependence of  scale  or  magnif icat ion on wavelength. 
C o n t r i b u t i n g  t o  t h e  a s t r o m e t r i c  c h r o m a t i c  s h i f t s  i s  the  ch romat i c  va r i a t ion  of 
d i s t o r t i o n ,  which v a r i e s  o v e r  t h e  f i e l d  as t h e  cube of t h e  o f f - a x i s  f i e l d  a n g l e ,  
o r  i f  e x p r e s s e d  i n  re la t ive terms, as the   squa re .   Con t r ibu t ing   a l so  i s  t h e  
chromatic coma. 
I n  g e n e r a l ,  a t  any given point  off-axis  can make a p l o t  of t h e  d i f f e r e n t i a l  
lateral  s h i f t  of t h e  c e n t r o i d  of t h e  image w i t h  r e s p e c t  t o  some mean cen t ro id  
i n  t h e  image aga ins t  the  wavelength .  The n a t u r e  of t h e  r e s u l t i n g  c u r v e  w i l l  be 
d i r e c t l y  r e l a t e d  t o  t h e  c o n t r i b u t i n g  a b e r r a t i o n a l  terms. I f  t h e  p l o t  is only  of 
a s l i g h t l y  t i l t e d  s t r a i g h t  l i n e ,  t h e  p r i m a r y  s p e c t r u m  i n  t h e  l a te ra l  co lo r  would 
be  the  cause ,  bu t  on ly  i f  t he  s lope  i s  p ropor t iona l  t o  the  o f f - ax i s  ang le .  
Otherwise,  chromatic  dis tor t ion would a l so  be  invo lved  in  who le  o r  t oge the r  w i th  
some r e s i d u a l  i n  t h e  p r i m a r y  s p e c t r u m .  I f  a t  a g iven  of f -ax is  angle  the  s lope  
va r i e s  w i th  ape r tu re ,  t hen  ch romat i c  coma is re spons ib l e .  
In  the  absence  of o ther  chromat ic  aber ra t ions  one  would n o t e  that f o r  t h e  
secondary spectrum i n  t h e  l a te ra l  color (which i s  pu re ly  the  la teral  chromatic 
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s h i f t  o f  t h e  c h i e f  r a y s )  t h e  p l o t  w i l l  be  approximate ly  parabql ic  in  shape ,  
t u rned  e i the r  ou tward ly  o r  i nward ly ,  acco rd ing  to . the  s ign  o f  t he  abe r ra t ion .  
One might  f ind,  for  example,  that  i n  the o u t e r  f i e l d  of a lens s y s t e m  a f f l i c t e d  
only with secondary spectrum in the la teral  co lor ,  B and M stars might have the 
same e f f e c t i v e  c e n t r o i d ,  b u t  t h a t  G stars migh t  be  sh i f t ed .  In  the  p re sence  o f  
a l l  t h e  c o n t r i b u t i n g  terms i t  is e a s y  t o  see t h a t  t h e  spectral  dependence  be- 
comes a t r o u b l e s o m e  a f f a i r ,  p a r t i c u l a r l y  i f  t h e  l e n s  s y s t e m  is  f u r t h e r  a f f l i c -  
t ed  wi th  s l i gh t  decen te r ing  o f  t he  e l emen t s .  
The a lgeb ra i c  fo rm o f  the  coe f f i c i en t s  of t h e  f i f t h  o r d e r  c a n  b e  e x p r e s s e d  
f a i r l y  w e l l  i n  terms of s i n g l e  and double summations of the lower  order  sur face  
by s u r f a c e  c o e f f i c i e n t s ,  and i n  terms of s i n g l e  summations over the surfaces of 
t h e  i n t r i n s i c  f i f t h  o r d e r  e r r o r s .  However, i f  one were t o  write out such coef- 
f i c i e n t s  i n  expl ic i t  form p r i o r  t o  a n  a t t e m p t e d  a l g e b r a i c  s o l u t i o n ,  h e  would 
f ind  an  a lmost  to ta l ly  unwie ldy  ar ray  of a lgeb ra i c  quan t i t i e s  w i th  c ros s -p ro -  
duct terms ex tend ing  in to  ve ry  l a rge  a lgeb ra i c  deg rees .  Even the  terms  of low- 
er d e g r e e ,  i f  i s o l a t e d ,  a f f o r d  m u l t i p l e  s o l u t i o n s  and hence one must seek other 
and  more t r a c t a b l e  means fo r  u se fu l  p rocedures  in  des ign .  The  combined use  of 
t h e  least squares  method  and successive approximations to  overcome t h e  s t r o n g  
non- l inear i ty  become t h e  most u se fu l  dev ices .  
The  number of independent parameters derived from the Ross system array is 
a l s o  f a i r l y  g r e a t ,  p a r t i c u l a r l y  i f  a s p h e r i c  c o e f f i c i e n t s  f o r  two of t h e  e i g h t  
su r f aces  are  drawn  upon. One has 8 r a d i i  o r  c u r v a t u r e ,  4 lens   e lement   thick-  
nesses ,  3 air  spaces, 4 mean ind ices  of r e f r a c t i o n ,  4 mean d i s p e r s i o n  c o e f f i c i -  
e n t s ,  4 secondary  d i spe r s ion  coe f f i c i en t s ,  and e f f e c t i v e l y  4 a s p h e r i c  c o e f f i c i -  
e n t s  o r  a t o t a l  of 31  parameters  ava i lab le  for  coping  wi th  the  25 condi t ions  
previously  descr ibed.  However, j u s t  as the   condi t ions   vary   wide ly  among them- 
se lves  wi th  respec t  to  aber ra t iona l  magni tude  and  geometr ica l  complexi ty ,  the  
parameters a l s o  v a r y  among themselves  wi th  respec t  to  e f fec t iveness  and range of 
v a l u e s .  I n  a d d i t i o n ,  t h e r e  are under ly ing   conf l ic t s   be tween  condi t ions   tha t  
cause any s imul taneous  exac t  so lu t ions ,  i f  real ,  t o  t a k e  on to t a l ly  unaccep tab le  
v a l u e s  f o r  t h e  parameters. One must a l s o  remember tha t  even  though in  pr inc ip le  
mul t ip l e  exac t  so lu t ions  may e x i s t  i n  real  space- . for  some selected sub-set  of  
condi t ions  and  parameters ,  the  la rge  va lues  for  the parameters  usua l ly  SO obtain-  
ed l e a d  t o  h o p e l e s s l y  l a r g e  a b e r r a t i o n a l  v a l u e s  when inse r t ed  in to  the  r ema in ing  
neglec ted  condi t ions .  Even i f  one were s o  f o r t u n a t e  as t o  f i n d  a real  s imulta-  
n e o u s  s o l u t i o n  t o  t h e  25  cond i t ions ,  t he re  are many other hybrid conditions of 
seventh and h i g h e r  o r d e r  i n  t h e  a p p p l i c a b l e  power series which,would col lect ive-  
l y  l e a d  t o  l a r g e  a b e r r a t i o n s .  
There are a l s o  o t h e r  c o n d i t i o n s  t h a t  s h o u l d  b e  k e p t  i n  mind,  and i n  f a c t  
i n  some recent computer programs these additional conditions have been incorpor- 
ated.  These have to do w i t h  t h e  s e n s i t i v i t y  of the sys tem to  misa l ignments ,  to  
thermal  changes,  and  even t o  c o s t .  Sometimes it i s  n e c e s s a r y  a l s o  t o  p u t  i n  
c o n d i t i o n s  f o r  t o t a l  t r a n s m i s s i o n ,  v i g n e t t i n g  c o n t r o l ,  w e i g h t ,  b a r r e l  l e n g t h ,  
p o s i t i o n  of t h e  c a r d i n a l  p o i n t s  of the  sys tem and t h e  l ike ,  par t icu lar ly  where  
the  iens  sys tem must h a v e  c e r t a i n  p h y s i c a l  c h a r a c t e r i s t i c s  i n  a d d i t i o n  t o  o p t i -  
ca l  performance.  Athermal  conditions  have  often  been  added,  and  then  again,  one 
might add i n  o n e  o r  more cond i t ions  hav ing  to  do w i t h  t h e  s e n s i t i v i t y  of t h e  - 
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s y s t e m  t o  small thermal changes.  Finally,  one must make u s e  o f  o p t i c a l  mater- 
ials that are phys ica l ly  compat ib le  with t h e  circumstances of usage. 
I n  c o n s i d e r i n g  l e n s  s y s t e m s  f o r  a s t r o m e t r i c  a p p l i c a t i o n s  o n e  is usua l ly  no t  
too  concerned  wi th  l imi ta t ions  of  weight  and  bulk  except  for  the  very  la rges t  
systems. On t h e  o t h e r  hand,  one is necessar i ly  concerned  wi th  cons idera t ions  
o f  t r a n s m i s s i o n ,  d u r a b i l i t y ,  i n s e n s i t i v i t y  t o  m i s a l i g n m e n t ,  a n d  t o  t h e r m a l  
changes ,  and  very  of ten ,  o f  cos ts ,  par t icu lar ly  whereaspher ic  sur faces  and  ex- 
o t i c  g l a s s  t y p e s  are t o  b e  employed i n  any e f f o r t  on t h e  d e s i g n e r ' s  p a r t  t o  
ga in  some small increment  in  per formance  over  prev ious  prac t ice .  In  such  m a t -  
ters t h e  law o f  d iminsh ing  r e tu rns  app l i e s  w i th  fu l l  fo rce  and  one  f inds ,  for  
example, t h a t  t h e  t o t a l  c o s t  of a l a r g e  a s t r o m e t r i c  l e n s  s y s t e m  may e a s i l y  
t r i p l e  as t h e  r e s u l t  o f  a n  e f f o r t  t o  o b t a i n  p e r h a p s  a 10%  improvement i n  p e r -  
formance. 
There are  a l s o  p i t f a l l s  a l o n g  t h e  way. Many o f  t h e  newer g lass  types  
are n o t  m a n u f a c t u r e d  i n  l a r g e  q u a n t i t i e s  o r  i n  l a r g e  d i a m e t e r s  a n d  h e n c e  t h e  
glass companies may f i n d  i t  v e r y  d i f f i c u l t  t o  p r o v i d e  t h e  d e s i r e d  o p t i c a l  q u a l i -  
t y  from a l imi ted  product ion  run .  A s  a consequence ,  t he  to t a l  g l a s s  cos t  and 
t o t a l  d e l i v e r y  time may both  be  very  much increased .  
S imi l a r ly ,  t he  use  o f  a sphe r i c  su r faces  i s  q u i t e  l i k e l y  t o  c a u s e  g r e a t e r  
d i f f i c u l t i e s  t h a n  t h e  o p t i c a l  a b e r r a t i o n s  t h e  a s p h e r i c s  were i n t r o d u c e d  t o  al- 
l a y ,  e x c e p t  i n  t h e  h a n d s  of w e l l  equipped,  very experienced opt ic ians  who i n  
t u r n  must be given a l l  t h e  time they need and the corresponding financial  sup- 
p o r t  en route .  That  is t o  s a y ,  a n  improved op t i ca l  des ign  imper fec t ly  made may 
i n  p r a c t i c e  b e  i n f e r i o r  i n  p e r f o r m a n c e  t o  t h a t  p r o v i d e d  by a more conserva t ive ly  
designed system with a l l  s p h e r i c a l  s u r f a c e s  made wi th  h igh  prec is ion  by any one 
of a l a r g e  number of  capable  opt ic ians .  
To pu; t h e  matter b r i e f ly ,  one  can  say  tha t  t he  concep t  of  opt imizat ion 
must b e  a p p l i e d  w i t h i n  t h e  c o n s t r a i n t s  of t h e  e n t i r e  problem and not j u s t   t o  
po r t ions  of the   p roblem.   Converse ly ,   the   in i t ia tor   o f  a l ens   p ro j ec t   shou ld  
make h imsel f  thoroughly  fami l ia r  wi th  a l l  the  above  cons idera t ions  whereaf te r  
he  should set  f o r t h  t h e  c o n s t r a i n t s  w i t h  g r e a t  care. The d e s i g n e r ' s  t a s k  con- 
c u r r e n t l y  may o f t e n  b e  t o  b r i n g  a range of s o l u t i o n s  t o  t h e  a t t e n t i o n  o f  t h e  i n -  
i t i a t o r  on the basis  of  which reasoned decis ions can be made. I n  many cases 
fu r the r  des ign  work w i l l  be  requi red  before  a f i n a l  s p e c i f i c a t i o n  c a n  b e  p r e p a r -  
ed and t h e  work r e l e a s e d  t o  a manufacturer.  
With r e s p e c t  t o  t h e  o p t i c a l  p a r t  of t h e  problem, i n  t h e  g e n e r i c  Ross design 
t h e r e  are no t  enough e f f e c t i v e  p a r a m e t e r s  a v a i l a b l e  s u b s t a n t i a l l y  t o  s a t i s f y  t h e  
var ious   condi t ions   th rough  the   f i f th   o rder .   For   example ,   the   th icknesses  of the 
elements  play no design role  and usual ly  must be assigned minimum values .  One 
must then set f o r t h  t h e  a r r a y  of condi t ions  and a s s ign  we igh t ing  f ac to r s  o r  t o l -  
e r ances  tha t  are  t a i l o r e d  t o  the   des i red   op t ica l   per formance .   As t romet r i s t s  a re  
t y p i c a l l y  n o t  as much concerned with resolving power (which is t h e  p r i n c i p a l  
concern of most other users) as wi th  the  e l imina t ion  of asymmetric and la teral  
abe r ra t ions .  Even so ,  n o t  a l l  of t hese  can  be  e l imina ted .  
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One of t h e  several programs developed can handle twenty-four different-  
condi t ions .  Thi r teen  of these are op t i ca l  cond i t ions  o f  t he  so r t  a l r eady  des -  
c r ibed ,  hav ing  to  do with gauss ian  and  Se ide l  op t ics  and  the chromatic varia- 
t ions  of  these ,  and  inc luding  the  secondary  spec t rum.  F ive .more  have  to  do wi th  
t h e  least squares  minimiza t ion  of  the  sur face  by s u r f a c e  c o n t r i b u t i o n s  i n  t h e  
Se ide l  r eg ion ,  a s u b - s e t  t h a t  can b e  c a l l e d  upon i n  whole or  in  par t ,  which with 
s u i t a b l e  w e i g h t i n g  f a c t o r s  c a n  o f t e n  b e  u s e d  t o  i s o l a t e  s o l u t i o n s  of minimum 
s e n s i t i v i t y  t o  e r r o r s  o f  a l i g n m e n t .  The remain ing  condi t ions  have  to  do wi th  
the physical  requirements  on the lens  system, including focal  posi t ion and fo-  
ca l  l e n g t h ,  s t o p  p o s i t i o n s  i n  o b j e c t  and image space, re la t ive he igh t s  o f  t he  
r e f r a c t e d  p a r a x i a l  r a y s  a n d  t h e  l i k e .  
. .  
A s  many as 150 parameters  can  be  inser ted  in to  the  program t o  go w i t h  t h e  
24 cond i t ions  and  the  so lu t ions  can  be  ob ta ined  e i the r  by assigned exact  con- 
d i t i o n s ,  o r  by assigned least squa res  cond i t ions ,  o r  more gene ra l ly  by some as- 
sortment of exact and least  squares  condi t ions  wi th  ass igned  weight ing  fac tors  
o r  t o l e r a n c e s .  The  program in t e rna l ly  goes  th rough  many successive  approxima-' 
t i o n s  i n  which the  ind iv idua l  i nc remen t  of any given parameter i s  sy tema t i ca l ly  
reduced as t h e  number of i n t e r n a l  c y c l e s  i n c r e a s e s ,  and then,  of  course,  there  
are safeguards   to   p revent  run-away calculat ions.   For   very  complicated  systems 
t h e  s o l u t i o n s  may f a i l   t o  converge or may o s c i l l a t e  u n t i l  b r o u g h t  o t  a conclus- 
i on  by time o r  a limit on t h e  number of allowed cycles.  However, f o r  a system 
as s i m p l e  as the four  e lement  Ross design i t  is the  usua l  expe r i ence  tha t  t he  
so lu t ion  locks  on r a the r  qu ick ly  and  the rea f t e r  conve rges  sa t i s f ac to r i ly  to  the  
requi red  minimum. The  program p e r m i t s  one t o  run a number of simultaneous op- 
t i c a l  problems, where necessary,  and easily permits one to change or add con- 
d i t i o n s ,  w e i g h t i n g  f a c t o r s ,  o r  new p a r a m e t e r s ,  o r  t o  f r e e z e  o n e  o r  more  parame- 
ters a l r e a d y  i n  u s e .  
A second program can make use  o f  t he  r e su l t s  of t h e  f i r s t  f o r  making a 
comple t e  ana lys i s  o f  t he  op t i ca l  pe r fo rmance  e i the r  by geometr ica l  rays  or  by 
o p t i c a l  p a t h  e r r o r s  o r  by a mixture  of both. This program i s  s i m p l y  an analy- 
t i c a l  one t h a t  e s t a b l i s h e s  t h e  s ta te  of c o r r e c t i o n  of t he  des ign  fo r  t he  a s s ign -  
ed purposes.  The r e s u l t s  s o  obtained  can  readi ly   be  used  to   ass ign  improved 
t a r g e t  v a l u e s  f o r  t h e  n o n - z e r o  c o n d i t i o n s  i n  t h e  f i r s t  program and improved 
to l e rances .  The two programs  used in  sequence  w i l l  o f t e n  l e a d  t o  a s u f f i c i e n t l y  
good f i n a l  r e s u l t  and t h e  f i n a l  a n a l y s i s  w i l l  inform one as t o  t h e  p r e d i c t e d  
performance. 
A t h i r d  program can be drawn  upon to  squeeze  the utmost out of the design 
parameters whose va lues  are a l r e a d y  q u i t e  w e l l  obtained from the appl icat ion 
of t h e  f i r s t  two programs. This third program requires a l a r g e  amount of set- 
up t i m e  i n  i ts  present form bu.t b a s i c a l l y  i ts  inpu t  is from the output of the 
f i r s t  two programs. A s  many as 1000  r ays  can  be  in se r t ed  in to  th i s  program as 
conditions and as many as 50 parameters can be optimized by least  s q u a r e s  i n  
acco rdance 'w i th  e i the r  ca l cu la t ed  o r  a s s igned  to l e rances  fo r  t he  ind iv idua l  
rays .  A nove l  f ea tu re  of t h e  program is t h a t  t h e  w e i g h t i n g  f a c t o r s  o r  t o l e r -  
ances  can  be  readjus ted  in te rna l ly  f rom cycle  to  cyc le  au tomat ica l ly  to  favor  
t h e  u s e  of t h e  p a r a m e t r i c  a r r a y  t o  s o l c e  t h e  more d i f f i c u l t  c o n d i t i o n s  a t  t h e  
expense of the more easily m e t  condi t ions ,  as de termined  dur ing  the  ca lcu la t ions .  
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Thus, i f  t h e r e  are say  300 c o n d i t i o n s  i n  a l l  i n  a given problem, it may be tha t  
i n  t h e  f i r s t  i n t e r n a l  c y c l e  250 of  these  may h a v e  b e e n  s a t i s f i e d  t o  some frac- 
t i o n  o f  a s i n g l e  t o l e r a n c e  u n i t  as previously assigned,  and that t h e  o t h e r  50 
cond i t ions  have  no t  been  sa t i s f ac to r i ly  m e t ,  and may i n  t h e  w o r s t  i n s t a n c e  b e  
off  by,  say,  30 t o l e r a n c e  u n i t s .  I f  the program has received the proper  ini-  
t i a l  i n s t r u c t i o n s ,  it w i l l  then  relax somewhat on the t o l e r a n c e s  a s s i g n e d  t o  
t h e  250 e a s i l y  m e t  condi t ions  and  t igh ten  up  on t h e  t o l e r a n c e s  f o r  t h e  r e m a i n -  
i n g  unmet cond i t ions .  In  the subsequent l eas t  s q u a r e s  s o l u t i o n  more  emphasis 
w i l l  t h e n  h a v e  b e e n  g i v e n  t o  t h e  h a r d e r  t o  s a t i s f y  c o n d i t i o n s  a n d  t h e  a r r a y  of 
parameters w i l l  have been more properly used. 
This  third program has been used on many past  problems but is  i n  need of 
f u r t h e r  s t r e a m l i n i n g  a n d  a m p l i f i c a t i o n  t o  i n c l u d e  d i f f r a c t i o n  c a l c u l a t i o n s  o f  
image qua l i ty .  Exper ience  has  shown t o o  t h a t  i f  a very large number of  condi- 
t ions  has  been  ass igned ,  wi th  many i n t e r - r e l a t i o n s h i p s  as must b e  t h e  case from 
t h e  f a c t  t h a t  t h e  u n d e r l y i n g  power series already descr ibed has  a f a r  s m a l l e r  
number of s i g n i f i c a n t  c o n d i t i o n s ,  t h e  r e c a l c u l a t i o n  o f  t h e  t o l e r a n c e s  a n d  r e a p -  
p l i c a t i o n s  o f  t h e  least  squa res  co lu t ion  does  on ly  pa r t i a l  good. Q u i t e  o f t e n  
a given condi t ion s imply cannot  be m e t  s a t i s f a c t o r i l y  n o  matter how t h e  t o l e r -  
ances a re  ca l cu la t ed  o r  a s s igned .  However, one  does  benefit  from  improvements 
among the  more  t r ac t ab le  cond i t ions ,  and  tha t  i s  a l l  t ha t  t he  ma themat i ca l  sit- 
ua t ion  permi ts .  The q u e s t i o n  t h e r e a f t e r  i s  whether  the  resu l t ing  sys tem can  be  
used  or  whether  fur ther  parameters  or  new concepts  must  be introduced in  order  
f o r  o n e  t o  o b t a i n  t h e  d e s i r e d  r e s u l t s .  
Most o f  t h e  c a l c u l a t i o n s  s u p p o r t i n g  t h e  c o n s l u s i o n s  i n  t h i s  i n v e s t i g a t i o n  
have been performed with the first  of the above mentioned programs. Any one 
op t i ca l sys t em used  in  the  compara t ive  s tudy  cou ld  be  b rough t  t o  fu l l  op t imiza -  
t i o n  by the  app l i ca t ion  o f  t he  second  and  th i rd  p rograms  fo r  any  a s s igned  ape r -  
t u r e - r a t i o ,   f o c a l   l e n g t h   a n d   s p e c t r a l   r a n g e .   I n d e e d ,   t h e   f i r s t  program i s  one 
t h a t  i s  ve ry  use fu l  fo r  exp lo ra to ry  s tud ie s  o f  va r ious  op t i ca l  sys t ems  fo r  
sundry purposes. 
The ac tua l  ca l cu la t ions  d i scussed  he re  invo lve  fou r  spec ie s  o f  fou r  ele- 
ment systems which for  as t rometr ic  purposes  can be thought  of g e n e r i c a l l y  as 
Ross systems. The f i r s t  o f  t h e  f o u r  s p e c i e s  i s  t h a t  o f  t h e  s t a n d a r d  Ross l e n s ,  
by which i s  meant a n e a r l y  symmetrical array of elements having roughly equal 
abso lu t e  d iop t r i c  powers .  The f i r s t  a n d  f o u r t h  e l e m e n t s  i n  g e n e r a l  w i l l  be  
weakly bi-convex with the s t ronger  curvatures  on the outward surfaces .  The 
second and third elements  in  general  w i l l  be  bi-concave,  though not  necessar i ly  
equi-concave. 
The second of t h e  f o u r  s p e c i e s  i s  de r ived  f rom an  a l t e rna te  so lu t ion  o f  
t h e  same equat ions  of  condi t ion .  In  genera l  the f i r s t  and  second  elements may 
be of meniscus form curved around a c e n t r a l  s t o p ,  a n d  t h e  t h i r d  a n d  f o u r t h  
elements may o f t en  be  men i sc i  a l so  cu rved  in  the  apposed  sense  abou t  t he  same 
c e n t r a l  s t o p ,  t h o u g h t  t h e r e  are except ions  in  the  meniscus  forms  of a l l  f o u r  
elements. 
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The th i rd  and  fou r th  spec ie s  r ep resen t  sys t ems  tha t  are merely Cooke t r i p -  
le ts  i n  d i s g u i s e .  Here o n e  f i n d s  t h a t  some of the negat ive  power of  the normal  
cent ra l  e lement  of  a Cooke t r i p l e t  h a s  b e e n  s p l i t  o f f  a n d  formed in to  an  add i -  
t iona l  nega t ive  e lement  of  no  grea t  power o f  i t s e l f .  Such  systems i n  p r i n c i p l e  
represent improvements on the Cooke t r i p l e t  and are by no means t o  b e  n e g l e c t e d .  
Designwise  one may c h a r a c t e r i z e  t h e  f o u r  s p e c i e s  i n  a d i f f e r e n t  way. Usu- 
a l l y ,  o n l y  two of  the  four  sur faces  of  the  two negat ive elements  i n  t h e  Ross 
s y s t e m  c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  c o r r e c t i o n  oE t h e  s p h e r i c a l  a b e r r a t i o n  
o f  t he  sys t em and  the  o the r  two s u r f a c e s  are of much lesser importance i n  this 
r e s p e c t .  T h u s ,  i f  t h e  t h i r d  a n d  s i x t h  s u r f a c e s  are the strong ones,  a s tandard  
Ross system i s  indicated,   which i s  t h e  f i r s t  o f  t h e  f o u r  s p e c i e s .  I f  t h e  f o u r t h  
and f i f t h  s u r f a c e s  are the  s t rong  ones ,  t hen  the second of t h e  f o u r  s p e c i e s  is 
i n d i c a t e d .  I f  t h e  t h i r d  a n d  f o u r t h  s u r f a c e s  are the  s t rong  ones ,  one  has  the 
t h i r d  o f  t h e  f o u r  s p e c i e s ,  a n d  f h a l l y  i f  t h e  f i f t h  and s i x t h  s u r f a c e s  are t h e  
s t rong  ones ,  one  has  the  fou r th  o f  t he  fou r  spec ie s .  
It i s  no  longe r  adv i sab le  fo r  a des igne r  t o  ou tguess  the  compute r ,  bu t  i n  
the absence of  a very prolonged study one may s a y  t h a t  t h e  s u p e r i o r  a s t r o m e t r i c  
o b j e c t i v e s  are more l i k e l y  t o  b e  f o u n d  among t h e  f i r s t  two species  which are a t  
least  more o r  less symmetr ical ,  In  addi t ion,  i t  is probable  that  systems of t h e  
f i r s t  s p e c i e s ,  w h i c h  are  the  s t anda rd  Ross  o b j e c t i v e s ,  are w e l l  s u i t e d  t o  medium 
t o  small a n g u l a r  f i e l d s  a t  i n t e rmed ia t e  ape r tu re - r a t io s ,  such  as f / 7  t o  f / 1 5  and 
beyond, whereas systems of the second species are b e t t e r  s u i t e d  t o  medium t o  l a r g e  
a n g u l a r  f i e l d s  a t  the  s lower  ape r tu re - r a t io s ,  such  as f /15  to  f /30 ,  t hough  the re  
can be a l a r g e  o v e r l a p  of wel l -corrected systems.  
A s  an example of a sys tem of  the  second spec ies  der ived  f rom the  inves t iga-  
t i o n ,  t h e r e  are  g iven  be low the  da t a  fo r  an  a s t rome t r i c  ob jec t ive  o f  100  inches  
foca l  l eng th  wi th  an  ape r tu re - r a t io  o f  f /  15 ,  co r re spond ing  to  a clear a p e r t u r e  
fo r  t he  en t r ance  pup i l  o f  6.667 inches .  In  me t r i c  terms t h e  f o c a l  l e n g t h  is  
2540 mm and t h e  clear a p e r t u r e  is 1 6 9 . 3  mm. The  system i s  a semi-apochromat 
constructed  of two glass   types,   namely,   Schot t   types  SK-11 and KzF-2. The g l a s s  
types  have  been  chosen  a l so  on  the  bas i s  of  modera te  cos t ,  acceptab le  s tab i l i ty  
i f  coa ted  and  not  too  exposed  to  dampness ,  for  exce l len t  t ransmiss ion  in  the  
v i sua i  pa r t  o f  t he  spec t rum and  fo r  c lose ly  matched  thermal  expansion. The in- 
t e n d e d  f i e l d  is tha t  g iven  by a 17 X 17-inch photographic  plate  i n  combination 
wi th  the  100- inch  foca l  l eng th ,  whereby  the  to t a l  d i agona l  f i e ld  is 13.75 de- 
g rees .  
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The above  da ta  are i n   u n i t s  o f  t h e  f o c a l  l e n g t h  a t  the  5461  mean wavelength.. 
For  the intended system a t  hand a l l  d imens iona l  quan t i t i e s  are t o  b e  m u l t i p l i -  
ed by t h e  a s s i g n e d  f o c a l  l e n g t h ,  e i t h e r  100 inches  or  2540m.  It w i l l  be  seen  
t h a t  t h e  t o t a l  d i s t a n c e  between t h e  f i r s t  and las t  vertices is  only a l i t t l e  
more than  5 inches  and t h e r e f o r e  t h a t  t h e  o b j e c t i v e  is very  compact. By the 
same token, only a s l igh t  en largement  of  the  out ly ing  aper tures  w i l l  be  need- 
ed t o  h o l d  v i g n e t t i n g  t o  a minimum. 
The data  above show t h a t  t h e  f i r s t  and four th  e lements  are bi-convex and 
tha t  t he  second  and th i rd  e l emen t s  are more o r  less bi-concave, and yet the 
impl ic i t  meniscus  charac te r  of  the  so lu t ion  is preserved in the  s t rong  curva-  
t u r e s  o f  t h e  f i r s t ,  f o u r t h ,  f i f t h ,  and e igh th   su r f aces .  The  main r e a s o n  f o r  
the large departure  f rom the meniscus form for  the individual  e lements  i s  t h a t  
the semi-apochromatic nature of t he  so lu t ion  de r ives  f rom g la s s  t ypes  wi th  
f a i r l y  small d i f f e r e n c e s  i n  t h e  d i s p e r s i o n s ,  l e a d i n g  t o  s t r o n g  i n d i v i d u a l  d i -  
o p t r i c  powers. 
The second  and  seventh  surfaces are asphe r i c .  The curvatures   given i n  
Table 1 above are t h e  v e r t e x  c u r v a t u r e s .  The usua l  formula  descr ib ing  the  
mer id iona l  s ec t ion  o f  t he  pa r t i cu la r  a sphe r i c  su r face  is: 
W 2  
1 + J 1 - C L r l L  
5 =  + 0174 + y+ + 6178 
For surface 2)  the constants  have the fol lowing values;  
c = -0.84154 
0 = 14.362 
y = -948.4 
6 = -44663. 
For  surface 7) the  cons tan ts  have  the  fo l lowing  va lues :  
c = 2.05814 
B = -12.454 
y = -364.4 
6 = 0.0 
The S e i d e l  resul ts  i n  three wavelengths are: 
5461 4800 6438 
Spherical  Aberr .  -0,000042’ -0.014621 -0.014602 
Coma -0.000027 0.000058 0.000057 
Astigmatism 0.000000 0.001999 
-0.002119 
Pe tzva l  0.020000 0.016338 0.023357 
Dis to r t ion  0.000000 -0.000010 0.000009 
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The above  tabula t ion  i s  f o r  a f o c a l  l e n g t h  o f  u n i t y .  The v a l u e s  e n t e r e d  f o r  
t he  Pe tzva l  sum ( r e l a t e d  t o  c u r v a t u r e  o f  f i e l d  i n  t h e  a b s e n c e  of astigmatism) 
must be  doub led  to  b r ing  t h e m  in to  agreement  wi th  the a c c e p t e d  d e f i n i t i o n  f o r  
the textbook Petzval  sum. The va lues  are the B, F, C, (P), and E of the 
Schwarzschild-Kohlschutter (A. Kohlschiit ter ,  1908) form. Six  decimal  accur- 
acy is given above for  the purpose of sh.owing the chromat ic  var ia t ions ,  where- 
as a c t u a l l y  f o r  t h e  f /15 sys  t e m  a t  hand, three decimals would s u f f i c e .  The 
reader  i s  r e fe r r ed  to  Schwarzsch i ld  o r  t o  Koh l schu t t e r  fo r  t he  quan t i t a t ive  
meaning  of t he  above  va lues  in  terms of seconds of arc i n  o b j e c t  s p a c e .  
One can see t h a t  t h e  s p h e r i c a l  a b e r r a t i o n  has been elsminated and that 
t he  ch romat i c  sphe r i ca l  abe r ra t ion  has a lso  been  e l imina ted  (4800 and 6438 
have the same values ,  differ ing from 5461 by a small secondary spectrum in 
the  chromat ic  spher ica l  aber ra t ion . )  
S imi l a r ly ,  coma and dis tor t ion have been el iminated,  and chromatic  coma 
and  chromat ic  d is tor t ion  have  a l so  been  near ly  e l imina ted .  The ast igmatism 
has been el iminated.  and the Petzval  sum as redefined above has the value one 
needs i f  t h e  f i e l d  i s  to  be  approx ima te ly  f l a t  when h igher  orders  are taken 
i n t o  a c c o u n t  i n  a f i n a l  o p t i m i z a t i o n .  
The r e s i d u a l  a b e r r a t i o n s  of the system arise from the  co lor  curve  and 
from the reappearance of  spherical  aberrat ion off-axis ,  a normal character-  
i s t i c  of Ross systems. While the  semi-apochromatic  character of t h e  s o l u t i o n  
h a s  l e d  t o  a reduct ion  in  the  secondary  spec t rum,  the  res idua l  co lor  curve  is  
by no means neg l ig ib l e .  In  p rac t i ce  one  would f i n d  t h a t  a s i g n i f i c a n t l y  
l a rge r  r ange  of wavelengths can be used with this design as compared t o  t h a t  
f o r  t h e  normal. combinations of s tandard  crown  and f l i n t  g l a s s  t y p e s .  
The e l imina t ion  of t he  ch romat i c  sphe r i ca l  abe r ra t ion  is a unique  fea ture  
o f  t h i s  t y p e  of Ross system havlng appropriate  aspheric  shapes for  the second 
and seventh  sur faces .  An a l l - sphe r i ca l  des ign  wi th  s o  s h o r t  a b a r r e l  l e n g t h  
would inevi tably have a s u b s t a n t i a l  amount of ch romat i c  sphe r i ca l  abe r ra t ion .  
Phys ica l ly ,  the  e l imina t ion  of  chromat ic  spher ica l  aber ra t ion  arises i n  t h e  
fol lowing way. I n  the normal  lens  of the second species  and €or  that  matter 
i n  the normal Ross l e n s  of the f i r s t  s p e c i e s  the nega t ive  sphe r i ca l  abe r ra -  
t i o n  i s  conributed by only two sur faces ,  such  as the f o u r t h  and f i f t h . ,  o r  the 
t h i r d  and sixth, t o  compensate the p o s i t i v e  spherical aber ra t ion  in t roduced  
by t h e  f i r s t  and e i g h t h  s u r f a c e s  and s u b s t a n t i a l l y  a l s o  by the second surface.  
For  compact systems i t  is  inva r i ab ly  the case  that the shorter  wavelengths  
are overcorrected and the longer wavelengths undercorrected.  
The use  of n e g a t i v e  a s p h e r i c s  a p p l i e d  t o  the second and seventh surfaces,  
o r  t o  the f i r s t  a n d  e i g h t h ,  i n  e f f e c t  s p r e a d s  o u t  the n e g a t i v e  s p h e r i c a l  
a b e r r a t i o n  among fou r  su r faces  in s t ead  of on only two su r faces ,  which i n  t u r n  
suppresses  the over-correct ion of the shorter   wavelengths .  By appropr i a t e  
so lu t ion  one  can  f ind  an  exact e l imina t ion  of the chromat ic  spher ica l  aber ra-  
t i o n ,  p r e f e r a b l y  f o r  some mean v a l u e  i n  t h e  i n t e r m e d i a t e  f i e l d  a n g l e s  and f o r  
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some compromise between meridional and skew r a y s  o f  the ape r tu re .  In  any f i n a l  
op t imiza t ion  the e l imina t ion  of  chromat ic  spher ica l  aher ra t ion  must be perform- 
ed i n  terms of t h e  p a t h  e r r o r s  f o r  the respec t ive  out ly ing  wavelengths ,  rather 
than  in  geomet r i ca l  terms. The  example  above  demonstrates how e f f e c t i v e  the 
design technique can be.  
Wi th  respec t  to  as t romet ry  i t  w i l l  b e  of i n t e r e s t  t o  r e c o r d  the ca lcu la t ed  
t r a n s v e r s e  r a y  e r r o r s  i n  the image plane i n  terms of displacements from the 
g a u s s i a n  p o i n t  i n  millimeters f o r  t h e  p r e s c r i b e d  l e n s  a n d  f o c a l  l e n g t h .  T a b l e  
I I a  g ives  a t a b u l a t i o n  f o r  0.085 rad ians  of f -ax is  and  Table  I Ib  for  0 .120  ra- 
d ians  of f -ax is .  The displacements are gi.ven f o r  the r a y s  i n  a skew fan  which 
b e s t  r e p r e s e n t  t h e  e f f e c t  of d i s t o r t i o n ,  coma and their ch romat i c  va r i a t ions  as 
w e l l  as the pr imary and secondary spectra  i n  t h e  la teral  co lo r .  
It should be noted that the system of the example has  not  y e t  been  fu l ly  
optimized. When optimization  has  been  completed,  one  would  expect that the 
t r ansve r se  r e s idua l s  ove r  t he  17  x 17-inch format would shrink to less than one 
micron and perhaps to less than 0.5 microns. 
T a b l e   I I a .  - Tran'sverse Ray Errors: 0.085 r a d i a n  
of f - a x i s .  
Wavelengths 
-0 .0006 -0.0006 -0.0003 
-0 .0005  -0 .0004  -0 .0002  
0 .3  -0.0002 -0.0001 0.0001 
( a l l  d imens ions  above  g iven  
i n  m i l l i m e t e r s )  
4 
/Tab le  I Ib .  - Transverse  Ray Errors :  - c l ? Z d i a n  
of   f -ax is  . 
Skew 
Zone 
Wavelengths 
5 4 6 1  
r i m  ray -0 .0026 -0.0031 -0.0030 1.0 
6438  4800 
0 . 8  
0.0000 -0.0004 -0.0005 0 . 3  
-0.0011 -0 .0015  -0.0015 0 . 6  
-0.0020 -0 .0024  -0 . 024 
0 .0  c h i e f  r a y  0.0002 0.0000 -0.0001 
( a l l  d imens ions  above  g iven  
i n  m i l l i m e t e r s )  
A 
It i s  c l e a r  a l s o  in  the  above  t ab le s  that the mean d i s t o r t i o n  has been brought 
t o  a very small r e s idua l ,  pa r t i . cu l a r ly  i f  one  rep laces  the gauss ian  foca l  
l e n g t h  u s e d  i n  t h e  c a l c u l a t i o n s  of t h e  t a b u l a t e d  r e s i d u a l s  by a mean f o c a l  
l eng th  ad jus t ed  by least  squa res  to  a l l  t h e  r e s i d u a l s .  
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The a s p h e r i c  d e p t h s  i n  the example above turn out  to  be 46 f r inges  o f  
mercury green light from the nearest sphere  for  the  second sur face  and  43 
f r ingers  f rom the nearest sphe re  fo r  the seven th  su r face  where the r e s p e c t i v e  
clear a p e r t u r e s  are adop ted  fo r  ze ro  v igne t t i ng  in  the corner of the format. 
Such a sphe r i c  dep ths  fo r  this f / 1 5  c a s e  are not  unreasonable ,  though cost ly ,  
and can be produced with adequate precision either f rom ca re fu l  f r inge  coun t -  
i n g  a n d  t e s t p l a t e s ,  o r  b e t t e r ,  f r o m  n u l l  test methods and interferometry.  
For purposes of comparison i t  w i l l  be  of interest h e r e  t o  t a b u l a t e  some of 
the d a t a  f o r  a species  one s tandard Ross lens  of  crown and f l i n t ,  t a k e n  t o  b e  
SK-2 and F-2. These data  are not  op t imized  for  any  par t icu lar  lens ,  though 
the  da t a  can  be  used  as a very  good f i r s t  a p p r o x i m a t i o n  t o  Ross systems from 
f / 7  t o  any  s lower  aper ture- ra t io  and  for  aper tures  up t o  20 inches .  
The S e i d e l  r e s u l t s  i n  t h r e e  w a v e l e n g t h s  are: 
5461 4800 6438 
Spherical  Aberr .  0.000001 -0.102081 0.080168 
Coma O.OOOOO0 -0.008157 0.007145 
Astigmatism 0. ooaooo 0.011712 -0.010821 
Pe tzva l  (@ 1 / 2 1  0.020000 0.014866 0.0244Q6 
D i s t o r t i o n  0.OOOOOO -0.000435 0.000650 
The a sphe r i c  case f o r  t h e  s p e c i e s  o n e  Ross systep,  i n  t h i s  i n s t a n c e  is 
der ived  f rom exac t  condi t ions  for  the el iminat ion of  chromatic  coma and chro- 
matic d i s to r t ion ,  bu t  f rom least squares minimizatiQn of the chromatic spheri- '  
c a l  a b e r r a t i o n .  The c o n s t r a i n t s  d e p a r t  somewhat from the p rev ious  d i scuss ion  
but  were adop ted  fo r  a s t rome t r i c  r easons  in  the  so lu t ion  a t  hand. 
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T a b l e  I V .  - S p e c i a l  A s p h e r i c a  Ross Type  Objec t ive  (Spec ia l  
A s p h e r i c  Case). 
S u r f a c e  Glass Types S e p a r a t i o n s  C u r v a t u r e s  
Glass A i r  
1) 
0.8853 -3.7567 6 )  
SK- 2 0.0125 0.8581" 7) 
0.0902 3.8656 6) 
F-2 0.0075 -1.0610 5)  
0.0125 1.2697 4) 
F-2 0.0075 -2.2174 3)  
0.0909 -0.5513" 2) 
SK-2 0.0125 3.4733 
*Aspher ic   Sur faces  R, = 2 . 1 2 2 6  b ;  = 2.2335 I 
The S e i d e l  r e s u l t s  i n  t h r e e  w a v e l e n g t h s  are: 
5461 4800  6438 
Spherical  Aberr .  -0.002756 -0.112297 0.084442 
Coma -0,001068 -0.001412 -0.001403 
Astigmatism 0.000018 0.011321 -0.010425 
Pe tzva l  (@ 1 /2 )  0.020000 0.014878 0.024396 
D i s t o r t i o n  0.000005 0.000111 0.000111 
The non-zero  va lues  in  5461 for  spher ica l  aber ra t ion ,  coma, astigmatism and 
d i s t o r t i o n  mean o n l y  t h a t  a f u r t h e r  r u n  o r  two of the program is  needed. How- 
ever, i n  an opt imized design the values  are non-zero anyway t o  p r e f e r r e d  tar- 
ge t  va lues  and  hence  the  tabula t ion  above  suf f ices  for  the  purpose  a t  hand. It 
i s  c l e a r  t h a t  t h e  c h r o m a t i c  coma and chromatic  dis tor t ion have indeed been 
eliminated inasmuch as t h e  v a l u e s  f o r  4800 and  6438 agree.  
It w i l l  b e  r e c a l l e d  t h a t  t h e  o v e r a l l  a x i a l  b a r r e l  l e n g t h  of the example i n  
Table I, a spec ie s  two system, i s  5 .104  inches  for  a f o c a l  l e n g t h  of 100 inches. 
From Table I11 the b a r r e l  l e n g t h  of the a l l  sphe r i ca l ,  spec ie s  one  s t anda rd  Ross 
l e n s  of the example 23.648 inches for a f o c a l  l e n g t h  of 100 inches,  and for the 
asphe r i c  ve r s ion  in  Tab le  I Y ,  23.360 inches. 
The d i f f e r e n c e  i n  b a r r e l  l e n g t h  i s  'der ived most ly  f rom the choice of  glass  
types, however, and not much a t  a l l  f rom the species  one or  species  two form  of 
s o l u t i o n .  Semi-apochromats w i l l  rend  toward  compactness f o r  e i t h e r  case be- 
cause  of  the smaller d i f f e rence  in  d i spe r s ion  be tween  crown  and f l i n t .  On t h e  
other  hand,  long barrel  species  one systems are qu i t e  u sab le  fo r  modera t e ly  
f a s t  Ross s y s t e m s  t o  f / 7  i n  l a r g e  d i a m e t e r s  o r  t o  f / 5  i n  small d iameters  for  
medium t o  small angu la r  f i e lds ,  whereas  spec ie s  two systems w i l l  usual ly  have 
an  excessive amount  of ob l ique  sphe r i ca l  abe r ra t ion .  A comparison  of  the  data 
i n  T a b l e s  I ,  111, and I V  w i l l  show t h a t  t h e  c u r v a t u r e s  of the semiapochromat 
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are large numerical ly ,  and y e t  the s h o r t  b a r r e l  o f f e r s  a d i s t inc t  advan tage .  
Thus, a spec ie s  two semiapochromat i n  a shor t  ba r r e l  p robab ly  shou ld  noc  be  
f a b r i c a t e d  a t  ape r tu re - r a t io s  any f a s t e r  t h a n  f / 1 5 ,  whereas the spec ies  one  
systems above are b e t t e r  s u i t e d  t o  faster sys tems wi th  longer  bar re l s  bu t  with 
restr ic ted wavelength range.  
It is  obvious  tha t  there w i l l  b e  many in t e rmed ia t e  so lu t ions .  Quite 
poss ib ly  a spec ie s  one system with choice of glass types tending toward semi- 
apochromatism w i l l  b e  f a v o r a b l e  f o r  s y s t e m  a r o u n d  f / 1 0  f o r  p l a t e  s i z e s  up t o  
14 X 1 4  i n c h e s  f o r  a 100- inch  foca l  l eng th .  Fo r  l a rge r  f i e ld  ang le s  and  fo r  
s lower  ape r tu re - r a t io s ,  t he  cho ice  t ends  tmard  the  spec ie s  two system. 
Another example of the species one standard Ross lens  has  been  inc luded  
i n  t h e  i n v e s t i g a t i o n ,  t h i s  t i m e  i n t e n d e d  f o r  a n  a p e r t u r e - r a t i o  i n  t h e  v i c i n i t y  
of f /12  to  f /15 .  In  th i s  i n s t ance  a sphe r i c s  have  been  used  on  su r faces  two  and 
seven  fo r  t he  e l imina t ion  of chromat ic  spher ica l  aber ra t ion  and  chromat ic  coma, 
but  chromatic  dis tor t ion has  only been minimized by least squares .  Such a 
sys t em in  a 100- inch  foca l  length  might  be  favorable  for  use  a t  f /12  on an 
8 x 10-inch  format. The color   curve of the  system is  normal ,  ra ther  than  re- 
duced, and the glasses chosen, SK-2 and P-2, are known t o  b e  v e r y  s t a b l e  a g a i n s t  
a tmosphe r i c  a t t ack  i f  kep t  d ry .  
able V. - Data for  Alternate Ross Type  Objective  System 
w i t h  Two Aspheric Surfaces. I 
Surface Glass  Types Separations Curvatures 
Glass  Air 
1) 
0.0050  -0.8926 3)  
2) 
0.0080 3.2520 
3.3168 4 )  
SI<-2 
-0.5738-X 0.09786 
F-2 
0.0080 
5)  
6 )  
-2.9425 
0.9004 -3.7700 8 )  
0.0080 1.0338* 7) 
0.08464 1.2522 
0.0050 F-2 
SK-2 
"B, = 3.8995 6 7  = -3.8999 
The S e i d e l  r e s u l t s  i.n three wavelengths are: 
5461 4800  6438 
Spherical  Aberr .  0.001082 -0.003943 -0.0039 74 
Coma 0.000254 0.000119 0.000111 
Astigmatism -0.000082 0.009839 -0.009226 
Pe tzva l  (@ 1 / 2 )  0.020000 0.014884 0.024391 
D i s t o r t i o n  0.000012 0.000061 0.000137 
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It i s  clear f r o m  t h e s e  r e s u l t s  t h a t  the chromatic  spherical  and chromatic  coma 
have indeed been el iminated.  The d i s t o r t i o n  c h r o m a t i c a l l y  is very small and 
amounts t o  a b o u t  0 . 0 0 0 1 m  i n  t h e  c o r n e r  o f  a n  8 x 10-inch p l a t e  f o r  a f o c a l  
length of  100 inches.  The bar re l  l ength  f rom the  above  da ta  comes o u t  t o  b e  
21.650 i n c h e s  f o r  a foca l  length  of  100  inches .  The curva tures  are q u i t e  
moderate and the surface by s u r f a c e  c o n t r i u b t i o n s  t o  t h e  a b e r r a t i o n s  are a t  
a minimum a l s o .  
S i m i l a r  s o l u t i o n s  are a t  hand f o r  t h e  mean wavelengths of 4358 and 6438 re- 
spec t ive ly ,   wi th   approximate ly   the  same suppress ion   of   aber ra t ions .  The b a r r e l  
l eng th  comes ou t  t o  be  27.434 inches  for  the  b lue  lens ,  and  19.335 i n c h e s  f o r  
the   red   l ens ,   the   g lass   types   be ing   unchanged.  It is obvious  that   such  changes 
in  the  wavelength  of t h e  minimum po in t  on the  co lo r  cu rve  p ro found ly  a f f ec t  t he  
l ens  da t a .  
The nex t  sys t em s tud ied  in  the  inves t iga t ion  i s  a semiapochromat  of t h e  spe- 
c i e s  !me, s tandard  Ross form, f i r s t  w i t h  a l l  s p h e r i c a l  s u r f a c e s  and then with 
a sphe r i c s .  It i s  of i n t e r e s t  t h a t  i n  b o t h  cases the  chromatic  coma and  chro- 
matic d i s to r t ion  have  been  e l imina ted .  The system i s  in t ended  fo r  u se  a t  
abou t  f /12  to  f /15 ,  b u t  o n l y  i n  small diameters .  
The b a r r e l  l e n g t h  f o r  a sys tem sca led  to  a 100- inch  foca l  l eng th  tu rns  ou t  t o  
be 10.822 inches .  The system i s  t h e r e f o r e  a r a t h e r  compact  one w i t h  f a i r l y  
s t rong  curva tures  a r i s ing  f rom i t s  semiapochromatic form. 
The S e i d e l  r e s u l t s  i n  t h r e e  w a v e l e n g t h s  are: 
5461  4800  6438 
Spherical  Aberr .  0.000034 -0.436772 0.391306 
Coma -0.000012 0.000047 0.000047 
Astigmatism 0.000000 0.007230 -0.006919 
Petzva l  (@ 1/2) 0.020000 0 .016043 0.023569 
D i s t o r t i o n  0.000000 0.000006 0.000006 
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The chromat ic  spher i .ca1  aber ra t ion  i s  q u i t e  l a r g e  a n d  is characteristic of the 
compact,   species  one,   systems  having a l l  spher i .ca1   sur faces .  It is f o r  this 
reason  tha t  e i ther  the  f /number  must  be  la rge ,  o r  the diameter small, o r  b o t h  
toge ther .  
a b l e  V I I .  - Data for Objec t ive   (Asphe r i c   Case ) .  I 
3)  
4)  
t 
Curvatures  Glass TyFes S e p a r a t i o n s  
Glass  A i r  
5.6795 SK-2 0.0215 
-1.1540* 0.02538 
-1.5741 KzFS-54 0.0075 
5.6488 0.01250 
-3.7261 KzFS-114 0.0075 
2.5905 0.02548 
1.4508* st:- 2 0.0125 
-5.4535 0.9485 
* a s p h e r i c s  2 I = 23.441 7 ,  9.837 I 
The b a r r e l  l e n g t h  f o r  a sys t em sca l ed  to  a 100- inch  foca l  l eng th  tu rns  ou t  t o  
be 10.336 inches. 
The S e i d e l  r e s u l t s  i n  t h r e e  w a v e l e n g t h s  are: 
5461 4800  6438
Spherical  Aberr .  -0.000066 -0.174915 0.148823 
Coma 0.001219 0.001053 0.001015 
Astigmatism -0.000074 0.006260 -0.006162 
Pe tzva l  (@ 1 / 2 )  0.020000 0.016013 0.023596 
D i s t o r t i o n  -0.OOO003 0.000005 0.000006 
The use  o f  t he  a sphe r i c s  has  r e su l t ed  in  a subs tan t ia l  reduct ion  of  the  chro-  
matic s p h e r i c a l  a b e r r a t i o n ,  w h i c h  c o u l d  b e  f u r t h e r  e l i m i n a t e d  i n  a reca lcu la-  
t i o n  i f  t h e  c h r o m a t i c  d i s t o r t i o n  were to  be  a l lowed to  vary  f rom zero .  The 
a sphe r i c  sys t em can  thus  be  bu i l t  i n  ape r tu re s  somewhat l a r g e r  t h a n  f o r  t h e  
a l l  s p h e r i c a l  case a n d  t o  somewhat f a s t e r  a p e r t u r e - r a t i o s .  
Solu t ions  have  been  car r ied  through for  a combinat ion of  the glass  types 
SK-12 and KzF-2 for  b lue ,  ye l low,  and  red  cor rec t ion .  No new p r i n c i p l e s  are 
demonstrated but as would be expected, there is a f u r t h e r  s l i g h t  r e d u c t i o n  i n  
the color  curve for  the yel low system and almost  complete  three wavelength 
c o r r e c t i o n  f o r  t h e  r e d  s o l u t i o n .  The improvement i s  obtained a t  the   expense  
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of s t i l l  s t r o n g e r  curves  and a s t i l l  s h o r t e r  b a r r e l ,  which f o r  the yel low s o l -  
u t i o n  i s  only 4.201-inches f o r  a f o c a l  l e n g t h  of 100-inches. The systems would 
be s u i t a b l e  f o r  long focus as t romet ry  a t  a p e r t u r e - r a t i o s  of f / 2 0  and s lower .  
The two types of o p t i c a l  g l a s s  used are r e a d i l y  a v a i l a b l e  a t  moderate c o s t  up 
t o  q u i t e  l a r g e  diameters .  The s o l u t i o n s  a t  hand are f o r  the second s p e c i e s .  
S t i l l  another  s o l u t i o n  has  been c a r r i e d  through f o r  a system of t h e  second 
species i n  which t h e  g l a s s  types  SSK-3 and KzFS-N4 have been used. 
b i n a t i o n  o f f e r s  very l i t t l e  improvement i n  t h e  b l u e  over  t h a t  a l r eady  obta ined  
f o r  t h e  combination of SK-11 and KzF-2. Yellow and r ed  s o l u t i o n s  have no t  been 
run. 
The com- 
Calcula t ions  have been c a r r i e d  through f o r  a combination of PK-50 and 
KzF-2 f o r  b lue ,  yellow and r ed  systems. The g l a s s  type  PK-50 a p p e a r s  t o  b e  one 
of cons iderable  va lue  in several types  of o p t i c a l  des igns  in tended  f o r  u se  i n  
b l u e  and v i o l e t  l i g h t ,  b u t  t h e  c o s t  of g l a s s  d i s c s  of o b j e c t i v e  q u a l i t y  f o r  
t h e  l a r g e r  d iameters  i s  manyfold that  f o r  s t anda rd  crown types .  It w a s  in tend-  
ed t h a t  t h e  s o l u t i o n  would be  of the second s p e c i e s  b u t  t h e  computer came up 
wi th  a s o l u t i o n  t h a t  borders  on t h e  f o u r t h  s p e c i e s .  The second element i s  sub- 
s t a n t i a l l y  weaker numerical ly  than t h e  t h i r d ,  which is  t o  say ,  t h a t  t h e  so lu-  
t i o n  phys ica l ly  i s  somewhat unsymmetrical. More s tudy  i s  c e r t a i n l y  warranted 
but  i t  w i l l  be of i n t e r e s t  he re  t o  reproduce t h e  r e s u l t s  a l r eady  obta ined .  
ITable VIII. - Data f o r  Object ive.  I 
I I *,spherics J ?  = 21.056 B, = 2.486 
The b a r r e l  l ength  
inches .  
~ ~ ~~~~ 
f o r  a sys tem s c a l e d  t o  a 100-inch f o c a l  l e n g t h  i s  11.475- 
78 
The S e i d e l  r e s u l t s  i n  t h r e e  wavelengths a r e :  
5461 4 800 6438 
S p h e r i c a l  Aberr.  -0.008246 -0.015819 -0.015682 
Astigmatism -0.000005 0.005866 -0.005753 
Coma 0.000315 0.000282 0.000278 
P e t z v a i  ( G  i j 2 j  0.020000 0.016092 0 .!I23529 
D i s t o r t i o n  -0.000001 -0.000161 0.000189 
The system i s  w e l l  co r r ec t ed  f o r  chromatic s p h e r i c a l  a b e r r a t i o n  and f o r  chro- 
mat ic  coma. The chromatic d i s t o r t i o n  i s  very s m a l l ,  and amounts t o  a t r ans -  
verse displacement  of about 0.0002mm i n  the corner  of an 8 x 10-inch p l a t e  
f o r  a system s c a l e d  t o  the 100-inch f o c a l  length .  This  type  of system would 
be e s p e c i a l l y  good f o r  a b lue  l e n s  i n  ape r tu re s  up t o  10 inches  and f o r  aper- 
t u r e - r a t i o s  of f / 1 5  o r  s lower.  
GLASS TYPES AID OTHER CONSIDERATIONS 
The examples above have been s e l e c t e d  from what could be a very l a r g e  
number of good t o  e x c e l l e n t  des igns ,  gleaned from v a r i o u s  combinations of g l a s s  
types.  A l l  of  t h e  examples employ only two types of g l a s s  bu t  i t  i s  obvious 
t h a t  a s t i l l  l a r g e r  v a r i e t y  of systems w i l l  r e s u l t  i f  as many as t h r e e  o r  even 
fou r  types  of o p t i c a l  g l a s s  are employed. 
During t h e  las t  twenty.years  a cons iderable  number of new g l a s s  t ypes ,  
r e p r e s e n t i n g  previous ly  unobtainable  combinations of index and d i s p e r s i v e  
power have become a v a i l a b l e  t o  t h e  o p t i c a l  des igner .  For t h e  t i m e  being,  only 
a r e l a t i v e l y  s m a l l  number of t hese  are use fu l  f o r  as t ronomica l  purposes ,  i . e . ,  
w i l l  t o l e r a t e  t h e  atmospheric ,  thermal ,  and o the r  condi- t ions t o  which t h e  op- 
t i c a l  s u r f a c e s  of as t ronomical  ins t ruments  a re  t y p i c a l l y  sub jec t ed .  
It has  been mentioned t h a t  r ecen t  progress  has  been made i n  t h e  hard coat-  
i n g  of s e n s i t i v e  g l a s s e s  f o r  t h e  purpose of p r o t e c t i n g  t h e  o p t i c a l l y  pol i shed  
s u r f a c e s  from t a r n i s h  and harsh  t rea tment .  The Schot t  Company, f o r  example, 
are now market ing an evapora t ive  g l a s s  t h a t  can be used f o r  such coa t ings  p re -  
ceding t h e  non- re f l ec t ion  coa t ing  i n  t h e  same vacuum set-up.  S i m i l a r l y ,  much 
p rogres s  has  been made i n  t h e  e l e c t r i c a l  s p u t t e r i n g  of p r o t e c t i v e  coa t ings  of 
q u i t e  apprec i ab le  th i ckness  which i n  t u r n  w i l l  b e  usab le  f o r  p r o t e c t i n g  sens i -  
t i v e  g l a s s  types .  For example, t h e  I t e k  Corporation has  succeeeded i n  coa t ing  
t h e  very  s e n s i t i v e  bu t  d e s i r a b l e  g l a s s ,  KtFS-2. The sample, p laced  outdoors  
f o r  s e v e r a l  weeks i n  r a iny  and sunny weather ,  shows no d e t e r i o r a t i o n  on t h e  
coated p o r t i o n  of t h e  two pol i shed  f a c e s ,  whereas t h e  uncoated s u r f a c e s  degrad- 
ed i n t o  only a w h i t i s h ,  unpolished smear. Fur ther  experimental  work w i l l  be  
needed be fo re  f i n i s h e d  elements can be adequately coated s i n c e  uni formi ty  
of coa t ing  i s  a l s o  needed. Conversely, u l t ima te ly  t h e  added l a y e r s  might be 
made of v a r i a b l e  th i ckness  f o r  t h e  purpose of a sphe r i z ing  t h e  s u r f a c e  t o  pre- 
s c r i b e d  form, where needed. 
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W i t h  r e s p e c t  t o  the Ross d e s i g n ,  o n l y  t h e  f i r s t  e l e m e n t  i s  s e r i o u s l y  ex- 
posed,  and experience would indicate  that the rate of d e t e r i o r a t i o n  o f  the 
f i r s t  s u r f a c e  w i l l  b e  manyfold that  of the i n t e r n a l  s u r f a c e s .  The Ross designs 
b e n e f i t  f r o m  h a v i n g  f a i r l y  h i g h  i n d i c e s . f o r  the crown out ly ing  e lements  which 
i n  c u r r e n t  p r a c t i c e  are l i m i t e d  t o  a m a x i m u m  index of about 1.60 . Most of 
t h e  rare e a r t h  g l a s s e s  i n  t h e  r e g i o n  o f  the lanthanum crowns are u n s u i t a b l e  
f o r  u s e  as the' f i r s t  and -last elements ,  even thqugh protect ively coated,  be- 
cause of a common c h a r a c t e r i s t i c  of having weakened d i s p e r s i v e  power i n  the 
b lue-v io le t .  A f e w  of  these,  however, have normal   t rends of dispers ion   and  
might  be  incorpora ted  in to  a m6re d e t a i l e d  s t u d y .  The lanthanum glasses ,  
however, are h e a v y  a n d  t h e r e f o r e  w o u l d  n o t  b e  s u i t a b l e  f o r  u s e  i n  l a r g e  l e n s e s  
where  f lexure  becomes a problem. 
The r e s t r i c t i o n s  on t h e  g l a s s  t y p e s  u s e d  f o r  the i n n e r  elements are n o t  
s o  - s t r i n g e n t . a n d  there are a number of more o r  less e q u a l l y  s u i t a b l e  o n e s  a- 
v a i l a b l e .  The s o - c a l l e d  s h o r t  f l i n t s  a n d  a few o the r s  have  unusua l  p rope r t i e s  
concerning the compensat ion or  reduct ion of co lo r  abe r ra t ion  and  the re fo re  can  
be used with caut ion,  as i n  some of the examples  above, f o r  r e d u c i n g  t h e  f o c a l  
e r ro r  w i th  wave leng th ,  i nc reas ing  the ef f ic iency  and  genera l ly  improving  the  
as t romet r ic   per formance .  The s t anda rd  f l i n t  g l a s ses  no rma l ly  used  fo r  t he  
inner elements occupy a near ly  cont inuous  reg ion  i n  t h e  o p t i c a l  g l a s s  d i a g r a m  
where  the V-value i s  p l o t t e d  a g a i n s t  i n d e x  o f  r e f r a c t i o n .  I n  several of t h e  
examples  above, F-2 has  been  used ,  s ince  th i s  type  has  long  been  ava i lab le  
a t  low c o s t  a n d  i n  l a r g e  d i a m e t e r s  i n  o b j e c t i v e  q u a l i t y .  Ross  systems  making 
use of F-2 would have the usual secondary spectrum, however,  but monochromat- 
i c a l l y ,  a t  l eas t ,  can  be  des igned  and  fabr ica ted  wi th  h igh  prec is ion .  
The s h o r t  f l i n t s ,  s u c h  as KzF-2,  KzF-3,  KzF-4, and KzF-5, have long been 
a v a i l a b l e  b u t  o n l y  KzF-2 has the combined qua l i t i e s  o f  modera t e  cos t ,  good 
t r ansmiss ion  and  f a i r ly  good r e s i s t ance  to  a tm0s tphe r i . c  at tack. It i s  f o r  s u c h  
reasons that KzF-2 has  been  used  in  the examples above f o r  those having some 
degree   o f   reduct ion   in   co lor   curve .   S imi la r ly ,  such types  as KzFS-1; KzFS-2, 
and KzFS-4 have  been  ava i l ab le  fo r  a very long time but  have been known from 
the  ve ry  beg inn ing  to  be  ex t r eme ly  sens i t i ve  to  wea the r ing  and  to  r eagen t s .  
Recent ly ,  Schot t  has  introduced a greatly improved KzFS-N4, which has been used 
i n  several o f  t h e  s o l u t i o n s  i n  t h i s  i n v e s t i g a t i o n .  S c h o t t  h a s  a l s o  d e v e l o p e d  
t h r e e  a d d i t i o n a l  t y p e s ,  KzFS-5, KzFS-6, and KzFS-7 and soon promises a f o u r t h .  
Glasses o f  t he  KzFS series have an  enhanced  ab i l i t y  to  r educe  the secondary 
spectrum of  opt ical  systems when combined w i t h  the proper  crown g l a s s  t y p e s ,  
bu t  are n o t  v e r y  u s e f u l  i n  the b lue -v io l e t  fo r  l a rge  l enses  because  o f  r educed  
t ransmission.  Only KzFS-N4 h a s  s u f f i c i e n t  r e s i s t a n c e  t o  w e a t h e r i n g  when used 
in  an  a s t ronomica l  sys t em as a n  i n t e r n a l  e l e m e n t .  However, when the  ha rd  
p r o t e c t i v e  c o a t i n g s  become s t anda rd  p rac t i ce ,  t hen  the ent i re  s u b j e c t  i s  open- 
ed up once more and improved designs w i l l  undoubtedly become a v a i l a b l e .  
One o f  the  impor tan t  cons idera t ions  for  as t romet r ic  sys tems i s  a match- 
ing   o f   t he   g l a s s   e l emen t s   fo r   coe f f i c i en t   o f   t he rma l   expans ion .   In   t he  ex- 
amples SK-2 and F-2 are n o t  w e l l  matched but represent more o r  less pas t  p rac-  
t i ce .  On the  o the r  hand ,  SK-11 and KzF-2 are wel l  matched, as are a l s o  SK-12 
and KzF-2, SSK-3 and KzFS-N4, and SK-2 and KzFS-N4. The matching w i l l  be  of  
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increased  impor tance  for  the  compact  systems with s t rong internal  curvatures .  
S imi l a r ly ,  t he  op t i ca l  eng inee r  p l ann ing  the  l ens  cells can select a l l o y s  t h a t  
have  the  same mean coef f ic ien t  of  expans ion  as t h e  l e n s  e l e m e n t s .  I n  this  way 
i t  can  be  expec ted  tha t  the a s t r o m e t r i c  q u a l i t y  will be  preserved  over  a wide 
range of summer and winter  temperatures ,  as long as the  l ens  sys t em is kep t  
i n  a reasonable  thermal  equi l ibr ium. 
Some caut ion  must  be  exerc ised  in  the  coa t ing  of  lens  e lements  in tended  
f o r  p r e c i s i o n  u s e  i n  a s t r o m e t r y .  The hard,  non-abrading coatings of magnesium 
f louride normally used are gene ra l ly  app l i ed  to  l ens  e l emen t s  hea ted  to  as 
much as 450 degrees  F. Some g l a s s  t y p e s  have low t ransformat ion  tempera tures  
and can be damaged wi th  r e spec t  t o  annea l ing  and  homogene i ty  i f  s o  heated.  
Such de te r io ra t ion  has  been  no ted  wi th  KzFS-4, f o r  example, i n  8-inch diameters 
where not only ~7as the  annea l ing  degraded  but  the  lens  e lement  s lumped s l igh t ly  
out   o f   shape .   For tuna te ly ,   the   c roms  such  as SK-11,  SK-12, and SK-2 have 
qui te  h igh  t ransformat ion  tempera tures  and  are probably immune t o  damage. 
Glasses such as F-2,  KzF-2 and the KzFS-series should a l l  be cleaned and coat-  
ed with caut ion a t  reduced temperatures.  
Similar  caut ion must  be exe rc i sed  with r e s p e c t   t o  the q u a l i t y  of p o l i s h  
of t h e  s o f t  f l i n t s .  The work-function of such  g lasses  i s  low s o  t h a t  i o n  
bombardment can result i n  a p i t t i n g  o f  t h e  o p t i c a l  p o l i s h  that can  reach  d is -  
as t rous  propor t ions .  Exper ience  on KzFS-4 (not  N-4) i s  a case i n  p o i n t ,  where 
a number of f in i shed  e lements  were too  damaged f o r  u s e  and had t o  be r epo l i shed  
and r e f igu red ,  oming to  ex tens ive  p i t t i ng  vaused  by  su r face  c l ean ing  with a 
h igh  vol tage  d ischarge .  Severa l  of t h e  s u r f a c e s  seemed a l m o s t  t o  b e  f i n e -  
ground. 
O p t i c a l  g l a s s e s  of t h e  t y p e s  d i s c u s s e d  i n  t h i s  i n v e s t i g a t i o n  are almost 
a l l  a v a i l a b l e  i n  l a r g e  d i a m e t e r s  i n  o b j e c t i v e  g r a d e  b u t  some are far more ex- 
pens ive  than  o the r s .  The  cro\.rns, such as SK-2,  SK-11, and SK-12, can  be  con- 
s i d e r e d  t o  b e  of low to  modera te  cos t ,  whereas  PK-50 would be very expensive.  
A f l i n t  g l a s s  l i k e  F-2 would b e  of low cos t .  The  more e x o t i c  s h o r t  f l i n t ,  
RzF-2, can s t i l l  b e  c o n s i d e r e d  t o  b e  of moderate coast ,  whereas KzFS-N4 would 
be  much more expensive.  Glass types  such  as SK-2,  SK-11,  SI<-12,  F-2 and KzF-2 
can be made i n  d i a m e t e r s  much g r e a t e r  t h a n  would b e  of i n t e r e s t  i n  a s t r o m e t r y ,  
perhaps up t o  40 and  50-inch  diameters ,   or   greater .  To d a t e ,  a t  least, KzFS-N4 
has been made i n  d i a m e t e r s  i n  o b j e c t i v e  g r a d e  t o  p e r h a p s  24 inches ,  bu t  no t  re- 
l i a b l y  and i n  a d d i t i o n ,  t h i s  t y p e  of g l a s s  a b s o r b s  l i g h t  t o o  much i n  t h e  v i o l e t  
to  be  used  for  very  la rge  e lements  in  b lue-cor rec ted  sys tems.  
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IWROVEMENT OF COLOR  CORRECTION 
There are va r ious  good ways t o  p r e s e n t  the state of co lo r  co r rec t i , on  of 
a lens  sys tem but  for  compara t ive  purposes  here it will s u f f i c e  s i m p l y  t o  g i v e  
the  ca l cu la t ed  long i tud ina l  d i sp l acemen t  of the mean f o c a l  p o s i t i o n  of the out- 
lying wavelengths from the f o c a l  p o s i t i o n  of the  cent ra l  vave length .  Thus ,  if 
we have wavelengths 4800, 5461, and 6438, we ave rage  the  foca l  pos i t i ons  of 
4800  and  6438,  and s u b t r a c t  f r o m  t h i s  mean t h e  f o c a l  p o s i t i o n  of  5461.  Simi- 
l a r l y ,  f o r  a sys tem cor rec ted  f o r  a c e n t r a l  o r  mean wavelength of 4358, called 
h e r e  a b lue  co r rec t ion  ( a l though  ac tua l ly  b lue -v io l e t ) ,  t he  ou t ly ing  wave- 
l eng ths  will b e  4047 and  4800.  For a sys tem cor rec ted  for  a c e n t r a l  o r  mean 
wavelength of  6438, c a l l e d  a r ed  co r rec t ion ,  t he  ou t ly ing  wave leng ths  will be 
5461  and  8521. The s ta te  of co lor  cor rec t ion  of  the  lens  sys tems of  the  ex- 
amples can be summarized i n  T a b l e  Til. 
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Table IX. - Color  Correction  for Lens System. 
Glass  Combinations Red Corr. Yellow Corr. Blue Corr. 
SK-11 h KzF-2 0.000057 0.000381 0.000344 
SK-2 h F-2, Case 1 
Case 2 I 
SK-2 h F-2 (f/15) Case  1 
Case 2 t i  
SK-2 h KzFS-N4 Case  1 
Case 2 I ,  
PK-50 6 KzF-2 
SSE-3 & KzFS-Nh 
SK-12 h KzF-2 
0.000530 
0.000529 
0.000332 
0.00050O 
0.000465 
0.000779 
0.000779 
0.000791 
0.000795 
0.000440 
0.000455 
0.000482 
0.000330 
0.000378 
0.000395 
0.00117? 
-0.00001c' 
In  Table  I X  the  s t anda rd  co lo r  curves f o r  the blue,  yellow and red cases are 
those  a s soc ia t ed  wi th  the combinations, SK-2 and F-2. The  semi-apochromatic 
cha rac t e r  o f  t he  o the r  combina t ions  can  then  be  obse rved  in  the t a b l e .  The 
combination of PK-50 and KzF-2 i s  a spec ia l  case ,  where  the  h ighly  unusual  na- 
t u r e  o f  PK-50 as a n  o p t i c a l  material shows an improvement i n  t h e  b l u e  and a 
marked  worsening in  the  red .  Presumably ,  PK-50 and KzF-2 as a combination 
would excel i n  t h e  n e a r  u l t r a v i o l e t  w h e r e  b o t h  g l a s s  t y p e s  remaifi q u i t e  t r a n s -  
parent .  Table  I X  shows a l s o  t h e  e x c e l l e n t  s tate of c o r r e c t i o n  i n  t h e  r e d  f o r  
t h e  SK-11 and SK-12 p a i r i n g s  w i t h  KzF-2. 
No ca l cu la t ions  have  as yet  been made f o r  Ross systems using KzFS-2 f o r  
the  nega t ive  e lements .  A t  t h e  t i m e  t h e  examples were ca l cu la t ed ,  t he re  seemed 
t o  b e  l i t t l e  hope t h a t  KzFS-2 cou ld  be  adequa te ly  p ro tec t ed  fo r  many yea r s  of 
exposed  usage.  In view o f  t h e  l i k e l y  f u t u r e  a v a i l a b i l i t y  o f  h a r d  p r o t e c t i v e  
coa t ings ,  one  should  incorpora te  KzFS-2 i n  any f u r t h e r  s t u d y ,  and possibly 
a l s o  KzFS-1, a t  least fo r  ye l low and red systems. 
There are no general recommendations t o  b e  made on t h e  b a s i s  of t h e  
examples.  Each a s t rome t r i c  r equ i r emen t  shou ld  be  s tud ied  ca re fu l ly  in  i t s  own 
r i g h t  i n  t h e  l i g h t  o f  a l l  the  informat ion  a t  hand.  The f u l l  c o r r e c t i o n  f o r  
chromatic coma and i n  some cases fo r  ch romat i c  d i s to r t ion  shou ld  be  of i n t e r e s t  
t o  a s t rome t r i s t s .  Op t i ca l  des igne r s  may f i n d  i t  o f  i n t e r e s t  a l s o  t h a t  t h e  
c a u t i o u s  u s e  o f  a s p h e r i c s  f o r  t h e  f i r s t  and four th  e lements  can  be  very  he lpfu l  
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f o r  t h e  e l i m i n a t i o n  o f  c h r o m a t i c  s p h e r i . c a 1  a b e r r a t i o n  i n  s h o r t  b a r r e l  semi- 
apochromatic systems. 
One can  a lways  achromat ize  the  spher ica l  aber ra t ion  i n  compound systems i n  
about  the  same fash ion  tha t  ord inary  achromat i sm i s  a c h i e v e d ,  b u t  t o  do s o  re- 
qu i r e s  t he  use  o f  a sphe r i c s  on both  c ro tms  and  f l in t s .  To p re se rve  the  symmetry 
f o r  a s t r o m e t r i c  n e e d s  i n  a Ross lens,  such an approach might well i n v o l v e  t h e  
in t roduct ion  of  four  aspher ic  sur faces .  Ins tead ,  i t  has been shown above  tha t  
t he  ch romat i c  sphe r i ca l  abe r ra t ion  can be  e l imina ted  by adding only two, pre- 
s e rv ing  symmetry, and indeed, because of t h e  d i s t r i b u t i o n  of the  nega t ive  cor -  
r e c t i o n s  among more su r faces ,  one can expect  some improvement a l s o  i n  the 
ob l ique  sphe r i ca l  abe r ra t ion .  
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DISCUSSION 
Newcomb : Vhat was y o m  computer  program rn on? 
Baker : Since it i s  w r i t t e n  i n  F o r h m ~  11, it could easi ly  be  converted t o  Fortran I V  a d  thus be 
m on a l l  machines which accept t h i s  progrm. This more elaborate program also includes 
the calculation of the photo-optical path, so that,  as the design nears completion, one 
can h o p  the ray tracing per se and switch t o  wave fpont calculations. 
Eichhorn : From the standpoint of achieving a certain tcrsk, would w objective of  this igpe be the 
most economical, or might it be tha t  a catadioptric system which achieves the same opt i -  
ca l   e f f ec t  might be cheaper t o  make? 
Baker: : Theye are two problems involved. The object ive  I described would be  most use fu l  for  wide 
angle (astronomically speaking) coverage, for pZates of abou$ 17 inches square. Catadiop- 
t ~ c  systems would be easier t o   cons tme t ,  uouZd be more temperature s table ,  and have long- 
er  e f fec t ive  focal  lerq ths ,  bu t  they  me be t ter  su i ted  for m r m  angle f i e l d s .  As an ex- 
ample, I desigrted a system (wi th  the  v ia ,  of space appl icat ion at  some Iater time) of two 
mirrors where every component i s  used b a k e .  For a s t r o m e f r i c  p q o s e s  i n  space, one may 
achieve a f o w l  length of 8000 inches dith tvo mirrops only. This instrument i t s e l f  would 
be only 400 inches long, and well comected. 
Gatewood : Vhat i s  the practical size of a corra?tor plate? 
Discussion continued on the following page. 
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Baker : Different   opt ical   sc ient is ts  w i  22  g ive   di f ferent  answers to   th i s   ques t ion .  From the stand- 
point of glass technology, the limit i s  a diameter of well over 100 inches. Schott has 
ma& a disc  of 93 inches od i s  able to make almost objective grade discs of 150 inches 
diameter, if required. I think these couM be used i n  a telescope without much a h g e r  in 
sp i t e  of t he i r  weight and other technical problems. 
K. Strand : Ghat wouM the cost be for the objective which you described? 
Baker : That  depends, of course, a the   r ig id i ty  of the   speci f icat ions.  An eight  inch  aperture 
system for astrometric applications wouZd  come t o  about $30 000.00, I guess. 
Dieckvoss : A t  Hamburg L)e paid $6000.00 for a standard 20011 Ross objective of 2 0 0 m  focal T,ength, 
made by Zeiss i n  Jena. - 
Baker : The cost   also depends, of  course, on h m  much testing  the manufacturer will have t o  do. 
The Lick Camzegie yeZlm object ive  has one spher ic   sur face  which was used to eliminate 
some residual coma, which i s  a monochromatic error ,  The aspheric surfaces i n  the system 
on which I reported have the purpose of aZZming the other component parameters a greater 
lat i tude so that  we get a very short system which i s   s t i l l   f u l l y  corrected for chromatic 
spherical aberration. Even over  the  f ie  Zd with the longitudinal color, the secondary 
spectrum accounts for practically everythizg that is  calcuZated by  the ray tracing. The 
image radius i n  red l igh t ,  for e x q l e ,   i s - 3 0  microns, and it i s  38 microns for  the blue 
color. There i s  hardly any dependence of the spherical correction on color over that 
f u l l  mnge. The cost of such a system w i l l  be high because of the aspheric work and man- 
datory precision. 
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COMPARISON OF PHOTOGRAMMETRIC  AND  ASTROMETRIC 
DATA  REDUCTION RESULTS FOR THE  WILD BC-4 CAMERA 
D. H. Hornbarger 
Ivan  I. Mueller 
and 
Department of Geodetic Science 
The Ohio S t a t e  U n i v e r s i t y  
ABSTRACT 
This paper compares the resul ts  of astrometric 
and photogrammetric plate reduction techniques for 
a short focal length camera. Several astrometric 
mode 1s are tested on en t i re  and Zimited plate areas 
t o  analyze their a b i l i t y  t o  remove systematic errors 
from interpolated satell i te directions using a rigor- 
ous photogrammetric  reduction  as a standard.  Residual 
p lo t s  are employed t o  graphically iZZustrate the an- 
alysis. Conclusions are made as t o  what conditions 
w i l l  permit the astrometric reduction to achieve com- 
parable accuracies to  those  of photogrammetric re- 
duction when appZied for   short   focal   length  bat l is-  
t i c  cameras. 
INTRODUCTION 
We are concerned  here  wi th  the  opt ica l  de te rmina t ion  of  a satel l i te ' s  po- 
s i t i o n  u s i n g  w i d e  a n g l e  b a l l i s t i c  t y p e  cameras i n  which t h e  s a t e l l i t e  is  photo- 
graphed against  a background  of stars. B a s i c a l l y ,  t h e r e  are two methods  of 
der iving the necessary information from these photographs,  one by t h e  L'photo- 
grammetric ' '   reduction  method  and  the  other by the "astrometr ic"  method.  In  
the photogrammetric approach, the attempt is t o  d e s c r i b e  term by term t h e  phy- 
s i c a l  n a t u r e  o f  t h e  v a r i o u s  phenomena which displace the image on the photo-  
graphic  p l a t e  w i t h  r e s p e c t  t o  i ts  t rue  geomet r i c  pos i t i on  and t o  d e t e r m i n e  t h e  
parameters  def in ing  these  phenomena i n  a s i n g l e  least s q u a r e s  s o l u t i o n  t o g e t h e r  
wi th  the  e lements  of  ex ter ior  and  in te r ior  or ien ta t ions .  The a s t rome t r i c  t ech -  
nique i s  based on t h e  p r o j e c t i v e  e q u a t i o n s  i n  w h i c h  c e r t a i n  e f f e c t s  c a u s i n g  
sys temat ic  image displacements are not  modeled s u f f i c i e n t l y .  F o r  t h i s  r e a s o n  
i n  t h e  case of t h e  l a r g e  f i e l d  b a l l i s t i c  cameras, the  a s t rome t r i c  t echn ique  
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can be  success fu l ly  used  on ly  a f t e r  the a p r i o r i  removal of certain sys t ema t i c  
d i s t o r t i o n s  o r  by l i m i t i n g  the u s e f u l  area o f  t h e  p l a t e .  
The purpose of t h i s  i n v e s t i g a t i o n  was t o  f i n d  o u t  w h e t h e r  the a s t r o m e t r i c  
t echn ique  cou ld  be  used  fo r  t he  p l a t e s  taken by the Wild BC-4 camera ( f o c a l  
l eng th ,  303mm; f i e l d ,  33" X 33"):  what  k ind  o f  sys t ema t i c  e f f ec t s  need  to  be  re- 
moved a p r i o r i   o r  how l a r g e  a por t ion  of  the p la te  can  be  reduced  wi thout  a p r i -  
o r i  c o r r e c t i o n s .  
D r .  Hellmut  Schmid, Director  of  the Geodet ic  Laboratory of  ESSA,kindly  pro- 
vided measured star and s a t e l l i t e  p l a t e  coord ina te  da t a  f rom th ree  pho tograph ic  
p l a t e s  t a k e n  f o r  t h e  USC&GS sa te l l i t e  t r i a n g u l a t i o n  p r o j e c t .  The p l a t e s  had 
b e e n  e x p o s e d  s i m u l t a n e o u s l y  a t  t h r e e  s t a t i o n s ,  t h e  s a t e l l i t e  b e i n g  Echo 11. 
Wi th  these  da t a ,  t he  poss ib i l i t y  o f  r educ ing  them wi th  va r ious  a s t rome t r i c  mod- 
e l s  was i n v e s t i g a t e d .  The r e s u l t s  were compared t o  t h o s e  o f  t h e  USC&GS highly  
sophis t ica ted   photogrammetr ic   reduct ion .   Here in ,   the   resu l t s  of t h e   e x e r c i s e  
f o r  o n e  p l a t e  o n l y ,  r e p r e s e n t a t i v e  o f  a l l  three, w i l l  be  d iscussed .  
The r e su l t s  suppor t  p rev ious  knowledge  and as such are n o t  s t a r t l i n g .  How- 
eve r ,  t hey  do  demons t r a t e  t ha t  i n  the  case of such a l a r g e  f i e l d  of view, the 
photogrammetric method of p l a t e  r e d u c t i o n  i n  f a c t  models t he  s ign i f i can t  sys t em-  
a t i c  d i sp l acemen t  e f f ec t s  success fu l ly  wh i l e  t he  va r ious  a s t rome t r i c  me thods ,  
wi thout  the  a p r i o r i  r emova l  o f  ce r t a in  sys t ema t i c  e r ro r s ,  are incapable  of  
doing so .  
THEORF.TICAL BACKGROUND 
The Photogrammetric Reduction 
A s  mentioned above, the photogrammetric approach a t t e m p t s  t o  i d e n t i f y  t h e  
main sources  of  systematic  errors  and model  them mathemat ica l ly  for  the  least 
squares   solut ion.   Without   regard  to   any  physical   inf luences on the  emulsion, 
t h e  s y s t e m a t i c  e r r o r s  u s u a l l y  modeled are those  con t r ibu ted  by the comparator 
which  do no t  cance l  a f t e r  r epea t ing  the  measu remen t s  i n  d i f f e ren t  pos i t i ons ,  and 
t h e  v a r i o u s  e r r o r s  c o n t r i b u t e d  to t h e  d i s t o r t i o n  o f  t h e  camera ob jec t ive .   S ince  
stars provide  the  re ference  f rame,  the  apparent  stars '  p o s i t i o n s  are co r rec t ed  
fo r  a s t ronomica l  r e f r ac t ion  and  d iu rna l  abe r ra t ion ,  be fo re  beg inn ing  the  ad jus t -  
ment. 
The formulas used by t h e  USC&GS in  the  photogrammetr ic  reduct ion  are shown 
i n  T a b l e  I.  This  method of r educ t ion  i s  cons idered  representa t ive  of the  photo- 
grammetric approach i n  g e n e r a l .  
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PHOTOGRAHMETRIC FORMULAS 
TABLE I 
A. Corrections for  Systematic  Effects on Image and Object  Space 
(1) The apparent reference  star positions  for  the  epoch  and  equator 
and  equinox of  observation  are corrected  for  diurnal  aberration. 
( 2 )  Astronomical  refraction  (Garfinkel  model) is applied  to the updated star 
positions  from (1): 
‘I1 = 1050.61030, I I ~  = 706.11502, ‘13 = 262.06086, = 142.67293. 
(3) Nonperpendicularity of the comparator axes is considered by 
- 
x =  ”s + “YB , Y = YB 
( 4 )  Radial  lens  distortion is  modeled as follows: 
X* = x - (x-x ) , and  y* = 7 - 5 (y-ys) , “here d s  
- =  At Kld2 + K7d4 + K3db, and 
d2 = ( x - x  ) + (y-~,)~ 
( 5 )  Lens  decentering  distortion  requires the following  formulas: 
x* = x - AT[DC,sin$ + DC~COSO ] , 
y* = y - AT(DC3cosO + DC2sin$Tl , where 
DCI = 2(x-xS)’/dz + 1 
DC2 = 2(y-ys)’/d2 + 1 
DC3 = 2(x-xS)  (y-ys)/d2 
AT = Kqd’ + Kgd4 
1%. The Central  Projection 
__- 
( A I ~  + D I Y  + ClZ) 
+ x  
Y q P ’  
y = c  - 
( A 7 X  + B:Y + C,Z) 
9 + YP ’ with 
q - DX + EY + FZ , where 
‘Al = -cosacosK + sinasinwsinr. 
B, = -coswsinl: 
C, = sinacosrr + cosasinwsinr 
A2 = -cosasin<  -sinasinwcosr 
B2 = COSwCOSK 
C2 sinasin< -cosasinwcos< 
0 = sinacosw 
E = sinw 
F = cosacosw, and 
X = cos a  cos  A 
Y = cos a  sin  A 
2 = sin A 
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The various  symbols in the  table  denote  the  following: 
unrefracted  zenith  distance 
refracted  zenith  distance 
temperature in degrees  Kelvin 
barometric  pressure in millimeters 
standard  pressure  and  temperature 
measured  plate  coordinates 
angle of nonperpendicularity  (unknown) 
undistorted  plate  coordinates 
coordinates  of  the  origin of distortion  (unknown) 
coefficients of  radial  lens  distortion  (unknown) 
angle  between  the axis and  the  axis of  maxi- 
mum  tangential  lens  distortion  (unknown) 
coefficients  of  tangential  lens  distortion (un- 
known) 
coordinates of  the  principal  point  (unknown) 
principal  distances  from  the  projection  center 
to the X and 7 axes  (unknown) 
coordinates  of  the  point  in  object space 
Eulerian  rotation angles to  transform  from  ob- 
ject  space to  the plate  coordinate  system x ,  y.c 
(unknown) 
altitude  and  azimuth 
The parameters  to  be  determined  from  the  least  squares  adjustment are
designated "(unknown)" above. There  are 16 of  them. 
The Astrometric  Reduction 
In  con t r a s t  t o  t he  pho togrammet r i c  r educ t ion  in  the  a s t rome t r i c  t echn ique  
gene ra l ly  no p h y s i c a l  i n t e r p r e t a t i o n  is  a t t empted  excep t  t he  imp l i c i t  r e l a t ion -  
ship between the plane of  the photograph and a p l a n e  t a n g e n t  t o  t h e  c e l e s t i a l  
sphere.  The models t e s t e d  c o n t a i n  s i x  o r  more p l a t e  c o n s t a n t s  t h a t  are c o e f f i -  
c i e n t s  i n  l i n e a r  o r  h i g h e r  o r d e r  e q u a t i o n s  r e l a t i n g  o b j e c t  and image space. 
These constants are no t  a r r anged  to  co r rec t  fo r  spec i f i c  sys t ema t i c  e r ro r s  ( ex -  
c e p t  i n  t h e  case of a t r ans l a t ion  t e rm) ,  bu t  t hey  are expected to  absorb certain 
po r t ions  of t he  combina t ion  o f  va r ious  sys t ema t i c  e r ro r s ,  such  as astronomical  
r e f r ac t ion ,  annua l  and d iu rna l  abe r ra t ion  ( s ince  a s t ronomers  usua l ly  work wi th  
mean r a t h e r  t h a n  a p p a r e n t  p o s i t i o n s ) ,  e r r o r s  r e s u l t i n g  from.unknown o r i e n t a t i o n  
of t he  t angen t  p l ane ,  and  even  l ens  d i s to r t ions  in  some cases .  The a s t r o m e t r i c  
technique i s  s imple  in   concept   and is easy   to   apply .   I f   accurac ies   comparable  
t o  t h o s e  from the photogrammetric technique could be obtained, i . e . ,  i f  t h e  
same sys t ema t i c  e r ro r s  cou ld  be  removed, i t s  economical  aspects  would make i t  
extremely appeal ing.  
The fo l lowing  a s t rome t r i c  models were t e s t e d :  
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Model 1: Pro jec t ive  Equa t ions  
x =  A < + B n + C '  a< + bn + 1 
DE, + EQ + F 
Y = a c + b ~ + l ,  
Model 2: 
8 (6 independent )  p la te  cons tan ts  
> 
x = A + B e  + CQ + DE2 + E<Q + Fq2 + GE3 
+ HE2q + P<n2 + Qq3 
y = A '  + B ' <  + C ' Q  + D I E 2  + E ' < q  + F 1 n 2  
+ G ' E 3  + H'C2q + P'<q2 + Q'q3 I 
Model 3 :  
x = A < + B q + C  
y = D < + E n + F  1 
20  p l a t e  c o n s t a n t s  
6 p l a t e  c o n s t a n t s  
I n   t h i s   e x e r c i s e   t h e   q u a n t i t i e s  x and y r e p r e s e n t   h e  measured (uncor- 
r e c t e d )   p l a t e   c o o r d i n a t e s ;  < and q are the   s t anda rd   coord ina te s  computed 
from the apparent  posi t ions of  the reference stars co r rec t ed  fo r  d iu rna l  abe r ra -  
t i o n  and  as t ronomica l  (Garf inke l )  re f rac t ion .  
I n  a l l  t he  a s t rome t r i c  r educ t ions  the  measured p l a t e  c o o r d i n a t e s  were con- 
s ide red  obse rved  qua t i t i e s  and the  s t anda rd  coord ina te s  were regarded as known. 
A l l  observed coordinates  had equal  weights .  The same image is  u s e d  t o  b e  t h e  
o r i g i n  o f  t h e  p l a t e  coord ina te  sys tem as t h e  o r i g i n  of t he  s t anda rd  coord ina te  
system. 
RESULTS  OF THE EXPERIMENT 
Photogrammetric Residuals 
F igure  1 shows t h e  star (and s a t e l l i t e )  image l o c a t i o n s  on one of the plates 
t h a t  were used i n  t h e  r e d u c t i o n s .  The values  of  the s ixteen photogrammetr ic  
parameters  obtained from the USC&GS w e r e  appl ied  wi th  the  updated  star posi-  
t i o n s  t o  compute the  "ad jus t ed"  p l a t e  coord ina te s .  
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FIGURE 1 
Obse rved  S ta r  and S a t e l l i t e  L o c a t i o n s  
S a t e l l i t e  i m a g e s  a r e  numbered 126-494 
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The residuals between the adjusted and measured coordinates of the stars 
were p l o t t e d  and are shown i n  F i g u r e  2 . The s tandard  e r ror  of  un i t  weight  
(q) as quoted  f rom  the  or iginal  USC&GS reduct ion  w a s  2 . 8 0 ~ .  N o t i c e  t h e  appar -  
e n t  randomness of  the residual  plot  and t h e  small magnitude of '  the  residuals .  
Residuals from Astrometric Model 1 
T e s t  1. I n  t h i s  test Model 1 w a s  a p p l i e d  t o  t h e  e n t i r e  p l a t e  area. This  
involved 106 reference s ta r  images.  The s tandard error  of  uni t  weight  a f t e r  
reduct ion  w a s  7.811.1. F igure  3 shows the  r e s idua l  p lo t ,  sys t ema t i c  e r ro r s  obv i -  
ous ly  r ema in ing  and  s i zeab le  a f t e r  r educ t ion .  
Test 2. It w a s  d e s i r e d  t o  f i n d  o u t  how g r e a t  t h e  e f f e c t s  o f  d e c e n t e r i n g  
d i s t o r t i o n  were i n  r e g a r d  t o  Model 1. T h e r e f o r e ,  d e c e n t e r i n g  d i s t o r t i o n  w a s  
removed  from the  measured  coord ina tes .  S t i l l  remain ing ,  then ,  were r a d i a l  d i s -  
t o r t i o n  e f f e c t s  and the nonperpendicular i ty  of  the comparator  axes .  The  reduc- 
t i o n s  were performed as i n  T e s t  1. The  change i n  t h e  p l o t t e d  r e s i d u a l s  compared 
t o  t h o s e  i n  F i g u r e  3 appeared to  be minimal .  The s t anda rd  e r ro r  o f  un i t  we igh t  
w a s  7 . 7 7 ~ .  
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FIGURE 3 
Astrometric  Model 1 Residuals:  Test 1 
Projective  equations  applied to measured  coordinates 
mo = 7.81~ 
Test 3 .  This  time a l l  d i s to r t ions   ( i nc lud ing   nonpe rpend icu la r i ty  of t h e  
compara to r  axes ,  a l though  th i s  e f f ec t  is  a l so  a lmos t  neg l ig ib l e )  were removed 
a p r i o r i  from the measured coordinates.  The reduct ions  were performed as i n  Test 
cal  to   the   res idua ls   o f   the   photogrammetr ic   reduct ion   (F igure  2 ) .  The s tandard  
e r ro r  o f  un i t  we igh t  w a s  2 . 6 2 ~ .  
1. The r e s i d u a l s  are shown i n   F i g u r e  4 . These, as expected, are a lmost   ident i -  
Test 4 .  The ques t ion  to  be  answered  in  th i s  test w a s  how f a r  o u t  f r o m  t h e  
o r ig in  can  the  r educ t ion  be  pe r fo rmed  wi thou t  a p r i o r i  removing t h e  d i s t o r t i o n s  
and s t i l l  g e t  s a t i s f a c t o r y  r e s u l t s .  
The photogrammetric  model was expanded in to   po lynomia l s   i n  x and y . The 
r e s u l t s  are  as fol lows:  
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FIGURE 4 
A s t r o m e t r i c  Model 1 R e s i d u a l s :  Test 3 
P r o j e c t i v e  e q u a t i o n s  a p p l i e d  a f t e r  a l l  d i s t o r t i o n s  were 
removed from measured  coord ina tes  
mo = 2 . 6 2 ~  
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Astrometric Model 2 Residuals 
mo = 3.39~ 
For ease o f  ana lys i s ,  assume now that  an image i s  p ro jec t ed ,  w i thou t  d i s to r -  
t i o n s ,   o n t o   t h e  x axis. In t h i s  case t h e   f i r s t   e q u a t i o n   a b o v e  becomes 
5 = X 4- x ~ ( ~ K ~ c o s $ ~ )  + x3(K1) + X4(3KgCOS'$~) + x5(K2) i- x7(K3) . 
The e r r o r  committed by us ing  the  p ro jec t ive  equa t ions  is  the re fo re  g iven  by 
x - x. B 
A f t e r  some p r e l i m i n a r y  i n v e s t i g a t i o n ,  t h e  maximum a l l o w a b l e  d i s t o r t i o n  a r i s i n g  
from the above equat ions was set to  161~.  This  l i m i t  was found to  be  r eached  a t  
a t  radius  of  about  4cm. After applying Model i f o r  s u c h  a r e s t r i c t e d  area around 
t h e  c e n t e r  o f  t h e  p l a t e ,  t h e  r e s i d u a l s  were found to  be  apparent ly  random  and t h e  
s t a n d a r d  e r r o r  of un i t  weight  m = 3.2411, n e a r l y  t h e  same as i n  Tests 1 and  3. 
When t h e  area w a s  decreased  to  a c i rc le  of 3.5cm r a d i u s ,  mo decreased  to  2.4011. 0 
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Residuals from Astrometric Model 2 
F igure  5 shows t h e  r e s i d u a l  p l o t  when Model 2 i s  a p p l i e d  t o  the e n t i r e  
p l a t e  area without  a p r i o r i  c o r r e c t i o n s  f o r  s y s t e m a t i c  camera or  compara tor  er- 
ro r s .  These  p lo t s  are approaching i n  randomness  and  magnitude the r e s i d u a l s  o f  
the photogrammetric reduction. The s t anda rd  e r ro r  o f  un i t  we igh t  was found t o  
be 3 . 4 0 ~ ~  s l igh t ly  h igher  than  tha t  of  the  photogrammetr ic  reduct ion .  
When the polynomials  are c a r r i e d  o u t  t o  f i f t h - o r d e r  terms, i t  is conjec tur -  
ed t h a t  t h e  e r r o r  would f u r t h e r  d e c r e a s e  by about 1 p .  I n  t h i s  case, however, 
t h e  l a r g e  number of unknown parameters would r ende r  the  method even less econom- 
ical  than  Model 2 or the photogrammetric method. 
Residuals from Astrometric Model 3 
To f i n d  t h e  area where Model 3 may be  app l i ed  wi th  accep tab le  r e su l t s ,  t he  
following  empirical   approach w a s  taken:  Assume t h a t  Model 2 is r i g o r o u s .   I f  
t h e  s i g n i f i c a n t  terms are kep t  i n  the  po lynomia l s  a f t e r  t he  ad jus tmen t ,  t he  fo l -  
lowing  equat ions  def ine  the  t ransformat ions  on t h e  p l a t e :  
X = 0.0465 - 0 . 3 0 ~  - 0.0001952 + 0 . 0 0 0 8 9 5 ~  + 0 . 0 0 1 0 ~ ~  B 
YB = 0.305 + 0.0460 - 0.001052 - 0.001150 - 0 . 0 0 0 1 7 ~ ~  
I n  a prel iminary adjustment  in  which Model 3 and stars i n  a c i r c u l a r  area of a- 
bout 2.5cm rad ius  were employed, t he  fo l lowing  empi r i ca l  r e l a t ionsh ips  were 
found  (d i s r ega rd ing  the  t r ans l a t ion  t e rm) :  
% = 0.0465 - 0.300 , 
yB = 0.305 + 0.04611 . 
It is  e v i d e n t  t h a t  t h e  maximum magnitude o f  t he  neg lec t ed  terms i s  i n  t h e  o r d e r  
of 0 .0011g~  . I f  t h e  e r r o r  committed by u s i n g  t h i s  model i s  t o  b e  less than  3 p ,  
the  usable  area appears  to  have  a radius  of  about  2.2cm. Applying Model 3 f o r  
such an area a f t e r  i t e r a t i n g  f o r  t h e  p l a t e  c e n t e r ,  i t  w a s  found tha t  the  s tand-  
a rd  e r ro r  o f  un i t  we igh t  w a s  2 . 5 9 . ~  . 
CONCLUSION 
The p ro jec t ive  equa t ions  canno t  be  used  to  r educe  the  en t i r e  area of a 
Wild BC-4 stellar p l a t e .  Unmodeled d i s t o r t i o n  e f f e c t s  are too  grea t  toward  the  
outer  edges  of  the  p la te .  However, i f  t h e  l e n s  d i s t o r t i o n  p a r a m e t e r s  are known 
and f a i r l y  c o n s t a n t  f o r  a given camera, then  the  p ro jec t ive  equa t ions  (wi th  two 
condi t ions)  couldbe used af ter  the measured coordinates  have been corrected for  
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l e n s  d i s t o r t i o n  e f f e c t s  and the apparent  stellar coord ina te s  are c o r r e c t e d  f o r  
d i u r n a l   a b e r r a t i o n   a n d   r e f r a c t i o n .  The behavior  of the d i s t o r t i o n   c h a r a c t e r -  
istics of the lens  used  over  a per iod of  t ime is n o t  known t o  the authors .  How- 
ever, i f  it is  n o t  n e c e s s a r y  t o  r e c a l i b r a t e  the camera a f t e r  each exposure,  i t  
a p p e a r s  t h a t  t h e  p r o j e c t i v e  e q u a t i o n s  c o u l d  b e  a p p l i e d  by  means of the  procedure  
j u s t  d e s c r i b e d  t o  o b t a i n  r e s u l t s  p r a c t i c a l l y  e q u a l  t o  t h o s e  w h i c h  a complete 
photogrammetric reduction would p r o v i d e .  I f  no a p r i o r i  c o r r e c t i o n s  are made 
f o r  l e n s  d i s t o r t i o n s  b u t  s t i l l  the  appa ren t  stellar coord ina tes  are co r rec t ed  
f o r  d i u r n a l  a b e r r a t i o n  a n d  r e f r a c t i o n ,  t h e n ,  as the experiment  shows a t  l e a s t  
i n  t h e  case o f  t h e  t h r e e  p l a t e s  d i s c u s s e d  h e r e ,  a confined area no t  g rea t e r  t han  
4cm (abou t  8" )  i n  r ad ius  f rom the  p l a t e  cen te r  can  s t i l l  be reduced with good 
r e s u l t s .  An image as c l o s e  as poss ib l e  to  the  gemomet r i ca l  p l a t e  cen te r  shou ld  
be  se l ec t ed  as the  o r ig in ,  bu t  no  i t e r a t ion  t echn ique  need  be  app l i ed  to  ob ta in  
a be t te r  approximat ion .  
It is  also obvious from the resul ts  of  the experiment  with Model 2 (poly- 
n o m i a l )  t h a t  i f  enough h igher  order  terms are inc luded  in  the  equa t ions ,  t he  
r educ t ion  r e su l t s  can  be  made comparable to  those  obta ined  photogrammetr ica l ly  
without  applying a p r i o r i  c o r r e c t i o n s  f o r  s y s t e m a t i c  camera and comparator er- 
r o r s .  However, t h e  20  unknowns (up to   t h i rd -o rde r   t e rms)  of Model 2 a l ready  
jus t i fy  the  use  of  the  comple te  photogrammetr ic  reduct ion .  
Even Model 3 can be appl ied without  a p r i o r  c o r r e c t i o n s  w i t h  c a u t i o n  u n d e r  
the  fo l lowing  condi t ions :  
(a) The s a t e l l i t e  image(s )  should  be  loca ted  c lose  to  the  geometr ica l  p la te  
c e n t e r  and  comple t e ly  con ta ined  in  the  f i e ld  o f  r e fe rence  stars u s e d  i n  t h e  
reduct ion.  
r ad ius .  
p roximat ing  the  geometr ica l  cen ter  as c l o s e l y  as poss ib le ,  an  i te ra . t ion  technique  
shou ld  be  used  to  ob ta in  the  bes t  o r ig in  fo r  bo th  the  p l a t e  and standard coordi-  
na te  sys tems.  
(b) The area of reduct ion should be no g rea t e r  t han  a c i r c l e  of 2cm (4") 
(c)  The choice  of  the  or ig in  should  be  made with extreme care.  After ap- 
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DISCUSSION 
Vasilevskis: I would l i ke  to  see  another t e n  used f o r  what you call  the Astrometric Method. Astro- 
metr is ts  have known about the rigorous reduction for a long time. The use of the neces- 
sary t e n s  i n  t h e  r e d u c t i o n  method requires a computation effort that used t o  be very 
time conswning before the advent of computers. AZso, every sophistication requires 
new constants. These cannot be rel iably  determined waless there i s  a  su f f ic ien t  number 
of reference stars available. The large f i e l d s  of s a t e l l i t e  photogmphs present, of 
course, different problems than the smaller, narrow ones in  t rad i t iona l  photographzc 
astrometry. 
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Schmid: This  appears t o  be a. d i f f e r e n c e   i n  nomenclature m l y  . From a mathematical  standpoint, 
the  two are i n  e f f e c t  i d e n t i c a l .  The variety i n  the modeling approczches OCCUTS mostly 
because dif ferent lens systems require dif ferent terms i n  the reduction model f o r  t he  
consideration of the imperfections of the lens system's imaging qual i ty .  The wider 
the  f i e ld ,  t he  more sophisticated the reduction model must be. 
Eichhorn :  Mr. Hornburger's comparison is not   qui te   val id .  The superiority of what he ca l l s   t he  
"photogrammetric method" cannot be demonstrated by reducing certain measurements f i rs t  
rigorously and then by  means of an inadequate reduction model. The radial  dis tort ion 
terms would have t o  be included in the so-called astrometric model as well  as i n   t h e  
rigorous so-called photogrammetric model, otherwise there are obvious Zy going t o  be 
s igni f icant  sys temat ic  res iduak  i n  the former. 
M u e l l e r :  !l'he purpose of Mr. Hornbarger's investigation was no t   t o  prove the  superiority of the 
photogranmetric method. I t s  p o i n t  was m t h e r  t o  demonstrate the usefulness of cameras 
with focal lengths between 300 and 1000 millimeters for obtaining the coordinates of 
s a t e l l i t e s ,  which possibly had been doubted by some of t he  par t idpan t s  i n  the  Confer- 
ence on S tar  Catalogues at  the University of Maryland i n  1967, who claimed that high 
accuracy could be obtained only with long focus cameras. 
What really determines the approach t o  use for  the proper reduction method i s  not the 
focal length but rather the size of t he  f i e ld .  Large f ields require sophisticated re- 
duction models, but for small fields the application of the same complicated reduction 
models with so many parameters would be a waste of e f f o r t .  
Veis: 
Brown: Everyone speaking  before me i n   t h i s   d i s c u s s i o n  has missed  the  fundamental  difference 
between photogranmetric and astrometric methods: while the formulas used i n  t h e  l a t t e r  
may be regarded as series expansions of the former, the two se t s  of f o m l a s  would be 
equivalent only i f  the two existing, but abays unenforced relationships between the 
eight  parameters i n  the astrometric model (Hornbarger 19701 were enforced.  Thus,  the 
Pho%?ra7PnetriC method preserves properties of the centra2 projection while the astro- 
metric method t y p i c a l l y  f a i l s  t o  do t h i s .  
S t  r a n d  : In astronomical  practice it i s  usually  not  necessary to  locate  the  tangential   point by 
calculation, and t h i s  removes two unknowns from  the  adjustment. A t  the bl-inch tele- 
scope of the USNO, for instance,  the tangential  point i s  found by means of a special 
collimation system. 
R o s e n f i e l d :  The e s sen t ia l  po in t  i s  no t  how  many parameters are in  the reduct ion model, but rather 
how  many of these are determined by adjustment rather than previous calibration. Only 
parameters deterrrtined in  the  reduct ion  carry a danger of lowering the all-over accur- 
acy of the  resul ts .  
V a s i l e v s k i s :  I n  astronom :a1 work, an affine transformation model i s  u sua l l y  adequate f o r  long 
focus work. This has been  very f u l l y  documented by van de K a m p .  Zurhellen i n  h i s  
d i sser ta t idn  and A .  Koenig i n  t h e  "Handbuch der Astrophysik" have treated the case Of 
wider angles and used what goes now by the name of "Photogrammetric model". Beyond 
these cZussical wide angle applications, there i s  now a third generation "super wide 
angle" astrometry, which i s   i n  principle  not  in  any way dif ferent from the others,  
even i f  it requires some modification in the technique. 
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ASTROMETRIC  INVESTIGATIONS AT  THE  VIENNA  OBSERVATORY 
AND  ASTROMETRIC  PLANS FOR THE 60" REFLECTOR 
OF THE L. FlGL  OBSERVATORY 
Joseph  Meurers 
Universitzts-Sternwarte, Vienna 
ABSTRACT 
A short discussion of  the astrometric instru- 
ments a t  the Vienna  Observatory i s  given. The es- 
sentiaZ features of design and organization of the 
pZanned 60 inch  teZescope  are  described.  Further- 
more, severaZ points of  view concerning modern as- 
trometry are discussed, espeeiaZ Zy the usefuZness 
of comparing astrometric resuZts based upon d i f f e r -  
ent instruments, for  instance the comparison be- 
tween mirrors and refractor based data. Some ex- 
amples are given together with n m  immediate re- 
suZts. LastZy, as far as possib Ze a t  t h i s  moment 
astrometric plans for the new t e  Zescope are f o m -  
Zated. 
THE  SITUATION OF THE  VIENNA  OBSERVATORY 
The  situation  of  the  Vienna  Observatory  is  typically  that  of  an  observatory 
founded in  the  19th  century  in  connection  with  a  university:  immediate  neigh- 
borhood  of  large  settlements a.ld towns,  and  thereby  continuously  deteriorating 
observing  conditions.  Most  instruments  were  built in  the  last  century. 
The Observatory  possesses  thus  the  27  inch, 10 meter  focal  length,  "Large 
Refractor",  two  refractors  of 12 inches  and 8 inches  each,  and  the 13 inch Norm- 
al  Astrograph.  Beside  .these,  there  is  a 16 inch  mirror,  mostly  used  for  photo- 
electric  measurements. 
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FIGURE 1 
Ray t r a c i n g  d i a g r a m s  o f  t w o  p o s s i b l e  o p t i c a l  s o l u t i o n s  f o r  t h e  Vienna  Ritchey- 
C h r e t i e n  f r o m  t h e  a s t r o m e t r i c  p o i n t  of view. 
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Equipment of this t y p e  may s t i l l  be  cons ide red  "va luab le  fo r  s c i ence"  as 
long as t h e r e  are problems t o  b e  s o l v e d  with any of it which cannot  be t reated 
b e t t e r  and much more e f f i c i e n t l y  by more modern instruments. Such a d e f i n i t i o n  
of l'value'' i s  u s e f u l  f o r  p r e v e n t i n g  the evaluation of equipment only on the 
b a s i s  of  emotion.  Refractors ,  in  our  opinion,  are g e n e r a l l y  n o t  o b s o l e t e  i n  
t h e  s e n s e  of t he  de f in i t i on  above  fo r  t he  fo l lowing  r eason :  a l though  p rac t i ca l -  
l y  a l l  ast rophysical  problems and quest ions are t h e  l e g i t i m a t e  domain of o p t i c a l  
r e f l e c t o r s  and  r ad io  t e l e scopes ,  r e f r ac to r s  s t i l l  h a v e  t h e i r  p l a c e  f o r  t h e  ex- 
act  imaging  of  the  sphere  onto  the  photographic  p la te .  Also ,  the  qua l i ty  of  
photographic  images intended for  measurement  of  their  yosi t ions which one can 
a c h i e v e  w i t h  r e f r a c t i o n  o p t i c s  i l l u s t r a t e s  v e r y  w e l l  t he  con t inued  use fu lness  
of l a r g e  and medium s i z e d  r e f r a c t o r s .  T h i s  i s  demonst ra ted ,   for   ins tance ,  by 
the important ,  and as may be hoped,  successful  enterpr ise  of  the photographic  
AGK3 a t  t h e  Hamburg-Bergedorf Observatory.  The most s e r i o u s  l i m i t a t i o n  of re- 
f r a c t o r s  w i t h  r e s p e c t  t o  a s t r o m e t r i c  p r o b l e m s  is  p robab ly  the  f a in tness  of t h e  
stars; one can reach about  the 13th photographic  magnitude,  a t  least i n  n o r t h e r n  
climates, with  normal  exposure times. However,  modern  Schmidt t e l e scopes  and 
Ritchey-Chret ien mirrors  provide excel lent  measurable  images covering larger  
f i e l d s  down to  magnitudes,   normally  out  of  reach  of most r e f r a c t o r s .  One thus  
wonders i f  i n  view of t h i s ,  r e f r a c t o r s  are not  ou tda ted  and  def in i te ly  obsole te  
a f t e r  a l l .  This  i s  the pr incipal  problem facing Vienna Observatory and its one- 
h a l f  t o  n e a r l y  o n e  f u l l  c e n t u r y  o l d  r e f r a c t o r s .  
THE L. FIGL OBSERVATORY AND I T S  TELESCOPE 
I n  s p i t e  of the development of modern a s t r o m e t r i c  r e f l e c t o r s ,  t h e  r e f r a c t -  . 
o r s  are st i l l  use fu l   i n s t rumen t s   i n   a s t rome t ry .   Th i s  i s  shown, f o r  i n s t a n c e ,  
by t h e  work of Jackson (1968), who used the Vienna Large Refractor.  van de 
Kamp's (1962) ideas  must a lso be noted.  But  the main  problem now i s  the  coord i -  
na t ion  of r e f r a c t o r s  and  modern m i r r o r s  f o r  a s t r o m e t r i c  work.  Sinc,e,  however, 
r e f l e c t o r  plates  contain always more i n f o r m a t i o n  t h a n  r e f r a c t o r  p l a t e s ,  r e f r a c -  
t o r s ,  i n  compar i son  wi th  mi r ro r s ,  are usefu l  main ly  for  those  special  purposes 
t h a t  r e q u i r e  l a r g e  f o c a l  l e n g t h s .  Examples f o r  t h i s  are a s t r o m e t r i c  r e l a t i v e  
p o s i t i o n s  of narrow binar ies ,  paral laxes  and proper  motions of  objects  of  small 
angular  s ize ,  such  as ind iv idua l  stars and star c l u s t e r s .  
The new t e l e scope  of t h e  L.  F ig1  Obse rva to ry  in  the  Vienna Woods has been 
des igned  wi th  an  eye  on  these  cons idera t ions .  It w i l l  be housed 880m above sea 
level and 50 k i lometers  southwes t  of  the  c i ty .  Of course,  it may t u r n  o u t  t h a t  
t h i s  60 inch  t e l e scope  w i l l  be  used  ch ief ly  for  as t rophys ica l  purposes ,  bu t  it 
w i l l  a l s o  b e  u s e f u l  f o r  a s t r o m e t r i c  work, s i n c e  it was designed as a multi-pur- 
pose te lescope.  It may be used as an f:8.3 Ritchey-Chrgtien,  with an f:15 Cas- 
s e g r a i n  and an  f :30  Coud6. The a s t r o m e t r i c  work w i l l  be  ca r r i ed  ou t  on t h e  R i t -  
chey-Chre%ien mode. S ince  it was imposs ib le  to  have  even  a Ritchey-ChrLtien 
conf igu ra t ion  that would have been ideal  for  as t rophysical  as w e l l  as a s t r o m e t r i c  
purposes ,  the adopted optimum ilesign had t o  b e  a compromise, shown on t h e  r i g h t  
hand s i d e  of  Figure 1 ( a f t e r  B.G.Hooghoudt, Leiden).   This  so-called  Optimized 
Ritchey-Chreiien  System  employs two f i e l d  l e n s e s .  T h i s  i m p l i e s  t h a t  t h e  m i r r o r s  
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w i l l  no t  be  f , igured  exac t ly  as i n  t h e  classical Ritchey-ChrGtien  design.  The 
upper  par t  of  Figure 1 shows images a t  several wave leng ths  fo r  d i f f e ren t  d i -  
s tances  f rom the  center  of  a f l a t  f i e l d .  The l e f t  hand s i d e  shows th?  images 
f o r  t h e  classical, the  r j l gh t s  hand s i d e  f o r  the optimized Ritchey-Chretien sy- 
stem, which was chosen as the  appa ren t  bes t  o f  several c a l c u l a t e d  by D r .  Wilson 
o f  t h e  Zeiss Works a t  Oberkochen i n  West Germany. The advantage  of the o p t i -  
mized design for  as t rometr ic  puposes  i s  obvious a t  f i r s t  s i g h t ,  e s p e c i a l l y  t h e  
marked  compactness  of  the  images up t o  a f ie ld  of  one  degree  d iameter .  Note  
the  in s ign i f i can t  dependence  o f  t he  image posi t ions on wavelength.  The disad-  
vantages of  the opt imized design are i l l u s t r a t e d  i n  t h e  l o w e r  p a r t  of Figure 1. 
For working i n  t h e  c e n t e r  o f  t h e  f i e l d  a n d  w i t h o u t  c o r r e c t o r  l e n s e s ,  t h e  class- 
i c a l  design i s  c l ea r ly  supe r io r  t o  the  op t imized  one .  The opt imized  des ign  for  
t he  t e l e scope  w a s  chosen, however, s i n c e  t h e  t e l e s c o p e  w i l l  a l so  have  a Casse- 
g r a i n  mode. Bes ides ,  for  ex tended  f ie lds  the  Schmidt  te lescopes  are  t h e  most 
s u i t a b l e  i n s t r u m e n t s  anyway, a l though they are  n o t  v e r y  s u i t a b l e  as mult ipur-  
pose   t e lescope .  
It i s  hoped t o  p r e s e r v e  t h u s  t h e  c o n n e c t i o n  w i t h  t h e  a s t r o m e t r i c  t r a d i t i o n  
of the Vienna Observatory and i ts  r e f r a c t o r s ,  w i t h o u t  p r e v e n t i n g  o r  r e s t r i c t i n g  
t h e  a s t r o p h y s i c a l  work a t  t h e  new t e l e scope .  
POINTS  OF VIEW CONCERNING MODERN ASTROMETRIC MEASUREMENTS 
The ques t ion  in  which  way t h e  t e l e s c o p e  of t h e  L. Fig1 Observatory could be 
used  fo r  a s t rome t r i c  pu rposes  w i l l  have a d e f i n i t i v e  answer  only  a f te r  an  ex- 
t e n s i v e  i n v e s t i g a t i o n  of the opt ical  system, which cannot  be carr ied out  before  
t h e  t e l e s c o p e  is mounted. 
The s u i t a b i l i t y  of r e f l ec to r s  fo r  a s t rome t ry  has  been  ex tens ive ly  d i scuss -  
ed and methods towards this  purpose have been developed,  witness  the papers  by 
van de Kamp (1963) , Eichhorn (1963) , Vasilevskis (1962) , and Strand (1963) , t o  
mention  only a few. The r e s u l t s  show c l e a r l y  t h a t  t h e  f i e l d  o f  e a c h  m i r r o r  
system  has special  and i n d i v i d u a l  p r o p e r t i e s .  The a b e r r a t i o n s  are apparent ly  
gene ra l ly  much l a rge r  t han  those  of t h e  r e f r a c t o r s .  B e f o r e  s p e c i a l i z e d  p l a n s  
may be formulated,  i t  w i l l  t h e r e f o r e  b e  n e c e s s a r y  t o  f i r s t  test t h e  p r o p e r t i e s  
of t h e  f i e l d  of t h e  new Vienna telescope; and a l l  f u t u r e  a s t r o m e t r i c  work  on i t  
w i l l  have to  be  su i t ab ly  connec ted  to  fo rmer  r e f r ac to r  based  a s t rome t r i c  work, 
i f  i t  i s  t o  b e  u s e f u l .  T h i s  is so because a l l  as t romet ry  ( inc luding  mer id ian  
work)  up t o  t h e  m i d d l e  of t he  cu r ren t  cen tu ry  w a s  ca r r i ed  ou t  on  r e f r ac to r s .  
Perhaps no f ie ld  in  as t ronomy depends as much on previous work as astrometry.  
I n  t h e  o p i n i o n  o f  t h i s  a u t h o r  it is i n d i s p e n s a b l e  i n  e s t a b l i s h i n g  a connect ion 
between t h e  classical  r e f r ac to r  based ,  and  the  modern mir ror  based  as t romet r ic  
work.  Noteworthy i n  t h i s  c o n n e c t i o n  are t h e  i n v e s t i g a t i o n s  by Dieckvoss  (1955, 
1960) ,  in  which  he  jux taposed  as t romet r ic  work on t h e  Hamburg big Schmidt and 
on t h e  AG astrograph.  There,  a direct  connect ion between mirror  and refractor  
,was e s t ab l i shed .  A similar comparison of performance of the new Vienna  system 
and t h a t  of  no t  on ly  the  Vienna ,  bu t  a l so  o ther  re f rac tors ,  is p lanned ,  t o  
co l l ec t  expe r i ences  wi th  the  new Vienna t e l e scope  and e s t a b l i s h  i t s  i n d i v i d u a l  
p r o p e r t i e s  as they are r e l e v a n t  t o  a s t r o m e t r i c  work.  The r e s u l t s  of  Dieckvoss' 
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paper demonstrate how v e r y  i n d i v i d u a l  t h e  p r o p e r t i e s  of  an  as t romet r ic  mir ror  
system may be.  The importance of  comparisons of  this  type for  modern astrome- 
t r i c  work is n o t  o n l y  r e s t r i c t e d  t o  t h e  t e s t i n g  o f  o p t i c a l  s y s t e m s ;  many modern 
as t romet r ic  problems,  for  ins tance  expans ions  of  stellar assoc ia t ions ,  concern  
the  proper  mot ions  and  pos i t ions  of  s ing le ,  re la t ive ly  i so la ted  objec ts .  Most 
sui tably,  such problems ought  to  be at tacked on several te lescopes and measuring 
machines t o  e s t a b l i s h  t h e i r  r e l a t i o n s  t o . o n e  a n o t h e r ,  and t o  g e t  the f i n a l ,  
d e f i n i t i v e  v a l u e s  f o r  t h e  o b j e c t s '  p o s i t i o n s  and proper motions from a combina- 
t i on  o f  t he  r e su l t s  ob ta ined  on  the  ind iv idua l  i n s t rumen t s .  Th i s  p rac t i ce  w i l l  
gua ran tee  the  h ighes t  ob ta inab le  a s t rome t r i c  accu racy  and w i l l  undoubtedly be 
e f fec t ive .  Cons idera t ions  of  this type,  however, may b e  v a l i d  f o r  a s t r o p h y s i c s  
as w e l l ,  and therefore  for  as t ronomy as a whole. This may be  the  deeper  h idden  
meaning of a compar ison  be tween mir rors  and  re f rac tors  for  as t romet r ic  purposes .  
A COMPARISON OF ASTROMETRIC  MEASUREMENTS WITH SEVERAL TELESCOPES 
A few  examples may i l l u s t r a t e  o u r  p o i n t .  D i e c k v o s s  (1955) w a s  t h e  f i r s t  t o  
f i n d  a re la t ive mot ion   of   the   c lus te rs  h and x Persei. I n   o r d e r   t o   c h e c k  
t h i s  r e s u l t ,  Meurers  and Aksoy (1960) inves t iga t ed  the  r e l a t ive  p rope r  mot ions  
g i t h  t h e  5m f .1 .  Large Refractor  of  the Bonn Observatory.  The r e s u l t s  compare 
as  fol lows with Dieckvoss ' ,  whose r e s u l t s  are based on a combinat ion of  several  
d i f f e ren t  i n s t rumen t s :  
A% *% 
Bonn I -0!'34 +0!'04 +0'!05 
Hamburg -0!'19  +0!'10 +0!'04 
(Apa and A l l 6  i n  t h i s  and a l l  fo l lowing  t ab le s ,  are i n  u n i t s  of seconds of a r c  
on  the  g rea t  c i r c l e  per  century  .) 
The agreement is reasonably good and confirms the reJ.ative motion of the two 
c l u s t e r s  t o  o n e  a n o t h e r  by two completely  independent sets of data .  Another  
example  o f  t he  idea  to  conf i rm as t rome t r i c  r e su l t s  conce rn ing  i so l a t ed  ob jec t s  
and t o  e s t a b l i s h  c o n n e c t i o n s  is  t h i s :  t h e r e  is  a star in   the  neighborhood  of  h 
and x P e r s e i  w i t h  a very large proper  motion,  whose exact  magnitude i s  of  spe- 
c i a l   i n t e r e s t ,   f o r   r e a s o n s   c o n e r n i n g   g a l a c t i c   k i n e m a t i c s ,  etc.  I n  t h i s  case, 
t h e r e  were two independent  inves t iga t ions .  The proper motion of the star has  
been determined by Meurers and Askoy (1960) and then, i n  a n o t h e r  i n v e s t i g a t i o n ,  
by  Meurers  and  Voosholz  (1968). I n  e a c h  case t h e  p l a t e  material is d i f f e r e n t ,  
b u t  t h e  t e l e s c o p e  w a s  t h e  same. The r e s u l t s  are: 
M & A  
% 1J-6 
+17!'09  -2!'19 
M & V  +17'!60 -2'!44 
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+ LOO0 
+ loo0 
(L 0" - 1000 - 2000 
- "000 
/T + 2000 
Proper   mot ions  of  b r i g h t  M s t a r s   a r o u n d  h and x 
P e r s e i  a c c o r d i n g  t o  two i n d e p e n d e n t  s e r i e s  of measure- 
m e n t s   ( d i f f e r e n t   p l a t e s   a n d   o b s e r v e r s ) .   T h e   d o u b l e  
a r row i s  the   mo t ion  o f  x P e r s e i .  
On t h e  b a s i s  of t h e s e  two independent measurements,  the motion of this star 
seems to  be  ve ry  w e l l  e s t a b l i s h e d .  The r e s u l t s  from t h e s e  two independent  in- 
ves t iga t ions  concern ing  the  whole  f ie ld  a round the  double  c lus te r  and  the  ind i -  
v idua l  mo t ions  o f  t he  c lus t e r s  a l so  ag ree  r a the r  w e l l .  
M & A  M & V  
F i e l d  -0!'05 -0!'03 -O'!Ol -0!'03 
h -0!'08 -0!'03 +O!'O 7 -0 !IO 8 
.x -0'!42 +0'!01 -0'!42 -0!'19 
This  i s  another example i n  wh ich  the  r e su l t s  f rom independent  invest igat ions 
are i n  good ag reemen t  and  thus  conf i rm the i r  r e l i ab i l i t y .  Some of t h e  M stars 
around h and x Persei were a l s o  measured i n   b o t h  of t h e s e   i n v e s t i g a t i o n s ,  
and t h e  r e s u l t s  a g r e e  well, as shown i n  F i g u r e  2 .  The a r rows  represent  rela- 
t ive proper  motions of  the M stars which apparently i s  t h e  same as t h a t  o f  
Persei .   These  independent  measurements  demonstrate  thus  that   these M stars be- 
l o n g   t o  Persei, conf i rming   thereby   ( th rough  the   d i s tance  of x P e r s e i )   t h e  
luminosity,  which had been predicted for them  from a s t r o p h y s i c a l  i n v e s t i g a t i o n s .  
The agreement  between  the  absolute  proper  motions  of h and X Persei, based 
on t h e  i n v e s t i g a t i o n s  by Dieckvoss (1955) on -th,e one hand, and Meurers and 
Voosholz on t h e  o t h e r ,  i s  equa l ly  impress ive  s ince  in  those  inves t iga t ions  ob- 
servers, plates ,  t e l e scope  , and  measuring  machines were a l l  d i f f e r e n t .  
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BONN  ALONE 
+" 
BONN & VIENNA 
FIGURE 3 
Prope r  mot ion  (ve loc i ty  d i ag rams)  o f  NGC 6838 a c c o r d i n g  t o  two independent  series of 
m e a s u r e m e n t s  ( d i f f e r e n t  r e f r a c t o r s  a n d  p l a t e s ) .  
h - Persei 
-0!'02 
-0!'04 
&0!'09 
&0'!16 
x - Persei 
+O'! 5 1 
+0!'20 
% 
?0!'07 
+0'!08 
D -or! 21 ?c0!'09 +O !I6 1 ?c0!'08 
M & V  -0!'22 t0'!01  +0!'58  ?0!'05 
One f i n a l  example: NGC 6838 may b e  e i t h e r  a g lobu la r  o r  an  open c l u s t e r .  
Its absolu te  proper  mot ions  were i n v e s t i g a t e d  on t h e  b a s i s  of two independent 
sets of measurements by Meurers and Prochazka (1969), made a t  the Large Refrac- 
t o r s  a t  Bonn and  Vienna respec t ive ly .  Absolu te  proper  mot ions  of  the  c lus te r  
were d e t e r m i n e d  f i r s t  w i t h  t h e  Bonn r e f r a c t o r  a l o n e  from two o l d  and two new 
p l a t e s ,  t h e n  w i t h  t h e  Bonn and Vienna re f rac tor  f rom two o ld  Bonn and two new 
Vienna p l a t e s .  The r e s u l t s  a g r e e  w e l l  w i t h i n  t h e i r  e r r o r s :  
Bonn a lone  Bonn and  Vienna
1-1, 
P6 
+Of! 2 8 +o!r19 +0!'34 +0!'19 
-0!'78 +0!'26  -0'!91  ?0!'26 
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They a l s o  show t h a t  t h e  Vienna  Large  Refrac tor ,  p rev ious ly  not  used  for  photo-  
g raph ic  a s t rome t r i c  work, y i e l d s  the same r e s u l t s  as Bonn and was i n   t h i s  way 
(and a l s o  o n  the basis  of  other  comparisons)  shown t o  b e  s u i t a b l e  f o r  p h o t o g r a p h -  
i c  a s t r o m e t r i c  work.  These two independent measurements of the absolute proper 
motions of NGC 6838 demons t r a t e  a l so  tha t  the c l u s t e r ' s  m o t i o n  is d i r e c t e d  to- 
ward the  an tapex ,  and  therefore  i t  is  ex t r eme ly  p robab le  tha t  t he  c lus t e r  i s  a 
g a l a c t i c  one.  (See  Figure 3) 
CONCLUSION 
The r e l i a b i l i t y  o f ,  a n d  c o n f i d e n c e  i n  a s t r o m e t r i c  r e s u l t s  is ,  i n  t h e  au- 
t ho r ' s  op in ion ,  g rea t ly  s t r eng thened  by the comparison of measurements which are 
based on independent instruments and observers which should become  more p reva len t  
i n  t h e  f u t u r e .  It is  moreover  necessary to  tes t  each new mir ror  sys tem for  a- 
s t r o m e t r i c  work, whenever poss ib l e ,  by comparison of r e s u l t s  o b t a i n e d  w i t h  i t ,  
with those obtained from preferably several  independent measurements of single 
objects. .   This is p lanned  fo r  t he  new Ritchey-Chrgt ien te lescope of  the L. F i g l  
Observatory,  whose performance w i l l  b e  t e s t e d  a t  f i r s t  by comparing it w i t h  o t h e r  
ins t ruments ,  mir rors  and  re f rac tors ,  espec ia l ly  wi th  the  Large  Refrac tors  a t  
Vienna and Bonn, as well  as w i t h  t h e  e x c e l l e n t  a s t r o m e t r i c  m i r r o r s  i n  t h e  USA. 
Resul t s  ob ta ined  on new systems must be compared wi th  those  obta ined  on o t h e r  al-  
r eady  ex i s t ing  modern a s t r o m e t r i c  t e l e s c o p e s ,  i n  o r d e r  t o  m i n i m i z e  s y s t e m a t i c  er- 
r o r s  i n  f u t u r e  work. The au thor  would thus  propose  tha t  the  modern a s t r o m e t r i c  
mirror  systems  should  be  "harmonized"  one t o  a n o t h e r ,  i . e . ,  t h a t  t h e  r e l a t i o n -  
s h i p s  o f  t h e i r  f i e l d  p r o p e r t i e s  s h o u l d  b e  e s t a b l i s h e d  v e r y  c a r e f u l l y .  .We suggest  
the concept of a wor ld  wide  ne t  of  la rge  as t romet r ic  mir rors .  The r e l a t i o n s h i p s  
between t h e  p r o p e r t i e s  o f  t h e i r  f i e l d s  s h o u l d  b e  known as accu ra t e ly  as p o s s i b l e  
s o  t h a t  on any one of these instruments the same problems may be  a t tacked  on  the  
basis  of  highly rel iable ,  independent  measurements .  
This  world wide net  of  as t rometr ic  mirrors ,  "harmonized" on t o  a n o t h e r  re- 
qu i r e s ,  and  th i s  i dea  i s  not  a new one, a sys t em o f  ca l ib ra t ing  f i e lds  on  the  
sphere,  something of  the type of ,  but  not  as numerous as t h e  S e l e c t e d  Areas. I n  
t h e s e  f i e l d s  t h e  p o s i t i o n s  o f  stars as f a i n t  as poss ib le  should  be  de te rmined  as 
exac t ly  as p o s s i b l e  f o r  c a l i b r a t i n g  t h e  m i r r o r s  of the network. This would a l s o  
b e  t h e  f a s t e s t  and  most e f f i c i e n t  method t o  i n v e s t i g a t e  t h e  f i e l d  p r o p e r t i e s  o f  
t he  ind iv idua l  mi r ro r  sys t ems .  
The au tho r  a l so  sugges t  t ha t  t oday ,  a s t rome t r i c  work  on t h e  b a s i s  of  modern 
m i r r o r s ,  i n  o r d e r  t o  a c h i e v e  optimum resul ts ,  should be organized on a world 
wide   bas i s ,   inc luding   the   observa t ions  of a r t i f i c i a l  satell i tes.  The e s t a b l i s h -  
ment o f  t he  new Vienna t e l e scope  w i l l  be  a t t empted  wi th  these  cons ide ra t ions  in  
mind. However, not  everybody w i l l  a g r e e  w i t h  t h e  a u t h o r ' s  p r o p o s i t i o n s  and  sug- 
ges t ions .  
The s p e c i a l  l o n g  r a n g e  s c i e n t i f i c  p l a n s  f o r  t h e  R i t c h e y - C h r g t i e n  r e f l e c t o r  
of  the  L.  F ig l  Obse rva to ry  e s sen t i a l ly  are geared to  the above mentioned concepts  
Other things can be done even now: t h e  small f i e l d  of the Ritchey-Chrgtien re- 
q u i r e s  t h e  d e t e r m i n a t i o n s  o f  t h e  p o s i t i o n s  o f  f a i n t  r e f e r e n c e  stars from, f o r  
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i n s t a n c e ,  t h e  AGK3 o r  the Yale Catalogues. An example f o r  t h i s  is the i n v e s t i -  
ga t ion  of M56 by KUstner (1920). Measurements of proper motions, especially of 
f a i n t  o b j e c t s ,  are' the "natural"  domain f o r  such systems. 
The establ ishment  of  plate a r c h i v e s  f o r  the f u t u r e ,  e s p e c i a l l y  of t h e  Milk- 
y Way clouds,  is also  worth  mentioning.  Note,   however,   that   the  establishment 
of p l a t e  a r c h i v e s  f o r  a s t r o m e t r i c  work is always overshadowed by the uncertain-  
t y  of which objects '  proper motions w i l l  eventually be needed. One t e l e scope  
a l o n e ,  a f t e r  a l l ,  cannot cover the whole sky, or even the Milky Way. However, 
t h i s  cou ld  pe rhaps  be  r ea l i zed .  Only i n  t h i s  way w i l l  as t rometry maintain i t s  
posi t ion within astronomy at  l a r g e ,  e s p e c i a l l y  w i t h i n  a s t r o p h y s i c s  w h i c h ,  a f t e r  
a l l ,  is t r ad i t i ona l ly  the  ' ' p rope r  domain"  of t h e  m i r r o r s .  
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DISCUSSION 
Murray : I agree with  the  speaker  that  the  results  from  refractors and reflectors  should  be com- 
pared to  obta in  in fomat lon  about the color and magnitude equations of the two systems. 
Also, haw do the  proper  motions of h and x Persei  di f fer  wi th  regard to  di f ferent  
reference frames? 
Meurers : Two d i f ferent ,  bu t  numerous s e t s  of reference stars were used for the two se t s  of com- 
putations, but there are so many reference s t a r s  that there should not be m y   s i g n i f i -  
cant dif ferences.  For the absolute motions we took Dieckvoss' reference stars. 
1Q7 
L 
Dieckvoss : The reference stars used at Homburg are on the  FK3 system. 
Strand : About s i x  or seven  years ago I compared the parallaxes obtained from plates  taken at  the 
Cassegmin focus by van Maanen with the 60 inch M t .  Wilson ref lector (whose configum- 
t i on  is we21 known for i t s   s t a b i l i t y )   w i t h   t h e  paralZaxes obtained a t  various refrac- 
tors .  The agreement between the va2ues from the two s e t s  was exceZZent, and the emors 
also were about the some. 
Murray : (Asking  Strand):  Several  years ago, some cluster  pZates were taken on the 40 inch R i t -  
chey-Chrltien of the USNO. Are these going t o  be used t o  proper motion s tudies? 
Strand : Probably not.   Tests have shown that  he  plates  taken  at   he  Ritchey-Chrlt ien  are  not 
very well suited for as trmetry  of this  k ind.  Moreover, the present glass mirrors 
W i Z l  be repluced with new opt ics  mde of ultm-low expansion silica by Corning. 
Fredrick : Would the Vienna Obsematory be willing to  furnish a set  of overlapping plates of the  
Praesepe, both with and without grating, for the purpose of establ ishing a cal ibmtion 
f i e l d ?  
Meurers : Yes. 
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AUTOMATIC  PLATE  MENSURATION  AND  REDUCTION 
AT  AERONAUTICAL  CHART  AND  INFORMATION  CENTER 
Thomas 0. Seppel in  
Aeronaut ical  Chart  and Information Center  
ABSTRACT 
The use of opticaZ sate2 Zite observation data for 
geodetic purposes depends on the abiZi ty  to  extract  
pertinent information from photographic pZates by i- 
dentifying  points on the pZates and come Zating them 
with known star  posi t ions for use in geodetic posi- 
tioning. At the Aeronuuticaz Chart and Information 
Center ( A C I C ) ,  t h i s  procedure is accompZished u i t h  
a new semi-automatic measuring system, an advanced 
anuZyticaZ pZate reduction program for the IBM 7094 
computer, and a trianguZation  adjustment. The ad- 
vantages gained with the measuring system, a br ie f  
discussion of the system itseZf, and the pZate re- 
duction and trianguzation adjustment are described. 
The successfu l  launching  of t h e  ANNA geodet ic  s a t e l l i t e  i n t o  o r b i t  i n  1962 
c rea t ed  a n e e d  f o r  b a l l i s t i c  camera p l a t e  measurement, and f o r  t h e  r e d u c t i o n  of 
sa te l l i t e  observa t ion  da ta  for  geodet ic  purposes .  The A C I C  is  r e s p o n s i b l e  f o r  
a major  por t ion  of  the  geodet ic  p la te  reduct ion  suppor t ing  U.S. A i r  Force (USAF) 
programs. 
Bal l i s t ic  camera p l a t e s  are developed and forwarded with reduced timing in- 
formation to the Center where they undergo a series of evaluat ion and reduct ion 
processes .  Dur ing  the  preZiminary phase, t h e  p l a t e  is p lo t t ed  on  a star c h a r t ;  
images ( s t a r  and s a t e l l i t e )  are s e l e c t e d  f o r  r e d u c t i o n  and  coded t o  c o r r e l a t e  
image measurements with exposure times; and four  " index stars" are s e l e c t e d  f o r  
gen .e ra l  p l a t e  o r i en ta t ion .  The coordinates  of  the  images are then  measured. 
From the  very  beginning  of  the  opera t ion ,  the  ACIC s t a f f  was aware of  the  
several well known s i g n i f i c a n t  e r r o r  s o u r c e s  o r  e x c e s s i v e  c o s t ,  e s p e c i a l l v  i n  
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terms of time: t h e   s e t t i n g   e r r o r ,   o p e r a t o r   f a t i g u e ,   e n v i r o n m e n t a l   c o n t r o l ,  and 
the requirement  for  a lways approaching an image from the same d i r e c t i o n  t o  a- 
void  "backlash".   Therefore,   they were cons tan t ly  look ing  fo r  ways and means of 
minimiz ing  or  e l imina t ing  these f a c t o r s .  
FIGURE 1 
Type 1205 Semi-automatic  Stellar  Comparator 
Eventual ly ,  a set o f  s p e c i f i c a t i o n s  w a s  d e v e l o p e d  f o r  t h e  " S t e l l a r  Compara- 
t o r "  - a semi-automatic  measuring instrument  designed to  sat isfy the requirements  
of ACIC.  The s p e c i f i c a t i o n s  were submit ted t o  manufacturers, and the David Mann 
Company w a s  f i n a l l y  s e l e c t e d  t o  f a b r i c a t e  t h e  equipment which w a s  d e l i v e r e d  i n  
December,  1965. 
The o u t p u t   c o n s i s t s  of x and y Car t e s i an   coord ina te s   i n   mic rons   fo r   t he  
images  messured, 18 a d d i t i o n a l  d i g i t s  f o r  i d e n t i f i c a t i o n  and recovery, and a 6 
d ig i t  f rame count .  Output  is  automatical ly  recorded on s tandard 80 column ca rds  
wi th  an  I B M  526  keypunch.  Although the comparator  is designed for semi-automatic 
opera t ion ,  it may be manually operated a t  the  measu re r ' s  d i sc re t ion .  
The measuring engine i s  similar t o  a standard two-coordinate screw compara- 
t o r .  However, a i r  bea r ings   uppor t   bo th   t he  x and y p l a t e   s t a g e s   f o r  maxi- 
mum s t a b i l i t y  w i t h o u t  d e t r i m e n t a l  l o a d  s h i f t i n g .  S i n c e  t h e  l o c a t i o n  and  config- 
u r a t i o n  of t h e  machine make d i r e c t  d i a l  r e a d i n g  i m p r a c t i c a l ,  t h e  d i a l  p r e s e n t a -  
t i o n s  are r e l a y e d  o p t i c a l l y  t o  t h e  o p e r a t o r ' s  p o s i t i o n  a t  the  console .  
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The screws, whose p i t c h e s  are one millimeter, are mounted i n  h i g h  p r e c i -  
s ion  bear ings  and  equipped  a t  one end wi th  the o p t i c a l  d i a l  r e a d i n g  system and 
a s e r v o  d r i v e  mechanism. 
The i l lumina t ion  sys tem provides  a f i e l d  o f  l i g h t  o f  u n i f o r m  i n t e n s i t y  f o r  
t he  p ro jec t ion  sys t ems .  A b u i l t - i n . s p h e r i c a 1  r e f l e c t i n g  m i r r o r  d i r e c t s  t h e  
l igh t  f rom an  a i r -cooled  500 w a t t  p r o j e c t i o n  lamp through a set of condenser 
l enses .  The in f r a red  po r t ions  o f  the spectrum are removed  by a f i l t e r  and  de- 
f l e c t e d  t o  a hea t  s ink  to  min imize  the h e a t  a t  t h e  f i l m  g a t e .  Only the b l u e  
and green portions of t h e  l i g h t  beam are used  fo r  the photoe lec t r ic  and  pro jec-  
t ion systems.  The r e m a i n d e r  o f  v i s i b l e  l i g h t  is removed  by a system of filters 
to  fu r the r  r educe  the  hea t  gene ra t ed  wi th in  the  sys t em.  
The p h o t o e l e c t r i c  s e t t i n g  s y s t e m  w h i c h  c o n s i s t s  of an o p t i c a l  and an elec- 
tr ic sub-system automatically sets t h e  f i l m  s t a g e  so t h a t  t h e  c e n t e r  o f  a n  im- 
age - 20 t o  450 microns  la rge  - is l o c a t e d  i n  t h e  c e n t e r  of t he  op t i ca l  sys t em.  
This  is done as fo l lows :  t he  op t i ca l  sys t em au tomat i ca l ly  scans  an  area, mea- 
sures  the displacement  of  the image from the opt ical  axes ,  and generates  an e- 
lec t r ic  s i g n a l  p r o p o r t i o n a l  t o  t h e  s i z e  and  displacement  of  the image. The e- 
l e c t r o n i c  s y s t e m  c o n v e r t s  t h i s  s i g n a l  i n t o  a display on the scope and another 
s igna l  t o  d r ive  the  se rvomoto r s  wh ich  cen te r  t he  image. 
In  the semi-automatic  mode, t h e s t a g e  movement is con t ro l l ed  by a j o y  s t i c k .  
The s e l e c t e d  image is brought  into any of t h e  t h r e e  s c a n  areas - concen t r i c  
circles 500, 250 and 125 microns in  diameter  - t h e  o p e r a t o r  p r e s s e s  a bu t ton  on 
the  console  to  au tomat ica l ly  lock  on  the  image  center  and  ac t iva te  the  d ig i t iz -  
i ng  dev ice  to  r ead  ou t  t he  coord ina te s  and any r e l a t ed  spec ia l  pu rpose  da t a  in -  
d i ca t ed  by the  opera tor .  Coordina ted  ax is  curves ,  d i sp layed  on  an  osc i l loscope ,  
p e r m i t  t h e  o p e r a t o r  t o  v e r i f y  t h a t  t h e  image center  has  been recorded.  Unless  
t h e  equipment is p rope r ly  cen te red ,  t he  cu rves  w i l l  no t  co inc ide .  
I n   t h e  manual mode, t h e  image is centered by manipulat ing x and y a x i s  
hand d i a l s  t o  set t h e  image c e n t e r  on a p ro jec t ed  re t ic le .  The osc i l l o scope  
d i sp lay  is then  used  to  accompl ish  the  f ina l  image cen te r ing .  
The viewing screen is approximately 25 x 25 i n c h e s  i n  s i z e .  A clear l i n e  
r e t i c u l e ,  a d j u s t e d  t o  c o i n c i d e  w i t h  t h e  p h o t o e l e c t r i c  c e n t e r  p o s i t i o n ,  i s  pro- 
jec ted  on  the  v iewing  screen .  The  image  on t h e  f i l m  p l a n e  is pro jec ted  on  the  
screen through a sys t em o f  mi r ro r s  r e f l ec t ing  the  g reen  po r t ion  o f  t he  i l l umin -  
a t  ion .  
A climate cont ro l l ing  sys tem i s  l inked  to  the  in s t rumen t  hous ing  to  p ro -  
v i d e  a s teady f low of  d u s t  a n d  l i n t  free air  of constant temperature and humid- 
i t y  f o r  t h e  m e a s u r i n g  e n g i n e  area, the  pho toe lec t r i c  sys t em,  and t h e  p l a t e  s t o r -  
age area. T h i s  a l s o  f u r n i s h e s  a n  "air wash" which insures  against  any foreign 
p a r t i c l e s  s e t t l i n g  on the  p l a t e  be ing  measu red .  A var i e ty  o f  s a fe ty  dev ices ,  
bu i l t  i n to  the  equ ipmen t ,  gua rd  it a g a i n s t  damage from extreme external  heat  or  
humidity. 
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The S t e l l a r  Comparator  descr ibed above has .been in  operat ion a t  ACIC f o r  
more than  fou r  yea r s .  The exper iences  wi th  i t  exceeded by far the  expec ta t ions .  
The automatic  center ing device measures  coordinates  with an accuracy of  one m i -  
c ron  and  cu ts  reading  time f r o m  t h e  f i v e  t o  s i x  h o u r s  r e q u i r e d  w i t h  a manual 
sys t em to  less than one hour ,  and fat igue is no lqnger  a problem.  Even when 
o p e r a t e d  i n  t h e  manual mode, t h e  S t e l l a r  Comparator is f r e e  of "backlash" t o  
t h e  e x t e n t  t h a t  it is  no longer necessary to always approach the image from the 
same d i r e c t i o n .  The control  and  viewing  system  provide  convenient  and  easy 
opera t ion .  And t h e  i n t e r n a l  climate con t ro l  pe rmi t s  a f l e x i b i l i t y  i n  machine 
loca t ion  no t  poss ib l e  be fo re  and  makes t h e  machine more e a s i l y  a c c e s s i b l e .  
The  measured x and y p l a t e   c o o r d i n a t e s   t h e n  become ma jo r   i npu t   fo r   t he  
Plate Reduction Program, whose f e a t u r e s  are descr ibed  below: 
Camera ca l ib ra t ion . -  Pe r iod ica l ly  each  camera i s  c a l i b r a t e d  t o  d e t e r m i n e  
d is tor t ion  coef f ic ien ts  and  foca l  length .  For  th i s  purpose ,  the  measured  coor-  
d i n a t e s  of about 200 s tar  images from a p l a t e  exposed i n  t h e  camera t o  b e  c a l i -  
b ra t ed  are u s e d  t o  d e t e r m i n e  t h e  c o e f f i c i e n t s  of r a d i a l  l e n s  d i s t o r t i o n ,  decen- 
t e r ing  d i s to r t ion ,  and  the  foca l  l eng th  o f  t he  camera .  
Computinq the Astronomical  Refract ion According to  Garf inkel . -  It has  been 
known f o r  a long time t h a t  t h e  e l e m e n t s  o f  o r i e n t a t i o n  r e s u l t i n g  from a s te l lar  
ca l ib ra t ion  can  r ead i ly  compensa te  fo r  modera t e  e r ro r s  i n  the  r e f r ac t ion  co r -  
r e c t i o n s  a p p l i e d  t o  t h e  stellar d i r e c t i o n s .  I n  view of these  compensatory ca- 
p a b i l i t i e s ,  t h e  computed r e f r a c t i o n  c o e f f i c i e n t s  are adequa te  fo r  zen i th  d i -  
s t ances  as g r e a t  as 70". 
During this  phase,  the measurements  are a l so  f r eed  f rom the  e f f ec t s  of ra- 
d i a l  and  decenter ing  d is tor t ion .  
Automatic star i d e n t i f i c a t i o n  ~~ (ID). - E s s e n t i a l l y   t h e  s t a r  I D  program ac- 
(1)  Calculates  prel iminary values  of  azimuth (AZ), a l t i t u d e  (EL),  and r o l l ,  
(2)  Computes  from t h e s e  t h e  d i r e c t i o n  c o s i n e s  of t h e  camera a x i s .  
( 3 )  Converts  the measured plate  coordinates  of  the remaining reference 
complishes  the fol lowing:  
based on four index stars i d e n t i f i e d  m a n u a l l y  b e f o r e  p l a t e  measurement. 
stars t o  t h e  r i g h t  a s c e n s . i o n s  (RA) and d e c l i n a t i o n s  (DEC),  u s i n g  t h e  d i r e c t i o n  
c o s i n e s  f o r  t h e  camera a x i s  c a l c u l a t e d  i n  (2)  
search  area. 
( 4 )  Determines the maximum and minimum limits f o r  RA and DEC t o  d e f i n e  t h e  
(5) Performs  the star i d e n t i f i c a t i o n .  
( 6 )  Calcula tes  apparent  star coordinates  for  the epoch of  observat ion.  
(7) Computes we igh t s  fo r  t he  ca t a logued  r e fe rence  star posi t ions from in-  
fo rma t ion  in  the  star catalogue which is on t a p e  and a c c e s s i b l e  t o  t h e  o p e r a -  
t ion .  
(8) When the  ca ta logue  based  apparent  coord ina tes  of  the  re ference  stars 
and those computed i n  ( 3 )  from t h e  measurements exceed a pre-determined l i m i t ,  
t h e  star concerned i s  r e j e c t e d .  
Data p repa ra t ion .  - A rou t ine  wh ich  p repa res  da t a  fo r  t he  o r i en ta t ion  ad- 
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j u s tmen t  t o  fo l low.  P rev ious ly  de t e rmined  Gar f inke l  r e f r ac t ion  t e rms  are used 
to  conve r t  t he  appa ren t  star p o s i t i o n s  t o  t h e  o b s e r v e d  p o s i t i o n s .  
Pre l iminary  or ien ta t ion  ad jus tment .  - I n  t h i s  p h a s e ,  v e r y  good approxima- 
t i o n s  f o r  AZ, EL, r o l l  and p r inc ipa l  po in t  coord ina te s ,  and f o c a l  l e n g t h  are com- 
puted. A l l  o f  t he  co r rec t ed  star coordinates which were n o t  l o s t  i n  star I D  (8) 
are used in  the adjustment .  Edi t ing of  the measurement d a t a  (X and Y coordi-  
na t e s )  is  accomplished by e l i m i n a t i n g  t h e  X and Y coord ina te s  hav ing  the  g rea t e s t  
r e s i d u a l  e r r o r s  at t h e  end of  each i terat ion.  
Gene ra l  ana ly t i ca l  p la te  reduct ion .  - Fina l  o r i en ta t ion  pa rame te r s  are next  
de t e rmined ,  t oge the r  iw th  co r rec t ions  to  the  r e f r ac t ion  coe f f i c i en t s  and  to  the  
ca ta logued   pos i t ions  of t h e  stars. In  th i s  ad jus tmen t ,  t he  ca t a logue  va lues  o f  
t h e  RA and DEC are not  regarded as known input  parameters ,  as they are i n  t h e  
p re l imina ry  o r i en ta t ion .  The ad jus tment  ra ther  t reats  both p l a t e  measurements 
and ca t a logue  pos i t i ons  as observa t ions  and thus  a f f ec t ed  by random e r r o r s .  
For  each  of  the  above  descr ibed  i te ra t ions ,  unweighted  e r rors  in  each  X 
and Y measurement, t h e i r  mean value,  unweighted errors  in  each star RA and DEC, 
and t h e i r  mean va lue  are  computed. F ina l ly ,  the  weighted  mean e r r o r  of mea- 
surements and star coord ina tes  a re  obtained.  
Computation of the  azimuth,  " a l t i t u d e ,   r i K h t   a s c e n s i o n  and dec l ina t ion   o f   t he  
s a t e l l i t e .  - With t h e  d i r e c t i o n  c o s i n e s  o f  t h e  camera ax i s  ob ta ined  by t h e  f i n a l  
ad jus ted  or ien ta t ion  parameters ,  az imuth  and  a l t i tude  of  each  s a t e l l i t e  image 
are c a l c u l a t e d  from t h e  measured p l a t e  coord ina te s  o f  t he  s a t e l l i t e  images and 
conve r t ed  to  r igh t  a scens ion  and  dec l ina t ion .  
Also performed is  the  e r ro r  p ropaga t ion  fo r  az imuth ,  a l t i t ude ,  r i gh t  a scen -  
s i o n  and  decl inat ion.  The celest ia l  coord ina tes   de te rmined   for   the  s a t e l l i t e  
p o i n t s  are t o p o c e n t r i c  r i g h t  a s c e n s i o n s  and d e c l i n a t i o n s  r e f e r r e d  t o  t h e  e p o c h  
reckoned i n  UT1 of t h e  s a t e l l i t e  observa t ion .  The c o r r e c t i o n  f o r  p a r a l l a c t i c  re- 
f r a c t i o n  i s  a p p l i e d  b e f o r e  t h e  f i n a l  h o r i z o n  s y s t e m  c o o r d i n a t e s  are  computed. 
Phase angle.  - Images of a passive sa te l l i t e  must be  co r rec t ed  fo r  phase  
a n g l e  e f f e c t ,  t o  r e f e r  t h e  o b s e r v a t i o n  t o  t h e  sa te l l i t e ' s  c e n t e r ,  and the epoch 
m u s t  b e  c o r r e c t e d  f o r  t h e  l i g h t  t i m e  from sa te l l i t e  t o  s t a t i o n .  
The phase angle program furthermore f i ts  an  ove r l app ing  in t e rva l  of obser- 
vat ions from two o r  more s ta t ions  to  polynomia ls  and  produces  s imul taneous  da ta  
a t  a s p e c i f i e d  number o f  equa l  i n t e rva l s  of time. Two polynomials are  formed 
fo r  t he  r educed  da ta  f rom each  p l a t e  - o n e  f o r  t h e  RA and one f o r  t h e  DEC. 
The ad jus ted  informat ion  f rom the  P l a t e  Reduction Program is then  used  in  
t h e  Method of Intersecting PZanes t o   d e r i v e   s t a t i o n   p o s i t i o n s .  
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In   the   d iagram,  Mi and % are camera s t a t i o n s  which  have  observed  the 
sa te l l i t e  f l a s h  S .  s imultaneously.  The u n i t   v e c t o r s  a and b r e p r e s e n t   t h e  
observed  i rect ion4  f rom Mk t o  S . and Mi t o   S j  , respec t ive ly .   Vector  c 
p o i n t s   i n   t h e   d i r e c t i o n   o f   t h e   c h o r a   f r o m   s t a t i o n  M i  t o  Mk and i s  a f u n c t i h  
of t h e  s t a t i o n  c o o r d i n a t e s .  
The apparent  topocent r ic  t igh t  ascens ion  (a) and d e c l i n a t i o n  ( 6 )  are t h e  
observed  d i rec t ions  used  by ACIC.  The observa t ion  t i m e  (UT1) is c o n v e r t e d  t o  
apparent Greenwich sidereal time (y) and a l l  observa t ions  are r e f e r r e d  t o  t h e  
Greenwich meridian through the angle G = a - y , which is t h e  n e g a t i v e  Green- 
wich hour angle of the object.  
Basic condition and Equation. - Development of the  mathemat ica l  formula t ion  
f o r  t h e  method of i n t e r s e c t i n g  p l a n e s  starts w i t h  t h e  b a s i c  c o n d i t i o n  t h a t  a , 
b , and c , are  coplanar;  w e  have 
- a x b = c = O  - - (1) 
The  components of t h e  c are: 
The  and are t ransformed  f rom  the   equator   sys tem  to   which   they  are 
o r i g i n a l l y  r e f e r r e d ,  t o  t h e  g e o c e n t r i c  s y s t e m  that r e f e r s  t o  t h e  mean geocen t r i c  
no r th   po le  of 1903.0 . A f t e r   t h a t ,  a x - c = 0 becomes e q u i v a l e n t   t o  
where: 
A = tr - un 
B = um - sr 
C = s n  - t m  
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w i t h  
m = cos6  cosG. + Ri i 1 
n = cos6  sinG. + S i 1 i 
r = s in6  + Ti i 
s = cosgk cosGk 
t = c o d k  sinGk + Sk 
u = s in6  
+ %  
k + Tk 
where i refers t o  unknown and k t o   e i t h e r  known o r  unknown q u a n t i t i e s .  
Furthermore 
R = x s in6  
P 
= -yP 
T = -x  cos6 cosG + y cos6  sinG 
P P 
where  xp  and  yp  represent   the  polar   motion  ( in   radians) .  
Observat ion equat ions.  - F o r  t h e  a c t u a l  least  squares  adjustment ,  the ba-  
s i c  equat ion (2) is expanded i n t o  two f i r s t  o r d e r  series express ions  s o  t h a t  
two d i f f e r e n t  o b s e r v a t i o n a l  s i t u a t i o n s  o r  cases can  be  u t i l i zed .  
Case 1: Simultaneous  observation  of a f l a s h  from two unknown s t a t i o n s ,  i 
and k . 
AAXi + BAYi + CAZi - AAXk - BAYk - CAZk + 1' = 0 (3)  
where : 
The approximate  la t i tude ,  longt i tude ,  and he ight  of  the  unknown s t a t i o n s  
are used   t o  compute X. , Yi , Zi and Xk , Yk , Zk . Approximate  coordi- 
nates  should be known $0 t he  nea res t  minu te  of arc o r  b e t t e r  w i t h  r e s p e c t  t o  t h e  
datum of t h e  known s t a t i o n s .  
Case 2: Simultaneous  observations  from  one unknown ( i )  and  one known (k) 
s t a t i o n .  
AAXi + BAYi + CAZi + l2 = 0 
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where: 
The adjustment, as p r e s e n t l y  programmed a t  A C I C  f o r  t h e  IBM 7094, w i l l  
handle  a maximum of twenty unknowns and t e n  knowns. However, t h e r e  is no prac- 
t i ca l  limit t o  t h e  number of  observat ions which can be included in  a s o l u t i o n  
because  the  s a t e l l i t e  p o s i t i o n s  are not  computed a n d ,  t h e r e f o r e ,  t h e  m a t r i x  t o  
be inverted remains a t  t h e  s i x t y  by s i x t y  s i z e  f o r  t h e  maximum of twenty un- 
known s t a t i o n s .  
Resul ts  f rom the A C I C  reduct ion have proven to  be geodet ical ly  sound.  The 
en t i r e  p rocedure  has  been  used  success fu l ly  no t  on ly  wi th  da t a  from t h e  USAF 
PC-1000 b a l l i s t i c  camera b u t  a l s o  w i t h  combined data  f rom the PC-1000 and BC-4 
camera used by t h e  U.S. Coast and Geodetic Survey. 
DISCUSSION 
S t r a n d  : Are the images ever so densely  distributed  that  they  interfere  with  the image on 
w k i c A  ~ O U  are centering? 
SePPel in  z Yes,   in  the  sense  that sometimes  double stars  are  not  sufficiently  widely  separated 
and thus  are  not  measurable. The s a t e l l i t e  images are, however, more widely spaced 
and present no problem. 
St rand : Vaat i s  the  increase  in  accuracy  as compared t o   t h a t  of manual  measurement? 
SePPel in  : The r.m.s. error of one  measurement i s  about 1 . 1 ~  or less.  This  represents an i m -  
provement of about 30% t o  40% as compared t o  t h e  manual mode i n  a normal production 
operation. The automatic comparator i s  operative 95% of the time, the balance goes 
mostly to preventative maintenance. 
Brown I would reconanend the direct computation of the coordinates of the fZash points in 
the reduction above the intersecting plane method. The computing labor i n  connection 
with i t  grows only linearly with the numbel. of flash points, while the reduction by 
means of the intersecting plane method becomes involved, cumbersome and mistake prone 
whenever more than two observing stations are involved. 
Rosenf ie ld  : Who made the grid used with the A C I C  machine, and who calibrated it? 
SePPelin : David Mann Co. made it ,  and it was calibrated by them against a National Bureau of 
Standards bar. 
Dieckvoss : You chop the  sa te lZ i te  t ra i l  in to  several  images i n  order to guard against  the  in- 
fZuence of scintiZlation. Would the influence of the chopping shutter delag produce 
an apparent s h i f t  of the chopped sa teZ l i t e  images in   t he   d i rec t ion  of motion? 
SePPelin S c i n t i l k t i o n   a f f e c t s   b o t h  azimuth and a l t i t ude  randomly. The normal exposures  used 
for recording stellar control point images are exposed su f f i c i en t l y  long t o  1.ss t o  
Z s l  average ou t  s c in t i l l a t ion  e f f ec t s  which produce only somewhat enlarged images of 
the  s te l lar  poin ts .  On the other hand, f lashes or chops of extremely short duration 
(a few milliseconds),  are frozen in  the ir  d i sp laced  "sc in t i l la ted"  pos i t ion  and hence 
do not average out i n  time. This may re su l t  i n  pos i t i on  e r rors  of about 1 . 5  microns. 
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Eichhorn : Are the measuring  machines  used a t  t he  A m y  M a p  Service and the A C I C  identical? 
Seppelin : Yes,  except  for minor dif ferences.  
B e r b e r t  : How do you  achieve  the  reduction of the measuring time  from one p la t e  from  about f i v e  
hours t o  a half  hour? Furthenore, does the machine measure the interruptions i n  a 
s t a r   t r a i  2, or only round images? 
SePpelin : The  machine  measures round images, and we select ,   for   the  sake o f  consistency, images 
whose s i z e  i s  t h e  same as t ha t  o f  t he  sa t e l l i t e  t ra i l .  The saving i n  measuring time 
i s  achieved by measuring the plate  in one position only, by using only one measurer, 
and due to  the  fac t  tha t  on our machine the travel time from one s t a r   t o   t h e   n e x t   i s  
greatly reduced. On one plate  we measure between 200 and 300 images. Even consider- 
ing the preparution of the plate for measwing, the automatic machine mode i s   a l t o -  
gether 10 times as fas t  as  the  manual mode. 
Vasilevskis : Do you control the temperature i n  the measuving room? 
SeP?elin : Yes,  the measuring engine  nclosure i s  control led  to   wi thin about one degree around 
70° F. 
S t  rand : Do you get any not iceable   e f fect  from the  cooling of the  plate when it i s  inserted 
in to  the  machine direct ly? 
SePPelin : No, because we store  the  plates  inside  the  measwing  engine  enclosure  for one hour 
before s tart ing to  measure them. 
S t  rand : Have you compared  tjze measurements of the same s tars   af ter   the  plate  was ro ta t ed   i n  
i t s   p l m e  b3 180° ? 
SePPelin : Yes,  exhaustively. We found no significant  dif ferences.  
Muel l e r  : Do you express  the  coordinates of the   opt ical   center   in   terns  of a l t i t ude  and azimuth 
or i n  terms of right ascension and declination? If you use the former, you need ap- 
proximate s tat ion coordinates  to  compute them. 
Seppe l in  : We use  approximate statiox  coordinates  for  the computation 0-f the  three  so-called  ex- 
terior elements, namely azimuth, a l t i t ude  and parallactic angle. 
Muel l e r  : I wonder i f  the  thus  necessitated  use of inaccurate  station  coordinates i s  s i g n i f i -  
cantly propagated into the  resu l t s .  
Veis : Not as fa-> as I Can judge. 
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THE  REDUCTION OF THE  NATIONAL  AERONAUTICS  AND SPACE 
ADMINISTRATION  PLATES  AT  THE NEW MEXICO  STATE  UNIVERSITY 
Walter H . Haas 
New Mexico S ta t e  Un ive r s i ty  
ABSTRACT 
The method of reducing GEOS satelZite pZates at  
N e w  Mexico State University is described. The cata- 
Zogue posit ions of stars, whose images were measured, 
are updated to  the t ime of the photographic observa- 
tion.  This  process  requires  the  eustomaq  corrections 
for precession, proper motion, nutation, annuaZ aber- 
rat ion and diurnaZ aberration. The apparent star 
pZaces are corrected for astronomicaZ refraction. 
Plate constants are deveZoped from a procedure descri- 
bed by Duane C. Brown. The pZate measures are cor- 
rected for sgnunetric radiaZ Zens dis tort ion and for 
the  decentering  distortion. The projective  equations 
are soZved by an i t e r a t i v e  procedure for eight parame- 
ters defining the {nterior and extef ior  orientat ions.  
The ptate constants are then used t o  compute the 
posit ions of the seven (or fewer) fZashing Zight i- 
mages which  were  measured.  These  are corrected for 
re  fraction, para1 Zax, and radiaZ and decenteYing Zens 
distortions.   With sidereaZZy  tracking cameras, the 
exterior orientation is  further  corrected to  the t ime 
of the particuZar flash, and the change of refract ion 
with time is aZZowed for. First and second d i f f e r -  
ences and standard deviations and covariances for the 
fZashing Zight images are deveZoped as a measure of 
accuracy. 
The procedures  adopted  for  the  reduct ion  of  the  GEOS sa te l l i t e  p l a t e s  f o l -  
low c lose ly  those  deve loped  over  the  las t  yea r s  by D. Brown. We had,  previously 
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t o  the adopt ion of the present  methods,  used an l l a~ t r~met r i c l l  reduct ion,  which 
o r i g i n a l l y  had been developed for the reduct ion  of  the p l a t e s  t a k e n  i n  c o n n e c t i o n  
wi th  the  mini t rack  program.  When the GEOS program s t a r t e d ,  w e  made several 
tests on t h e s e  s i d e r e a l l y  d r i v e n  p l a t e s ,  c o m p a r i n g . t h e  r e s u l t s  o b t a i n e d  by re- 
ducing  them w i t h  "astrometric"  and  "photog.rammetric"  procedures.  These test 
p l a t e s  u s e d  were taken over  a cons ide rab le  r ange  in  angu la r  e l eva t ion ,  and a l s o  
i n  h i g h  d e c l i n a t i o n s .  The "photogrammetr ic"   reduct ions  produced  resul ts   of  
about 20% bet te r  accuracy  than  the  l las t romet r ic"  ones ,  and  were t h e r e f o r e  a- 
dopted as s tandard procedure.  The  computer present ly  used  i s  an  IBM 360 /30 .  
Our source  of  re ference  star p o s i t i o n s  is  t h e  SA0 Sta r  Ca ta log  s to red  on a d i s c .  
This  proved to  be a v e r y  e f f e c t i v e  saver of  search  t i m e .  
The reduct ion  procedure  works  essent ia l ly  as fol lows:  
F i r s t ,  t h e  r e f e r e n c e  stars whose images were measured on a p a r t i c u l a r  p l a t e  
are i d e n t i f i e d .  The ca ta logue  i s  s e a r c h e d   f o r   t h e i r   p o s i t i o n s .  From t h e  cata- 
logued  pos i t ions ,  the  observed  pos i t ions  for  the  epoch  of  t he  obse rva t ions  must 
be  ca l cu la t ed .  Th i s  i s  done i n  several s t e p s  t h a t  w i l l  be  descr ibed below.  
These  ca ta logue  der ived  re ference  star d a t a  are merged w i t h  t h e  stars '  measured 
pos i t ions  (about  40 t o  50 on each plate) ,  and from a l l  t h i s ,  t h e  r e d u c t i o n  p a r -  
ameters f o r  t h e  p a r t i c u l a r  p l a t e  are c a l c u l a t e d  by a least  squares  adjustment  
wi th  a number of i t e r a t i o n s .  The f i n a l  r e d u c t i o n  parameters ( p l a t e  c o n s t a n t s )  
are then  used  to  de r ive  the  pos i t i ons  o f  t he  sa te l l i t e  a t  t h e  t i m e  of t h e  
f l a s h e s  as f i n a l  r e s u l t s  of t h i s  o p e r a t i o n .  
I n  d e t a i l ,  t h e n ,  t h e  stars are i d e n t i f i e d  by p l a c i n g  t h e  p l a t e s  o v e r  BD 
charts.   For  the  convenience  of  the  measurers,   the star images are  c i r c l e d ,  
whi le  those  of  the  sa te l l i t e  images which were s e l e c t e d  f o r  measurement are 
e n c l o s e d  i n  t r i a n g l e s .  (The l o c a t i o n  o f  t h e  sa te l l i t e  images  on t h e s e  s i d e r -  
e a l l y  d r i v e n  p l a t e s  is o f t e n  d i f f i c u l t . )  The p l a t e s  are measured  manually  on a 
Mann two-screw measuring machine (pitch lm., screw leng th  265  and 250m.,  re- 
spec t ive ly )  w i th  a binocular   eyepiece.  A Telecordex  encoder   automatical ly  
punches t h e  measurements on cards.  Five sett ings are customari ly  made on both 
star and sa te l l - i t e  images. 
The catalogued star p o s i t i o n s  are ''updated'' i n  t h e  f o l l o w i n g  s t e p s :  
Proper motion is app l i ed  by a r igorous  spher ica l  t r igonometr ic  procedure .  
Secu la r  acce le ra t ion  i s  neglec ted  as w e l l  as the change of proper motion by pre- 
cession.  Every star p o s i t i o n  i s  precessed by r igorous  t r igonometr ic   formulas  
t o  t h e  mean coordinate  system a t  t h e  p l a t e  epoch. 
Then, t h e  t r u e  p o s i t i o n s  a t  epoch are computed by app ly ing  the  nu ta t ion  e f -  
fects  t o  e a c h  star i n d i v i d u a l l y  by r igorous  equat ions .  Some of the  parameters  
i n  t h e s e  e q u a t i o n s  are taken from the ephemeris ;  others  are computed d i r e c t l y .  
The appa ren t  pos i t i ons  o f  t he  stars are  next  computed fo r  each  star on the 
b a s i s  of Keplerian motion of t he  Ea r th  a round  the  Sun. To these  apparent  pos i -  
t i o n s ,  t h e  e f f e c t s  o f  d i u r n a l  a b e r r a t i o n  are app l i ed .  
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of  the  The pre l iminary  va lues  of  az imuth  and  a l t i tude  camera 's o p t i c a l  axis, 
and of the p a r a l l a c t i c  a n g l e  a t  t h e  p r i n c i p a l  ( t a n g e n t i a l )  p o i n t  w h i c h  are need- 
ed f o r  s e t t i n g  up the adjustment ,  are ca lcu la ted  f rom'cons ider ing  the astronomi- 
cal  t r i a n g l e  a t  t h e  mean p l a t e  epoch.  The  model f o r  the r e f r a c t i o n  c o r r e c t i o n s  
r equ i r ed  fo r  r educ t ion  of t h e  star p o s i t i o n s  t o  "observed" posit ions is based on 
Garf inke l ' s  theory .  T h e  measured coordinates are c o r r e c t e d  a l s o  f o r  r a d i a l  a n d  
decen te r ing  d i s to r t ion  o f  t he  l ens ,  wh ich  are assumed t o  b e  known. S i n c e  t h e s e  
are reckoned  wi th  r e spec t  t o  the  p r inc ipa l  po in t ,  t hey  are s l i g h t l y  changed after 
e a c h  i t e r a t i o n  as s u c c e s s i v e l y  b e t t e r  estimates o f  t h e  l o c a t i o n  of t h e  p r i n c i p a l  
po in t  become a v a i l a b l e .  The adjustment  involves  a model wi th  e ight  parameters ,  
namely, t h e  t h r e e  a n g l e s  o f  t h e  e x t e r i o r  camera o r i en ta t ion ,  t he  coord ina te s  of 
t h e  p r i n c i p a l  ( t a n g e n t i a l )  p o i n t ,  the f o c a l  l e n g t h  o f  t h e  camera and two re f r ac -  
t i o n  c o e f f i c i e n t s .  
After  the i terat ions have converged and w e  h a v e  f i n a l  estimates of  the par-  
ameters, t h e s e  are used  to  der ive  the  pos i t ions  of  the  f lashes .  For  those  cam- 
eras which are d r i v e n  s i d e r e a l l y ,  t h e  o r i e n t a t i o n  ( w i t h  r e s p e c t  t o  t h e  h o r i z o n  
system, i . e . ,  azimuth  and a l t i t u d e  o f  o p t i c a l  axis,  and p a r a l l a c t i c  a n g l e  a t  
p r i n c i p a l  p o i n t )  are d i f f e ren t  fo r  eve ry  f l a sh ,  s ince  they  occur red  a t  d i f f e r -  
ent epochs.  The reduct ion  f rom the  average  ex terna l  camera o r i e n t a t i o n  a n g l e s ,  
which are t h e  f i r s t  t h r e e  of the  above  ment ioned  ad jus ted  parameters ,  to  the  
va lues  a t  the epoch of t h e  i n d i v i d u a l  f l a s h  w a s  o r i g i n a l l y  c a l c u l a t e d  by d i f f e r -  
e n t i a l  f o r m u l a s .  An exac t  updat ing  procedure  for  the  three  ex terna l  parameters  
was later adopted  s ince  the  exact method  gave  improved accurac i e s  a t  c e r t a i n  
c r i t i c a l  g e o m e t r i e s .  The r e f r a c t i o n  c o r r e c t i o n  a p p l i e d  t o  t h e  f l a s h e s  t a k e s  
i n t o  a c c o u n t  t h e  f i n i t e  d i s t a n c e  of t h e  sa te l l i t e .  
Also  computed are the  s tandard  devia t ions  of  the  resu l t s ,  and  l ikewise ,  
those  of t h e  measured p l a t e  coord ina te s .  In  ou r  expe r i ence ,  on ''good" p l a t e s ,  
the s tandard deviat ions of  the measured coordinates  are about  three microns.  
Plates on which dev ia t ions  are seven or  e ight  microns are considered bad. 
A l i s t i n g  of t he  r ec t angu la r  coord ina te s  o f  t h e  f l a s h  p o i n t s ,  t o g e t h e r  
w i t h  t h e i r  f i r s t  and second differences serve t o  s p o t  m i s i d e n t i f i c a t i o n s ,  e t c .  
The f i n a l  r e s u l t s  are the measured p l a t e  c o o r d i n a t e s ,  and r igh t  a scens ion  and 
d e c l i n a t i o n s  as well as azimuth and a l t i t u d e  f o r  e v e r y  measured f l a s h  p o i n t  
image, t oge the r  with their epochs. 
DISCUSSION 
Eichhorn : I dis l ike   seeing obviousZy  inadequate  reduction  procedures  labeled  as  "astrometric" . 
No competent astrometrist  wouZd appZy t h i s  so-caZZed astrometric reduction process to 
the problem a t  hand. Do you a p p l y  t he  e f f ec t  of nuta t ion  to  the  en t i re  p la te  or  t o  
each star individuaz  ly? 
Haas : To each star individua2 Zy. 
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Eichhorn : Nutation  enters  the  problem  only  as  a.rotation of the  coordinate  system, and would 
therefore be worked surmar7Zy into  the  reduct ion  constants .  !l'his would save you some 
computer time. Do you  consider  the  inf   hence of radial ve Zocity when you ea Zculate 
t h e   e f f e c t  of proper motion? 
Haas : No. 
St rand  : Some people  involved in  satel l i te   plate   reduct ion  might  read w i t h   p r o f i t  A .  KBnig's 
a r t i c l e  on pla te  reduct ion  in  the  f irs t  volume of the "Handbuch der Astrophysik". where 
e f f i c i e n t  methods f o r  applying many kinds of corrections, such as refraction,. m e   f u z z y  
descr-ibed. 
Veis : I understand  that  you  select  he  stars  to  be measured from  a B.D. Chart. The Smith- 
sonian Astrophysical Observatory i s  preparing a chart with all  the stars in the SA0 
Star Catalogue at  the scale  of the Baker-Nunn photographs. 
Haas : We intend  to  use  this when it comes out. 
Eichhorn : Have you t r i ed  to  f i nd  i f  your  e f fec t ive  accuracy i s  s ign i f icant ly  reduced it  you make 
two or three sett ings on every image instead of f i ve?  
Chavez : Originally we  made f i ve   s e t t i ngs  on every image and excZuded  the most discordant  set- 
t ing from the mean. But I think the accuracy would not be significantly decreased by 
making only three sett ings per image. 
Eichhorn : If you changed your  procedure t o  making three readings only you would save a consider- 
ab l e  amount of time. 
V a s i l e v s k i s  : Do you measure i n   d i r e c t  and reverse? 
Haas : I n  direct   only .  We made  some experiments  with  direct and reverse measurements and 
found no significant dif ferences between them. 
V a s i l e v s k i s  : Then your measurers must be exceptional, because such differences occur even with very 
experienced measurers. I would suggest that you cut the number of se t t ings  from f i v e  
to  three,  but  that  you measure i n  d i r e c t  and reverse. This should increase your accur- 
acy. 
Brown : The s i tua t ion   a t  hand i s  somewhat d i f f e ren t  from  general  astrometric  practice,  since 
i n  measuring sa te l l i t e  p la t e s  we  may re s t r i c t  t he  measurements t o  images whose diam- 
eters are more or less the same. Therefore, there w i l l  be no personal magnitude e- 
quation and one need not make the measurements i n  both direct and reverse. 
Mueller  : Eoen though modifications of measuring  practice may resul t   only   in   a   seemhgly  insigni-  
ficant time saving as far as the measurement of a single image i s  concerned, they should 
be carefully considered. In the application of photographic astrometry t o  s a t e l l i t e  
geodesy, dozens t o  thousands of coordinate pairs of star images are measured, and the 
savings i n  measuring time on a single image may add up to  s igni f icant  savings o f  time - 
and money - as re lated to the entire plate.  
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COMMENTS ON  THE  ACCURACY OF BAKER-NUNN  OBSERVATIONS 
Kurt Lambeck 
Smithsonian Astrophysical  Observatory 
Cambridge, Massachusetts 
INTRODUCTION 
rhe Smithsonian Astrophysical Observatory's  (SAO) Baker-Nunn cameras have 
now been i n  o p e r a t i o n  f o r  some t e n  y e a r s ,  and have furnished thousands of pre- 
c i s e  o p t i c a l  d i r e c t i o n  o b s e r v a t i o n s  f o r  a l a r g e  number of sa te l l i tes .  From 
these  obse rva t ions ,  cons ide rab le  in s igh t  has  been  ga ined  in to  the  na tu re  o f  t he  
e a r t h ' s  g r a v i t a t i o n a l  f i e l d ,  t h e  s t r u c t u r e  o f  t h e  a t m o s p h e r e ,  and t h e  p r e c i s e  
l o c a t i o n  of t h e  camera s t a t ions  themse lves .  The upper l i m i t  t o  t h e  a c c u r a c y  
of  the observat ions has  been nominal ly  set  t o  4 seconds of arc i n  d i r e c t i o n  and 
2msec i n  time, but  i t  has been known f o r  some t i m e ,  on t h e  b a s i s  of a poster- 
i o r i  ev idence ,  t ha t  t he  real accuracy is  n e a r e r  2 seconds of a r c  than  4 seconds 
of a r c .  
Many f ac to r s  i n f luence  the  accu racy  wi th  which t h e  s a t e l l i t e  p o s i t i o n s  
may be  derived  from Baker-Nunn observa t ions .  Some of t h e s e  f a c t o r s  are more 
impor tan t  than  o thers .  Some vary  randomly  f rom  f i lm  to   f i lm,   and  others   sys-  
t ema t i ca l ly  in f luence  the  p rec i s ion  of t he  obse rva t ions  fo r  t he  du ra t ion  of an 
obse rva t ion  sequence ,  o r  fo r  a longer  t i m e  per iod .  But a l l  w i l l  c o n t r i b u t e  i n  
some d e g r e e  t o  t h e  t o t a l  p o s i t i o n a l  u n c e r t a i n t y .  
In  an  accuracy  s tudy  of sa te l l i te  t r ack ing  methods t h e r e  are inva r i ab ly  
two d i s t inc t  a spec t s  t o  be  inves t iga t ed :  t he  accu racy  wi th  wh ich  the  s a t e l l i t e  
pos i t i on  can  be  r e fe r r ed  to  the  r e fe rence  sys t em used  - t h e  stellar framework 
i n  t h e  case of the  opt ica l  observa t ions ,  and  the  accuracy  of  the  ins tan t  of  
observat ion.  It i s  g e n e r a l l y  d e s i r a b l e ' t o  k e e p  t i m e  as an  independent   var iable  
s o  t h a t  any unce r t a in ty  in  measu r ing  the  t i m e  of observa t ion  w i l l  b e  r e f l e c t e d  
i n  t h e  p o s i t i o n a l  a c c u r a c y .  
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ACCURACY OF THE SATELLITE  POSITION LN TKE STELLAR FRAMEWORK 
The more obvious phenomena a f f ec t ing  the  accu racy  of t he  f i lm  reduc t ion  p ro -  
cedures  are : 
a) measu r ing  unce r t a in t i e s  i n  bo th  the  s ta r  and  the  sa te l l i t e  p o s i t i o n s ;  
b )  l imi ta t ions  in  the  compara tors  used;  
c) f i l m  d i s t o r t i o n s ;  
d )  l i m i t a t i o n s  imposed by the atmosphere;  
e) de f i c i enc ie s  in  the  ma themat i ca l  mode l s  employed;  and 
f )  u n c e r t a i n t i e s  i n  t h e  d e f i n i t i o n s  o f  t h e  s te l la r  framework i t s e l f .  
Table  I summarizes t h e  p r e c i s i o n  estimates o f  t he  s tar  pos i t ions ,  and  Table  
I1 g ives  a similar summary of t he  f ac to r s  de t e rmin ing  the  satel l i te ' s  p o s i t i o n a l  
accuracy. 
When t h e  camera is  u s e d  i n  t h e  s t a t i o n a r y  mode, t h e  a p r i o K  standard devi-  
a t i o n  estimate of a s i n g l e  sa te l l i t e  p o s i t i o n  i s  of  the  order  of  1!'8 i n  t h e  a- 
long  t r ack  d i r ec t ion ,  and  1!'5 i n  t h e  a c r o s s  t r a c k  d i r e c t i o n ,  w h i l e  f o r  o b s e r v a -  
t i o n s  made w i t h  t h e  camera i n  t h e  t r a c k i n g  mode t h e  p o s i t i o n a l  a c c u r a c y  i s  of 
t h e  o r d e r  1'!6 i n  b o t h  d i r e c t i o n s .  The estimates are ave rages  fo r  s a t e l l i t e  po- 
s i t i ons  d i s t r ibu ted  un i fo rmly  aga ins t  t he  sky  background  and above an a l t i t u d e  
of  about 15' . They are v a l i d  f o r  any  of  the  exposure times used i n  t h e  n o r m a l  
Baker-Nunn o p e r a t i n g  r o u t i n e s .  
The t r ack ing  mode a p p e a r s  t o  g i v e  s l i g h t l y  more p r e c i s e  r e s u l t s  t h a n  t h e  
s t a t i o n a r y  mode because the atmospherically induced image motion i s  now of less- 
er importance,  and because the fi lm measurements of the sa te l l i t e  p o s i t i o n  are 
of similar a c c u r a c y  i n  e i t h e r  mode. 
The image motion o r  shimmer is one of the m a j o r  f a c t o r s  a f f e c t i n g  t h e  p o s i -  
t iona l  accuracy ,  and i t  canno t  be  r educed  fo r  t he  s t a t iona ry  camera mode of oper- 
a t i o n .  
Other  major  cont r ibu tors  a f fec t ing  the  overa l l  accuracy  are measur ing  e r rors ,  
f i l m  d i s t o r t i o n s  and emulsion shif ts ,  and the combined in f luence  of t he  s t anda rd  
dev ia t ions  i n  t h e  star p o s i t i o n s .  
Measuring e r r o r s  c a n  t h e o r e t i c a l l y  b e  removed by inc reas ing  the  number of 
s e t t i n g s  made on t h e  satel l i te  image. I n  many cases, however, this may be m i s -  
l ead ing:  increas ing  the  number o f  s e t t i n g s  may only improve the consistency of 
t h e  measu remen t s  w i thou t  i nc reas ing  the  r e l i ab i l i t y  of t he i r  ave rage .  Th i s  
would  not  appear  to  be  the  case, however, f o r  GEOS f l a s h e s  and s imi l a r ly  de f ined  
images. 
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TABLE I. - Summary  of a p ~ o e  precision ~ 
contributing  to  uncertainties in star  positions. 
~ 
Measuring  errors 
Calibration  of 
comparator 
Film  distortion  and 
emulsion  shift 
Atmospheric  refraction 
Approximations in 
reduction  method 
Star  positions  from 
catalog 
Total  standard  deviation 
of  each  star  position 
0.511 (E 0!'2) 
211 (E 0!'8) 
l'!l (image  motion  for  tracking  camera) 
0'!8 (differential  refraction) 
OY3 (wandering) 
0!'5 random 
0!'2 systematic 
1!'8 (+0!'2) stationary 
2'!1 (+0'!2) tracking 
TABLE 11. - Summary  of a p r i o r i  precision  estimates of phenomena 
contributing  to  uncertainties  in  satellite  positions. 
(Excluding  Measuring  errors,  calibration  of  compara- 
tor,  film  distortion  and  emulsion  shift,  as  shown  in 
Table I ) . 
Atmospheric  refraction 
Contribution of standard 
deviation of n stars 
Average  of 8 stars 
Total  standard  deviation 
of  satellite  position 
T 
L 
l'!l (image  motion  along  track,  or  flash 
0'!5 (image  motion  across'track) 
0'!3 (wandering) 
O'!l (parallactic  refraction) 
images) 
+ (0.2)2 = 0'!8 stationary 
+ (0 .2 )2  = 0!'9 tracking 
1'!8 stationary - along  track 
1!'5 stationary - across  track 
1!'6 tracking 
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Now, i f   t h e  number of measurements were i n c r e a s e d  f r o m  t h e  p r e s e n t  s i x  s e t t i n g s  
t o  nine s e t t i n g s  i n  X and Y in b o t h   t h e   d i r e c t  and reverse d i r ec t iong ,  which 
r e q u i r e s  l i t t l e  addi t iona l  measur ing  time, the s t anda rd  dev ia t ion  of t h e  mean 
pos i t ion  would .be  reduced  to  
f rom the  present  0!'8 . 
The e f f e c t  o f  e m u l s i o n  s h i f t  w i l l  r equ i r e  cons ide rab le  s tudy  to  de t e rmine  
i ts  magnitude and whether i t  can be reduced by changing the processing tech- 
n i q u e s  o r  by improving the interface condi t ion between the emulsion and the f i lm 
base.  
The most r e a d i l y  a v a i l a b l e  means of  reducing  the  e f fec t  o f  star p o s i t i o n  
u n c e r t a i n t i e s  on t h e  sa te l l i te  p o s i t i o n  i s  t o  i n c r e a s e  t h e  number of  re ference  
stars used  in  the  reduct ion ,  bu t  wi thout  increas ing  the  average  d is tance  be tween 
t h e  star pos i t i ons  and  the  satel l i te .  An i n c r e a s e  from 8 t o  1 2  stars w i l l  re- 
s u l t  i n  a n  improvement i n  t h e  combined e f f e c t  o f  t h e  star p o s i t i o n s  on t h e  sat- 
e l l i t e  p o s i t i o n  t o  0!'6 f o r  t h e  s t a t i o n a r y  mode. 
With t h e s e  two m o d i f i c a t i o n s  t h e  t o t a l  a p r i o r i  s t anda rd  dev ia t ion  of t h e  
sa te l l i t e  p o s i t i o n  becomes: 
1!'6 s t a t i o n a r y  - a l o n g  t r a c k  
1!'3 s t a t i o n a r y  - a c r o s s  track 
1'!3 t r ack ing  
MEASUREMENT OF THE TIME AT THE INSTANT OF EXPOSURE 
The measurement  of t h e  time of an event on t h e  f i l m  i n v o l v e s  two s t e p s :  re- 
l a t i n g  t h e  e v e n t  on t h e  f i l m  t o  t h e  s t a t i o n  c l o c k ,  and r e l a t i n g  t h e  s t a t i o n  
c lock  to  the  adop ted  t i m e  scale. Before 1965-1966, when t h e  N o r m a n  c r y s t a l  
c locks were i n  o p e r a t i o n  a t  t h e  Baker-Nunn s t a t i o n s ,  t h e  s e c o n d  s t e p  w a s  probab- 
l y  t h e  s o u r c e  of g rea t e s t  con ten t ion  as i t  r e l i e d  on VHF r a d i o  s i g n a l s  f o r  b o t h  
t h e  time base and the clock rate a t  t h e  s t a t i o n s .  U n c e r t a i n t i e s  o f  several m i l -  
l i seconds  could  be  expec ted ,  par t icu lar ly  a t  t h e  more d i s t a n t  s t a t i o n s .  
With t h e  i n t r o d u c t i o n  of t h e  Eeco clocks and the use of po r t ab le  c locks ,  
t h e  a c c u r a c y  o f  r e l a t i n g  t h e  s t a t i o n  c l o c k  t o  t h e  time standard has been consid- 
erably  improved.  Monthly  timing-accuracy  records  kept by S ta t ion  Opera t ion  En- 
g inee r ing  ind ica t e  tha t  du r ing  1967 t h e  maximum p o s s i b l e  e r r o r s  i n  r e l a t i n g  t h e  
s ta t ion  c lock  wi th  the  Nat iona l  Bureau  of  S tandards  UA t i m e  scale, and la ter  
with the Nat ional  Observatory UTC t i m e  scale, only very rarely exceeded 0.5msecY 
and  more generally seldom exceeded 0.3msec. Now t h e  problem of maintaining high- 
accuracy  t iming  s tandards  revolves  a round the  re la t ion  of  the  time of an event 
on t h e  f i l m  t o  t h e  s t a t i o n  c l o c k .  T h i s  i s  on ly  the  case f o r  t h e  Baker-Nunn sta- 
. t ions .  The K-50 s t a t i o n s  s t i l l  r e l y  on VHF f o r  time base and clock rate. 
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The e s s e n t i a l l y  d i f f e r e n t  n a t u r e  o f  the e r r o r  s o u r c e s  i n h e r e n t  i n  t h e  two 
s teps  should be noted.  Any u n c e r t a i n t i e s  i n  r e l a t i n g  t h e  s t a t i o n  c l o c k  t o  t h e  
time scale w i l l  r emain  cons tan t  for  a t  least one night ' s  observing,  and possibly 
even longer .  The g r e a t e s t  u n c e r t a i n t y  i n  t h i s  s t e p  is t h e  d e t e r m i n a t i o n  o f  t h e  
the propogat ion time o f  t h e  r a d i o  s i g n a l s ,  w h i c h  is based on an 'laveragel' propa- 
g a t i o n  v e l o c i t y .  The e r r o r  s o u r c e s  i n  t h e  first s t e p  r e l a t i n g  t h e  e v e n t  o n  t h e  
f i l m  t o  t h e  s t a t i o n  c l o c k  w i l l  b e  l a r g e l y  random from event  to  event .  
Table  I11 p r e s e n t s  a summary of the accuracy of measuring the instant of an 
e v e n t  o n  t h e  f i l m  f o r  d i f f e r e n t  c y c l e  rates. 
- ~~ "_ " ~- _ _  - .. ___- __ - - ~~ ~ _ _  - - ~~ 
TABLE 111. - Summary of  the  accuracy  of  measur ing  the  ins tan t  of an event  
on t h e  f i l m  f o r  d i f f e r e n t  cycle rates. 
Cycle 
rat e 
32 sec 
16 
8 
4 
2 
Accuracy of 
r e l a t i n g  e v e n t  
o n  f i l m  t o  
s t a t i o n  c l o c k  
Seconds 
0.5 x 
0.25 x 
0.17 x 
0.13 x 
0.11 x 
Accuracy of  re la t ing 
s t a t i o n  c l o c k  t o  
a b s o l u t e  t i m e  
w/VHF w/port .   clock 
Seconds  Seconds 
1.5 x 0 . 3  x 
1.5 x 0.3 x 
1 .5  x 0.3 x loe3 
1.5 x 0.3 x 
1 . 5  x 0.3 x 
T o t a l  t i m e  
accuracy of event 
w/VHF w/port .   c lock 
Seconds  Seconds 
1.6 x 0.6 x 
1.5 x 10  0.4 x 
1.5 x 10 0.4 x 
1.5 x 10 0.3 x 
1 .5  x 10 0.3 x 
The u n c e r t a i n t y  i n v o l v e d  i n  r e l a t i n g  t h e  time at t h e  s t a t i o n  t o  t h e  time 
scale w i l l  a lways  dominate  the  o ther  uncer ta in t ies  when t h i s  r e l a t i o n  is estab-  
l ished from VHF rad io  s igna l s ,  whereas  the  reverse is  t r u e  when por t ab le  c locks  
are used  to  make this  comparison.  The except ion is  f o r  t h e  v e r y  s h o r t  c y c l e  
rates where th i s  compar ison  aga in  becomes t h e  dominant  cont r ibu tor  to  the  over -  
a l l  t iming  uncer ta in ty .  
I f  t he  t iming  accu racy  i s  i n c o r p o r a t e d  i n t o  t h e  p o s i t i o n a l  a c c u r a c y ,  t h e  
overa l l  accuracy  of  a Baker-Nunn observa t ion  as a f u n c t i o n  o f  t h e  camera cyc le  
ra te  - o r  t h e  sa te l l i te ' s  t o p o c e n t r i c  v e l o c i t y  - can  be  es tab l i shed ,  as is  shown 
i n  T a b l e  I V  . 
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TABLE IV. - Overall accuracy of Baker-Nunn observat ion:  
as a func t ion  of  camera cyc le  rate. 
Cycle 
rate 
32 sec 
16 
8 
4 
2 
(Angular 
v e l o c i t y )  
of  ob jec t  
0-250 /sec 
250-500 
500-1000 
1000-2000 
2000 
S t a t i o n a r y  
mode 
VHF Por t .   c lock  
1 !' 8 l!' 8 
2'! 1 l'! 8 
2!' 3 1!'9 
2!' 7 1 !I 9 
3!' 7 2'!0 
Tracking 
mode 
11'6 
1!'6 
1!'6 
1 !' 6 
1!'6 
STATISTICAL  TESTING OF B m R - N U N N  OBSERVATIONS 
There exist several p o s s i b i l i t i e s  f o r  e s t i m a t i n g  the accuracy of Baker-Nunn 
observations from a posteriori  evidence. Examples are the  examinat ion  of  orb i t  
obse rva t ion  r e s idua l s  o r  of simultaneous observations, and a c a r e f u l  i n t e r p r e t a -  
t i o n  o f  t h e s e  r e s u l t s  w i l l  g ive  a u s e f u l  i n s i g h t  i n t o  t h e  n a t u r e  of the observa-  
t i ona l  accu racy  and l e a d  t o  e i t h e r  a r e j e c t i o n  o r  a v e r i f i c a t i o n  o f  t h e  t h e o r e t -  
i c a l  - a priori - estimates. 
The r e d u c t i o n  p r o c e d u r e  p r o v i d e s  t h e  f i r s t  means of  es t imat ing the accuracy 
of the  observa t ions ,  as it should provide a covar iance  mat r ix  of  the  s a t e l l i t e  
p o s i t i o n  t h a t  r e f l e c t s  a number of t h e  phenomena d iscussed  earlier. I n  t h e  c a s e  
of Baker-Nunn reduct ion  procedures ,  these  phenomena i n c l u d e  t h e  i n d i r e c t  f a c t o r s  
t h a t  r e s u l t  i n  d i s c r e p a n c i e s  between the observed and the computed star coordi-  
n a t e s  - with the except ion of  star c a t a l o g  e r r o r s  - and the measuring accuracy 
of t he  s a t e l l i t e  p o s i t i o n .  The o t h e r  d i r e c t  f a c t o r s  a f f e c t i n g  t h e  s a t e l l i t e ' s  
pos i t i ona l  accu racy  are not  considered,  and nei ther  are t iming  e r ro r s .  
The summary o f  t h e  e r r o r  s o u r c e s  l i s t e d  i n  T a b l e  I1 enab les  the  p rec i s ion  
(01) c o r r e s p o n d i n g  o n l y  t o  t h o s e  f a c t o r s  c o n s i d e r e d  e x p l i c i t l y  o r  i m p l i c i t l y  i n  
t h e  r e d u c t i o n  t o  b e  e s t i m a t e d ;  t h a t  is ,  
01 = 1!'13 camera i n  s t a t i o n a r y  mode, 
o = 1'!21 camera i n  t r a c k i n g  mode. 
A sample of about 250 reductions of Baker-Nunn f i lms ,  t aken  in  bo th  ope ra -  
t i n g  modes, gives  an average value of 1'!15 f o r  t h e  p o s i t i o n a l  s t a n d a r d  d e v i a t i o n  
and is i n  good agreement  wi th  the  theore t ica l  va lues .  The comparison indicates  
t h a t  t h e  t h e o r e t i c a l  r e s u l t s  are overest imated by an  amount  of about 0'!2 o r  0!'3,, 
b u t  t h i s  is  h a r d l y  s i g n i f i c a n t .  
I 
1 2 8  
I n  g e n e r a l ,  a satel l i te  is  t racked  a long  a small p a r t  of i t s  o r b i t ,  r e s u l t -  
i n g  i n  a number o f  consecu t ive  f r ames  in  wh ich  the . . s a t e l l i t e  image appears. A 
usual  procedure i s  t o   f i t  a polynomial through the sequence of consecut ive  sat- 
e l l i t e  i m a  es and t o  i n t e r p o l a t e  a t  a d e s i r e d  i n s t a n t  f o r  a f i c t i t i o u s  p o s i t i o n  
t h a t  w i l l  ave a h ighe r  p rec i s ion  than  a s ingle  observa t ion .  This  computa t iona l  
procedure provides a f u r t h e r  estimate of the accuracy of  a s ing le  obse rva t ions .  
The polynomial  curve-f i t t ing procedure current ly  used a t  SA0 is  based on 
1) The along-track and across-track accuracy components of each satel l i te  
2) A l l  obse rva t ions  in  the  sequence  are of equal accuracy, and no coarela- 
the fol lowing assumptions:  
p o s i t i o n  are equal ,  and there  i s  no correlat ion between them;  and 
t i o n  exists between the va r ious  components i n  the sequence.  
Nei ther  of  these  condi t ions  i s  s a t i s f i e d  f o r  i n d i v i d u a l  o b s e r v a t i o n s ,  be- 
cause  the  same re fe rence  stars may be used i n  two o r  t h ree  consecu t ive  f r ames ,  
and  t iming  er rors  may behace  in  a sys temat ic  manner during the sequence.  A 
check on the above assumptions is p o s s i b l e  i f  t h e  c o v a r i a n c e  matrix of t h e  ad- 
j u s t e d  i n d i v i d u a l  s a t e l l i t e  p o s i t i o n s  is computed  from the polynomial  f i t ,  bu t  
the current program does not provide f c r  th i s  computa t ion .  The covar iance  mat r ix  
of t h e  s y n t h e t i c  p o s i t i o n ,  however, is computed. 
I n c l u d e d  i n  t h e s e  estimates now are a l l  t h o s e  f a c t o r s  t h a t  a f f e c t  t h e  satel- 
l i t e  p o s i t i o n  randomly  from  frame to  f rame:  those  inc luded  in  the  photoreduct ion  
s t a g e ,  and t h o s e  a f f e c t i n g  t h e  s a t e l l i t e  p o s i t i o n s  d i r e c t l y  on each frame - emul- 
s ion  c reep ,  random r e f r a c t i o n ,  random t iming  er rors ,  and  o ther  minor  fac tors .  
From t h e  r e s u l t s  i n  T a b l e s  I and I1 t he  theo re t i ca l ly  expec ted  p rec i s ion  ( a I I ) ,  
f o r  a s a t e l l i t e  of  the  Midas 4 type ,  w i th  the  camera o p e r a t e d  i n  t h e  s t a t i o n a r y  
mode, is 
u = l!'S a long  t rack ,  
o = 1!'5 ac ross  t r ack .  I1 I1 
The s t anda rd  dev ia t ions  in  the  a long- t r ack  and  ac ross - t r ack  d i r ec t ions  fo r  
about 400 syn the t i c  obse rva t ions ,  de r ived  from sequences of seven Midas 4 frames 
wi th  the  camera o p e r a t i n g  i n  t h e  s t a t i o n a r y  mode, y ie lded  average  va lues  of 0'!85 
along t rack and 0!'68 ac ross  t r ack ,  co r re spond ing  to  abou t  1'.'70 and 1!'36 f o r  t h e  
along-  and  across-track  components  of a s ingle  observa t ion .  These  estimates are 
somewhat smaller t h a n  t h e  t h e o r e t i c a l l y  e x p e c t e d  r e s u l t s ,  and i n d i c a t e  t h a t  one 
phenomenon o r  a combination of the phenomena l i s t e d  i n  T a b l e  I1 is overest imated 
by 
[ (l!'S)2 - (1!'7)2 I1j2 = 0'!6 a long  t r ack ,  
[ (1!'5) - (1!'4) ] 1 / 2  = 0!'5 a c r o s s  t r a c k .  
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It is not  poss ib le  to  de te rmine  which  phenomena have been overestimated. 
' T h a t  t h e  o v e r e s t i m a t i o n  i s  on ly  marg ina l ly  due  to  the  measu r ing  p rocess  i s  ind i -  
ca t ed  by t h e  good compar ison  be tween the  theore t ica l  and  the  prac t ica l  resu l t s  
obtained from the photoreduct ion s tep.  More l i k e l y  it is  caused by overestima- 
t i on  o f  t he  emul s ion  c reep  and /o r  a tmos tphe r i c  r e f r ac t ion .  In  any case, because 
of  the approximations made i n  t h e  c u r v e - f i t t i n g  p r o c e s s ,  t h i s  d i f f e r e n c e  i s  hard- 
l y   s i g n i f i c a n t  . 
The remain ing  fac tors  a f fec t ing  the  accuracy  of t he  obse rva t ions  tha t  cou ld  
have  avoided  de tec t ion  are t h o s e  t h a t  are sys t ema t i c  ove r  t he  en t i r e  s equence  of 
*obse rva t ions ;  sys t ema t i c  t iming  e r ro r s  r e su l t i ng  f rom the  use  o f  VHF s i g n a l s  t o  
m a i n t a i n  t h e  s t a t i o n  c l o c k  are t h e  most obvious. A check  on  these  e r rors  is, 
however,  provided from an analysis of simultaneous observations of t h e  same ob- 
j ec t  from two o r  more s t a t i o n s .  
The mathematical  model present ly  used  by SA0 fo r  ad jus t ing  the  s imul t aneous  
observat ions and computing the direct ions between the s ta t ions from which the 
observa t ions  are  made is  based on a number of  approximations,  and the resul tant  
accuracy estimates are n o t  e n t i r e l y  real is t ic .  But t h e  s t a n d r a d  d e v i a t i o n s  of 
un i t  we igh t  ob ta ined  fo r  t he  so lu t ion  o f  each  s t a t ion - s t a t ion  vec to r  w i l l  never- 
t he l e s s  i nd ica t e  the  accu racy  o f  a s ing le  syn the t i c  obse rva t ion .  These  estimates 
i n d i c a t e  a d i r ec t iona l  accu racy  o f  t he  o rde r  of l'!l f o r  a syn the t i c  obse rva t ion ,  
and  on the  assumpt ion  tha t  the  average sequence length is  seven frames, the new 
estimate of  the  s tandard  devia t ion  of  a s ing le  obse rva t ion  i s  2'.'2. This  is 
g r e a t e r  t h a n  t h e  earlier estimates, and it means t h a t  s y s t e m a t i c  e r r o r s  t o t a l i n g  
about [ (2'!2)2 - (1'!8)2 ] 1 / 2  = 1!'3 must be  pos tu l a t ed .  
Midas 4 has been  used  fo r  t he  ma jo r i ty  of t h e s e  o b s e r v a t i o n s ,  a n d  i f  t h e  
t iming  e r ro r s  are assumed to  be  cons t an t  ove r  an  arc, b u t  v a r i a b l e  f r o m  a r c  t o  
arc, the magnitude of the t iming error must be about 2.5msec at each of the two 
s t a t i o n s  from  which the  s imul tanrous  observa t ions  are made. It i s  more l i k e l y  
t h a t  t h e  t i m i n g  e r r o r  i s  smaller but  sys temat ic  over  a longer  t i m e  i n t e r v a l .  
Some attempt has been made t o  i s o l a t e  t h e s e  d i s c r e p a n c i e s  by d i v i d i n g  t h e  
so lu t ions   fo r   t he   va r ious   s t a t ion - s t a t ion   vec to r s   i n to   subgroups .  One such 
grouping w a s  made a c c o r d i n g  t o  t h e  s a t e l l i t e  observed and another  according to  
chronologica l   o rder .  However, n e i t h e r  case presented  any evidence  suggest ing 
t h e  t r u e  n a t u r e  o f  t h e  t i m i n g  d i s c r e p a n c i e s ,  e s s e n t i a l l y  b e c a u s e  of poor time 
d i s t r ibu t ion  o f  t he  obse rva t ions .  
The above  ana lys i s  app l i e s  on ly  t o  obse rva t ions  co l l ec t ed  be fo re  the  use  of 
t he  po r t ab le  c lock  to  p rov ide  the  time base.  A t  p r e s e n t ,  t h e r e  are  i n s u f f i c i e n t  
d a t e  a v a i l a b l e  f o r  a similar analysis  f rom observat ions ' taken s ince the improve-  
ment i n  t i m e  keeping. But  more d i r e c t  measurement  of t h e  u n c e r t a i n t i e s  i n  d e t e r -  
mining time by  means of VHF recep t ion  is now p o s s i b l e  by comparison of such sig- 
na l s  r ece ived  a t  t h e  s t a t i o n  w i t h  t h e  time c a r r i e d  by the  po r t ab le  c lock .  
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: What exactly do you consider a "frame" ? 
: In essence, one s a t e l l i t e  image. 
: H o w  many reference stars do you use for the determination of i t s  posit ion? 
: Between eight  and ten. 
: What i s  the cost of making the measurements t o  ge t  a posi t ion with a mean error of one 
and a hal f  second of arc ? 
: About th i r t een  to  f i f t een  do l lar s .  
: A t  the Eastman Kodak  Company extensive work has been done with regard t o  t h e  s t a b i l i t y  
Of emulsions and o f  emulsion carriers.  a i s  information i s  available from KO&&. Also, 
I should Like t o  ask which projection i s  used for  the sky t o  t h e  curved focal sztrface 
of the Baker-Nunn f i l m  ? 
: Azimuthal equidistant projection. 
: reason i s  t h a t  although  this i s  not a rigorous  mathematical model for   the  projec-  
t ion,  i t  represents very well the distortions introduced bg the elastic deformation 
during exposure. 
: Under the circumstances, how do you f ind the tangent ial  point  ? 
: Since we use only an area of about 2 degrees diameter i n  every frame, the choice of the 
tangential point has no not iced   le   in f luence  on the   f i na l   r e su l t .  
: If i t  costs fourteen dollars to reach an accuracy of a l i t t l e  b e t t e r  t h a n  two seconds 
of arc, I can' t  qui te  understand why i t  i s  necess- t o  go t o   a l l   t h e  extremely com- 
plicated procedures and all  this computerization. I t  seems t o  me that  a t  my i n s t i t u -  
t i on  we could do the same thing f o r  about hal f  the cost .  
: But then we would have t o  pay for  a l o t  o f  peripheral items. I t  should also be kept 
i n  mind that  we need t o  produce a great many posi t ions.  
: How  many frames were reduced so f a r   a t  SA0 ? 
: Nearly one quarter of a mill ion.  
: And a t  ACIC ? 
: About f i f t e e n  hundred. 
: H o w  many plates  were reduced f o r  NASA ? 
: About three thousand, a t  a cost  of roughly  for ty - f ive  to  f i f t y  dollars per plate.  
: A t  Strasbourg we proceed i n  the same way as a t   t h e  SAO. 
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OBSERVATIONS  AND  REDUCTION  TECHNIQUES 
OF THE U.S. COAST AND  GEODETIC  SURVEY 
Hellmut H. Schmid 
Environmental  Science Services  Adminis t ra t ion 
ABSTRACT 
The pZate reduction method and other aspects 
of the worZd geodetic net are described. About one 
hundred stars from the SAOC are used as reference 
stars on the PAGEOS sateZZite pZates obtained on 
300mm f. 1 .  and Zater 450mm f .  I. WiZd BC-4 cameras. 
The measurements are made  manuaZZy  now on diaposi- 
t ives since these can, according to experience, be 
measured with  higher accuracy (about 1 . 6 ~  r .m.  s .  1, 
and are adjusted foZZowing a rigorous projective 
geometric model. The sateZZite images are m Z y -  
ticaZ Zy represented by a po ZynomiaZ curve, of  which 
seven f icti t ious points (posit ionaZ accuracy about 
0!'3 within the system) are regarded as the resuZt 
from t h i s  pZate. Some other aspects of the program 
are aZso discussed. 
We are a t  t h i s  t i m e  engaged i n  a very extensive process  of  documentat ion,  
which w i l l  descr ibe  our  method  of d a t a  p r o c e s s i n g  i n  e v e r y  d e t a i l .  We cons ider  
such a documentat ion necessary s imply because in  the operat ion of  a worldwide 
geodetic program one arrives a t  a poin t  where  the  amount of  da ta  is s o  overwhelm- 
ing  tha t  one  can  no  longe r  a f fo rd  to  su r rende r  to  the  t empta t ion  o f  fu r the r  re- 
f i n i n g  t h e  method. One is  f o r c e d  t o  f r e e z e  t h e  o p e r a t i o n a l  p r o c e d u r e  i n  o r d e r  
t o  d e l i v e r  t h e  end r e s u l t s  on schedule .  
A t  t h e  moment w e  are s t i l l  i n  a pos i t i on  to  r ecompute  a l l  our  present  da ta ,  
amounting t o  t h e  r e d u c t i o n  of about  1000 plates .  We e n t e r  t h i s  f i n a l  p h a s e  of 
d a t a  p r o c e s s i n g  w i t h  a n  e n t i r e l y  new genera t ion  of data reduction programs and 
wi th  the fee l ing  of  having  a system which w i l l ,  f o r  a l l  prac t ica l  purposes ,  p ro-  
duce an optimum end r e s u l t .  
133 
Our s tar-updat ing procedure,  as ide from some.rearrangements  in t h e  compu- 
t a t i o n a l  s t e p s ,  i s  i d e n t i c a l  t o  that  used a t  t h e  U.S. Naval Observatory (Scott  
and  Hughes,  1964) . A f t e r  u p d a t i n g  t h e  c a t a l o g  i n f o m , t i o n  by cons ide r ing  the  
e f f ec t s  o f  p rope r  mot ion ,  r ad ia l  ve loc i ty ,  p recess ion ,  nu ta t ion ,  d iu rna l  abe r ra -  
t i o n  and  para l lax ,  w e  i n t r o d u c e  l o c a l  s i d e r e a l  t i m e ,  t hus  r e fe r r ing  ou r  sys t em 
t o  a l o c a l  s t a t i o n  m e r i d i a n .  We would d e f i n i t e l y  c o n s i d e r  it i n a d e q u a t e  t o  ap- 
p l y  t o  the t o t a l   f i e l d  of view of 20' a s i n g l e  r e f r a c t i o n  c o r r e c t i o n  o n l y ,  and 
t h e r e f o r e  w e  app ly  ind iv idua l  co r rec t ions  to  each  r ay  (i.e., image) .  In  some 
p l a c e s  i n  t h e  w o r l d ,  i s l a n d s  i n  p a r t i c u l a r ,  w e  have  found  tha t  t he  ava i l ab le  
c o o r d i n a t e s  f o r  t h e  s t a t i o n s  are rather  inadequate ,  sometimes as much as a m i l e  
i n  e r r o r .  When such  d iscrepancies  are d i s c o v e r e d  i n  t h e  p r e l i m i n a r y  t r i a n g u l a -  
t i o n ,  w e  u s e  t h e s e  r e s u l t s  as p re l imina ry  approx ima t ions  in  o rde r  no t  t o  impa i r  
the  re f rac t ion  cor rec t ion  which  obvious ly  assumes  a n o r m a l  s t r a t i f i c a t i o n  o f  
the atmosphere.  
For star reference  informat ion  w e  u s e  t h e  SA0 Catalog. From t h i s  c a t a l o g  
w e  have  se l ec t ed  those  stars which w e  f e e l  are s u i t a b l e  f o r  o u r  p u r p o s e .  The 
s e l e c t i o n  was made on t h e  b a s i s  of magnitude and l i s t e d  mean e r ro r  o f  t he  p rope r  
motion.  Because w e  need one hundred individual stars on  each  photograph, w e  
found it n e c e s s a r y  t o  i n c o r p o r a t e  stars t o  t h e  e i g h t h  m a g n i t u d e  whose p o s i t i o n s  
a t  the epoch of  the catalog had an accuracy of  at least 0!'4 . Thus w e  have about 
20 000 stars a v a i l a b l e .  Somewhat handicapped by the  lack  of  an  en t i re ly  even  
d i s t r i b u t i o n ,  w e  can expect a minimum number of 45 stars on-any one individual  
p l a t e ,  w h i l e  t h e  maximum i s  about  425 stars. The average i s  somewhat h igher  than  
150 stars per photograph. 
Our d a t a  p r o c e s s i n g  p r o c e d u r e  c o n s i s t s  o f  f o u r  d i s t i n c t  s t e p s .  F i r s t ,  w e  
have programs concerned with the reduction of the comparator measurements. Se- 
cond, w e  have programs that  deal  with the reconstruct ion of  the photogrammetr ic  
bundle ,  tha t  is t o  s a y ,  t o  p r o v i d e  i n t e r p o l a t i o n  p a r a m e t e r s  n e c e s s a r y  f o r  re- 
cons t ruc t ing  the  d i rec t ion  toward  the  sa te l l i t e  r e l a t i v e  t o  t h e  s u r r o u n d i n g  
star background. The t h i r d  s t e p ,  which deals  s imultaneously with a l l  photographs 
be longing  to  an  ind iv idua l  event ,  de te rmines  these  d i rec t ions  incorpora t ing  a 
curve f i t  through the multiple imagery of the chopped s a t e l l i t e  t r a i l .  The f o u r t h  
and f i n a l  s t e p  i n  t h e  d a t a  r e d u c t i o n  p r o c e d u r e  d e a l s  w i t h  t h e  s p a t i a l  t r i a n g u l a -  
t i o n  of t h e  p o s i t i o n s  o f  t h e  o b s e r v a t i o n  s t a t i o n s .  
Assoc ia ted  var iance  - covar iance  mat r ices  are car r ied  through a l l  t he  ind i -  
v i d u a l  s t e p s  i n  s u c h  a way as t o  g u a r a n t e e  a r e s u l t  which i s  r i g o r o u s  i n  t h e  
sense of a least squares  adjustment .  
Analysis  of t h e  p r e c i s i o n  o f  t h e  p l a t e  measurement from t h e  r e d u c t i o n  of 
abou t  1000  p la t e s  g ives  the  fo l lowing  quan t i t a t ive  da t a .  On the  average ,  103  d i f -  
f e r e n t  stars are measured on each p l a t e  and each star is photographed seven times. 
Consequently there are, on the average,  about  700 star images measured on each 
p la te  t h a t  are obtained from the star photography taken before,  during and after 
the  recording  of   (on  the  average)   308 sa te l l i t e  images.   Therefore ,   typical ly  
more than 1000 images are measu red  on  each  p l a t e  i n  d i r ec t  and r e v e r s e  p o s i t i o n .  
Af t e r  a least squares  f i t  of t h e  d i r e c t  and t h e  reverse measurements t o  each  o th -  
er (which allows for two t r ans l a t ions ,  one  ro t a t ion  and  a scale c o r r e c t i o n ) ,  t h e  
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prec is ion  of  the  measur ing  procedure  can be judged from the d i s p e r s i o n  of t h e  
difference between. the double measurements.  The mean er ror  of  the  average  of  
a d o u b l e  s e t t i n g  as obtained from the differences between about  a m i l l i o n  p a i r s  
of double measurements is ,  11.6 microns. 
I n  t h e  earlier stages of our work w e  measured on negatives. Then w e  were 
faced with the problem that  a black point-shaped measuring mark h a d  t o  b e  set 
i n t o  t h e  n o t  q u i t e  b l a c k  star o r  s a t e l l i t e  image.  This  procedure  caused  system- 
a t i c  b i a s  e r r o r s ,  d i f f e r i n g  f rom opera tor  to  opera tor .  By t u r n i n g  t h e  p l a t e  
through 180" i n  i t s  own p lanes ,  i . e . ,  measu r ing  ind i r ec t  and . r eve r se ,  such  e r ro r s  
cancel .  However, they were uncomfor t ab ly   l a rge .   In   o rde r   t o   r educe   t hese  sys- 
tematic s e t t i n g  e r r o r s ,  w e  now produce from each or iginal  negat ive a d i a p o s i t i v e  
by copying  the  or ig ina l  p la tes  under  vacuum pressure .  The e f f e c t  is  t h a t  w e  can 
now set the black measuring mark i n t o  a wh i t e  star o r  sa te l l i t e  p o i n t  image. This 
r ed ,uces  the  sys t ema t i c  s e t t i ng  e r ro r  o f  t he  ope ra to r s .  We t e s t e d  t h i s  method 
on a cons iderable  number of p la tes ,  a s su r ing  ou r se lves  tha t  no a d d i t i o n a l  b i a s  
e r r o r s  had  been  introduced. The o v e r a l l  mean error  of  the  averaged,  measured 
image  coord ina tes  fe l l  f rom t1.8 t o  t h e  p r e s e n t  k1.6 microns,  af ter  w e  changed 
f rom measur ing  nega t ives  to  d i apos i t i ves .  S t a t i s t i ca l  ana lys i s  of a l l  ou r  da t a  
showed, fur thermore,  a s l i g h t  improvement a f t e r  t h e  300mm were rep laced  by t h e  
new 450mm foca l  length  lenses .  This  may be explained by the  be t t e r  imag ing  
q u a l i t y  of t h e  new l e n s ,  e s p e c i a l l y  i n  t h e  p e r i p h e r a l  p o r t i o n  of t h e  now narrow- 
er f i e l d .  
A f i r s t  measure of the accuracy is  obta ined  when t h e  measured p l a t e  coord i -  
n a t e s  are matched with the star ca t a log  da ta .  The mean e r r o r  of t h e  image co- 
o r d i n a t e  o b t a i n e d  f r o m  t h e  i n d i v i d u a l  p l a t e  r e d u c t i o n s  is between k1.6 and k2.5 
microns. The average i s  k2.3 microns.   This   increase  f rom  t1 .6   to  k2.3 microns 
is caused by add i t iona l  e r ro r  sou rces  such  as random e m u l s i o n  s h i f t s  a n d  s c i n t i l -  
l a t i o n  e f f e c t s ,  which are due t o  t h e  t u r b u l e n c e  of the  atmosphere.  Emulsion 
s h i f t s  are of t h e  o r d e r  o f  o n e  m i c r o n  w h i l e  s c i n t i l l a t i o n  d i f f e r s  f r o m  s t a t i o n  
to  s t a t ion  depend ing  on a tmospher ic  condi t ions .  In  order  to  de te rmined  the  mag- 
n i t u d e  of s c i n t i l l a t i o n ,  a p re l imina ry  cu rve  f i t  t h rough  the  s a t e l l i t e  images i s  
executed providing a n o i s e  trace which is u s e d  t o  e s t a b l i s h  t h e  a p p r o p r i a t e  
w e i g h t s  i n  t h e  i n d i v i d u a l  s i n g l e  camera r e d u c t i o n  p r o c e s s .  I n  t h i s  way w e  make 
s u r e  t h a t  t h e  w e i g h t s  are a s s i g n e d  t o  t h e  star p o s i t i o n s  i n  t h e  SA0 Catalog. 
A stat is t ical  a n a l y s i s  of t h e  r e s u l t s  of t h e  s i n g l e  camera o r i e n t a t i o n  re- 
duc t ions  occas iona l ly  showed a mean e r ro r  o f  un i t  we igh t  t ha t  w a s  l a r g e r  t h a n  
exp la inab le  by the magnitude of  the aforementioned noise  sources  and thus indi-  
ca t ed  some k ind  o f  sys t ema t i c  e r ro r  i n  ou r  da t a  acqu i s i t i on  p rocedure .  Th i s  
e f f ec t  d i sappea red  when two independen t  o r i en ta t ion  matrices were introduced,  the 
f i r s t  o n e  r e f e r r i n g  t o  the star imagery before the event,  and the second one re- 
f e r r i n g  t o  t h e  star imagery  taken  af te r  the event.  Thus i t  became e v i d e n t  t h a t ,  
occas iona l ly ,  the camera w a s  n o t  s t a b l y  mounted.  For t h i s  r e a s o n ,  w e  changed 
t h e  p l a t e  t a k i n g  p r o c e d u r e  i n  the middle of 1966. We are now obta in ing  addi -  
t i o n a l  star images during the sa te l l i t e  mission and through the rotat ing disk 
s h u t t e r s .  The p l a t e s  r eco rd ,  on  the  ave rage ,  t he  images  of 20 d i f f e r e n t  stars 
d u r i n g  t h e  t i m e  t h e  sa te l l i t e  mission is photographed. These are t y p i c a l l y  FK4 
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stars, the most des i r ab le  ones  (because  o f  t he  accu racy  of the i r  ca t a logued  pos i -  
t i o n s )  f o r  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  the camera a t  the  event.   Consequently 
w e  r ev i sed  ou r  program of reduction so t h a t  w e  now have three independent  rota-  
t i o n  matrices r e f e r r i n g  t o  t h e  o r i e n t a t i o n :  b e f o r e ,  d u r i n g  and after the event  
r e spec t ive ly .  The remaining parameters describing the geometry of the bundle  of 
rays  can  be  assumed as s t a b l e  d u r i n g  the 20 minutes,  which is t h e  t y p i c a l  d u r a -  
t i on  o f  an  even t .  Thus the information from a l l  stars is used  to  de t e rmine  the  
s tab le  parameters  whi le  the  images  of  the  stars taken before ,  during and after 
the  event  are used  to  de t e rmine  the  ind iv idua l  camera o r i en ta t ion  pa rame te r s  
va l id  dur ing  the  cor responding  t i m e  i n t e r v a l s .  
While w e  prepared  our  da ta  for  re - reduct ion ,  w e  s tud ied  the  problem of  the  
use of  Universal  T i m e  i n  d e t a i l  and discovered that  UT1, e spec ia l ly  du r ing  the  
period from 1956 t o  1968, was n o t  s t r i c t l y  a measure of  ear th  rotat ion.  During 
t h i s  p e r i o d  t h e  Bureau In te rna t iona l  de  1 'Heure  en ter ta ined  the  concept  of a mov- 
ing  po le ,  i n  o the r  words ,  pe r iod ica l ly  changed the  pos i t ion  of  the  epoch  pole .  
I n  a d d i t i o n ,  d u r i n g  t h i s  p e r i o d  t h e  z e r o  m e r i d i a n  o f  t h e  UT1 system w a s  def ined  
as a meridian originating from the epoch pole and passing through Greenwich. A s  
a consequence, each t i m e  t h e  p o l e  w a s  s h i f t e d  t o  a new p o s i t i o n ,  t h i s  m e r i d i a n  
would i n t e r s e c t  t h e  c o n v e n t i o n a l  e q u a t o r  a t  a d i f f e r e n t  p o i n t .  T h e r e f o r e  t h e  
o r i e n t a t i o n  o f  t h e  e a r t h ,  r e l a t i v e  t o  t h e  same i n e r t i a l  f r a m e ,  was d i f f e r e n t  a t  
OhUT fo r  each  of the  pole  pos i t ions  chosen  for  the  var ious  epochs .  
A t  the  Lucerne  meet ing  of  the  In te rna t iona l  Assoc ia t ion  of  Geodesy and Geo- 
phys ics  in  1967,  a recommendation w a s  adopted  to  use  the  Convent iona l  In te rna t ion-  
a l  Or ig in ,  t ha t  i s ,  t h e  p o l e  of 1902-03 as t h e  o r i g i n  f o r  b o t h  p o l a r  m o t i o n  and 
the  reckoning  of t i m e .  Because  of  the  aforementioned  si tuation, a d i s c o n t i n u i t y  
of 18 mi l l i s econds  a rose  on January 1, 1968 ,  e i the r  as a jump i n  t i m e  o r  as a 
displacement   of   the   convent ional   geodet ic   zero  meridian.   Whatever   their   reason,  
t h e s e  f a c t s  and their  consequences must be  t aken  in to  accoun t  when p r e c i s i o n  geo- 
me t r i c  s a t e l l i t e  t r i a n g u l a t i o n s  a r e  ca r r i ed  ou t .  
Another  subt le  po in t  came t o  o u r  a t t e n t i o n  d u r i n g  t h e  p r e p a r a t i o n s  f o r  t h e  
da ta  re - reduct ion ,  namely  an  e f fec t  in  the  na ture  of  an  addi t iona l  aber ra t ion .  
This  is no t  t yp ica l  fo r  a s t ronomica l  work, but  occurs  here  because of  our  choice 
o f  an  ea r th - f ixed  coord ina te  f r ame  fo r  ou r  f ina l  t r i angu la t ion  r educ t ions .  Con- 
s ider  the  photography of  one  f lash  f rom two s ta t ions .  Accord ing  to  convent iona l  
abe r ra t ion  theo ry ,  t he  obse rved  d i r ec t ion  i s  space parallel t o  the  r equ i r ed  ac tu -  
a l  d i r e c t i o n ,  a t  least  s u f f i c i e n t l y  c l o s e  t o  t h e  o r d e r  of uniform linear motion. 
This statement, however, is o n l y  c o r r e c t  i f  t h i s  d i r e c t i o n  is  r e f e r r e d  t o  a near-  
l y  i n e r t i a l  s y s t e m .  When these  observa t ions  are r e f e r r e d  t o  a n  e a r t h - f i x e d  s y s -  
t e m ,  the d i r e c t i o n  i s  a f f e c t e d  by t h e  r o t a t i o n  of t h e  e a r t h  d u r i n g  t h e  l i g h t  tra- 
v e l  time in t e rva l .  Because  the  d i s t ances  be tween  the  f l a sh  and the  va r ious  ob- 
s e r v i n g  s t a t i o n s  are d i f f e r e n t ,  t h e  a p p r o p r i a t e  c o r r e c t i o n s  w i l l  b e  d i f f e r e n t  f o r  
t h e  d i f f e r e n t  s t a t i o n s ,  and the re fo re ,  w i l l  cause a s l i g h t  s y s t e m a t i c  e r r o r  i n  
t h e  spa t ia l  t r i a n g u l a t i o n  when n e g l e c t e d .  I n  the case of a pass ive  sa te l l i t e ,  
t h e  problem is somewhat  more complex bu t  r ead i ly  hand led  because  the  cu rve  f i t -  
t e d  t o  t h e  measured sa te l l i t e  images w i l l  then  represent  a known func t ion  of  time. 
I a m  a f r a i d  I w i l l  make a bad publ ic  impress ion  by s t a t i n g  w e  are spending 
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~ about  $1000 p e r  p l a t e .  The accu racy  wh ich . ae  ob ta ih  fo r  a s ing le  r educed  d i r ec -  
t i on  co r re sponds  to  a mean e r r o r  o f  about.O'.'C i n  each coord ina te .  However, it is 
evident  that a reduc t ion  method produc+g a d i r e c t i o n  w i t h  a mean e r r o r  of 2" , 
which i s  f i v e  times o u r  f i g u r e  would h a v e  t o  b e - c a r r i e d  o u t  t w e n t y - f i v e  times t o  
produce  the  same accuracy as o u r  f i n a l  r e s u l t s ,  d i s r e g a r d i n g  the consequences of 
t he  use  o r  abuse  o f  t he  squa re - roo t  e r ro r  l a w .  When w e  t hus  compare t h e  c o s t  of 
ou r  work wi th  that descr ibed  by another  speaker ,  who s t a t e d  $20 f o r  a n  i n d i v i d u a l  
reduct ion,  yielding an accuracy of  two seconds,  w e  are still by a f a c t o r  o f  two 
on  the  expens ive  s ide  wi th  our  reduct ions .  On t h e  o t h e r  hand, t h e  c o s t  of t h e  
d a t a  r e d u c t i o n  e f f o r t  c o n s t i t u t e s  o n l y  a b o u t  25% t o  30% o f  t h e  t o t a l  program ex- 
pendi tures  which amount t o  a b o u t  $12 000 000 o r ,  i n  a d d i t i o n  t o  t h e  c o s t  of t h e  
PAGEOS satel l i te  l aunch ,  e s t ima ted  to  be  $8 000 000. Thus the  Geodet ic  World Net 
Program c o n s t i t u t e s  a budgetary expense of about $20 000 000, and  therefore  I 
t h i n k  it is q u i t e  j u s t i f i a b l e  t o  o b t a i n  t h e  b e s t  r e s u l t s  p o s s i b l e  f r o m  t h e  r a w  
da t a .  The v a l u e  o f  t h e  f i n a l  r e s u l t  c a n n o t ,  i n  s u c h  p r o g r a m s ,  b e  r e a d i l y  e x p r e s s -  
ed  by cos t -benef i t  cons idera t ions .  It cou ld  be  success fu l ly  a rgued  tha t  ou r  re- 
duc t ion  opera t ion  incorpora tes  redundant  in format ion  beyond t h e  p o i n t  o f  r e t u r n  
i n  terms of accuracy  improvements   of   the   f inal   resul t .  Our approach,  however, 
c o n t r i b u t e s  t o  a h i g h  l e v e l  of r e l i a b i l i t y  o f  t h e  s o l u t i o n  which is  based on the 
concept  tha t  in format ion ,  even  i f  i t  is b a s i c a l l y  n o t  of  optimum v a l u e  f o r  geo- 
me t r i c  o r  phys i ca l  r easons ,  must neve r the l e s s  f i t  i n t o  t h e  frame of a least 
squares  adjustment  without  unduly increasing the mean e r r o r  of u n i t  w e i g h t  a f t e r  
adjustment .  
A t  t h i s  t i m e ,  w e  have adjusted about  one third of  the world net  by our pre- 
liminary methods. The f i n a l  r e s u l t ,  which corresponds to  some 3000 p l a t e s  w i l l  
p rovide  a three-d imens iona l  t r iangula t ion  sys tem approaching  an  accuracy 'of  one  
p a r t  i n  o n e  m i l l i o n  (Schmid, 1969) .  
I n  c l o s i n g ,  I want t o  expres s  my apprec ia t ion  fo r  t he  qua l i t y  o f  t he  a s t ro -  
nomical system of star pos i t ions  which ,  a t   l ea s t  in  the  nor thern  hemisphere  where  
w e  have used i t  i n  o u r  t r i a n g u l a t i o n ,  c o n s t i t u t e s  a n  e x c e p t i o n a l l y  c o n s i s t e n t  
reference frame. 
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DIS CUSS I O N  
Brown 
S chmid 
Brown 
Schmid 
: The error calculated by means of Gaussian error propagation of a posit ion from one of 
your plates comes o u t  t o  0!'3 t o  0!'4 . The actually observed closure error, however, 
usually comes out twice that large.  This seems t o  i n d i c a t e  t h a t  unaccounted f o r  sys- 
tematic errors enter. Could t h i s  have m y t h i n g  t o  do with your calibrating all  your 
comparators against  the same grid plate? 
' Probably not.  We determine  the x and y scale  values  independently  from  the  star 
posit ions and do not assume that  the  comparator axes are perpendicular to each other. 
Our measurements should be influenced only by the periodic errors of the screws, since 
we cannot detect  any systematic dif ferences between d i rec t  and the reverse measurements. 
' So t h i s   s t i l l  leaves the question open why you don't get closures of 0!'4 ? 
: This number appl ies  to  the  world net ,  and I bel ieve it is  rea l ly  wish fu l  th ink ing  to  
expect the closure to come t o  01'3 or  01'4 after all  the elaborate processing. I t  may 
be that the systematic errors of the system of s tar  pos i t ions  which we use, has some- 
th ing  to  do with  th i s ,  good as it  i s .  I should  a lso  l ike  to  poin t  ou t  tha t  we shal l  
have made, after completion of the  world net ,  a t o t a l  of about 240 000 star image 
measurements on altogether 13 000 s tars ,  so tha t  the  pos i t ion  of every star w i l l  have 
been  used  &>out  twenty times. Could it be that the residuals from these measurements 
are valuable t o  fundamental astronomy for the improvement of the fundamental system ? 
I t  would also be interest ing to  eventual ly  compare our resul ts  wi th  those found from 
a dynamical Doppler solution. Whatever comparisons of th i s  k ind  have been made up t o  
th i s  kime show excel lent  agreement between the  resu l t s  from the  d i f f e ren t  groups of 
data. 
Schmid 
Eichhorn  : The care and thoughtfulness  incorporated  into  these  reductions makes them one of the 
most impressive astrometric procedures in  ex i s t ence .  If you had applied the same care 
t o  reducing photographs from a longer focal length camera, land focal length i s  regard- 
ed by astrometrists as the principal single determinator of relative accuracy) might 
you not have  improved the accuracy, with no extra expenditure of work, t o ,  SPJ, O ! ' l  ? 
Has t h i s  maybe something t o  do with the systematic errors that Mr. Brown alluded to 
earl ier? I can imagine that the 240 000 adjustment residuals of the 13 000 s t a r  po- 
s i t i ons  which you have would be even more valuable for the determination of individu- 
a l l y  improved star posit ions as well  as the systematic errors of the underlying funda- 
mental system i f  they had that higher accuracy. 
: O u r  working with the presently used focal length has been lcrgely necessitated by the 
emergence of th i s  pro jec t  from what was originally missile tracking. Since t ime was 
important, the 3 0 0 m  objective was designed.to f i t  the then existing missile tracking 
requirements. When geodetic considerations became important, i t  was necessary t o  adapt 
the focal length to other already well functioning components, that  would have had t o  
be  completely  redesigned,  for  instance,  the  shutter mechanism. Considerations of t h i s  
type also restr ic ted our poss ib i l i t i e s  of enlarging the aperture. We also had t o  have 
an instrument that would work i n  the climatic conditions of Greenland as well as of 
those at the equator. Finally we fe l t  tha t  the  l imi ted  quant i ty  of available positions 
of reference stars made it necessary t o  have a wide f i e l d  so that  more stars per frame 
could be available for the establishment of a systematically more accurate reference 
frame, i n  so far  as  an overall systematic error of the fundamental system i s  consider- 
ed. I f  we had more and bet ter  reference s tar  posi t ions,  we might well  have u t i l i z e d  
wi th  pro f i t  camems of larger focal length. 
Eichhorn  ' The  work to  get  these star posit ions i s  already under way, p a r t l y  as the A M 3  and p a r t -  
l y  as an e f for t  in  the  Southern  Hemisphere. Do you fee l  tha t  a f ter  these  pos i t ions  
have become available, it would be meaningful to repeat your present effort  with a one- 
or two meter focal length camera ? 
Schmid : Probably not   for  a world wide. e f fo r t ,   bu t  perhaps for   special   invest igat ions  involving 
smaller areas, such as studies i n  seismology and involving the investigation of contin- 
ental d r i f t .  However, it i s  ra ther  to  be expected that radically new and d i f f e ren t  
systems w i l l  be developed f o r  an attack on these problems, especiaZly when they in- 
volve continental d r i f t  a t  an assumed m t e  of about two centimeters per year. 
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Vasilevskis : Sc in t i l l a t ion  is also a factor  which limits the obtaining of higher accuracy through 
increased focaZ length. H a ,  do you handle t h i s  problem ? 
Schmid : We expose  about four  minutes and during  this  period produce two sateZZite images per 
second, thus we in tegrate  the  e f fec t  of  s c i n t i l h t i o n  over about 500 images. 
Vasilevskis : Astrometric experience indicates that integration over a m i n i m  period of two minutes 
i s  necessary to  e l iminate  harmful e f f e c t s  of s c i n t i l l a t i o n  on the posit ions.  
S chmid : Conditions vary from s t a t i o n  t o  s t a t i o n  and must be particularZy  carefuZly  considered 
in the f ieZd. A t  Troms,  Norway, for instance, the seeing is particuZarZy bad. An a t -  
tempt t o  e x p l a i n  t h i s  may be to realize that the presence of the GuZf Stream, and t y -  
picaZZy cold continentaZ high pressure weather systems may cause unusual atmospheric 
turbuZence. This is why  we need to integrate over as long a time span as is feasibZe. 
Murray : Why don't  you  use  the  apparent pZaces a t  t h e  mean 1950.0 system  instead of the appar- 
e n t  p h c e s  in the true system at the epoch ? 
Veis : A t  some stage,  the  apparent  positions in the  true  system of epoch must  be  used  because 
a f t e r  aZZ, the directions must be reZated t o  a geocentric terrestriaz system. A t  the 
SAO, the buZk of the reductions i s  carried out in the mean 2950 system and the reduc- 
t i on  to  the  t e r res t r ia l  s y s t em is done a t  a la t e r  s t ep  which involves,  of  course, po- 
Zar motion and  a rotat ion through U T I .  The  onZy reason for using the apparent posz- 
t i o n s  in the  true system at  the epoch, would be that these,  and not the mean  1950 po- 
si t ions,  are strictZy speaking, the arguments for the computation of refract ion.  
Murray : But the  refractions could aZso be  properly computed from  the 1950 mean posit ions.  
Veis : This i s  true  since  the  dif ference w i l  2 be smaZ1, but  he method by  which the  reduc- 
tions are carried out at various places can be explained better by the history o f  the 
project.  Another point:  Polar motion and the UTI are not independent of each other 
since they should use the same  mean pole, and it wouZd be inconsis tent  to  pair  the 
poZar motion as determined a t  one  pZace with the UT1 determined at another. I under- 
stand you use UT1 as defined by the Bureau de I'Heure. However, a t  the  SA0 we have 
used the NavaZ Observatoq ' s  UT1 for  the Standard Earth solution because during this 
period the mean poZe of the earth was i n  the direct ion of the longtitude of the Na- 
vaZ Observatoq with respect to the 1900.0 - 1905.0  mean pole. This can lead t o  a 
discrepancy of a hundredth of a second t o  a miZZisecond. 
Schmid 
Herget 
Schmid 
: The  onZy important thing is that consistent data are used. 
: Do you cons ider  the  fac t  tha t  the  sa te l l i t e  i s  a t  a f in i te  d i s tance  when you calcula- 
ted the refraction ? 
: Yes, we do. We ea12 this  "paralZactic  refraction" and it i s  a purely  geometric  ef- 
f e c t  and i t s  proper consideration requires knowledge of the distance t o  t he  sa t e l l i t e .  
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AN F1 SCHMIDT  SATELLITE  CAMERA  AND  THE  METHODS 
OF PLATE  MEASUREMENT  AND  REDUCTION 
J.  H e w i t t  
Royal Radar Establishment 
ABSTRACT 
The f l  Hewitt Camera is a fieZd flattened Schmidt 
system of 60cm aperture. The saZient features of this 
equipment are briefZy described. Details of the me- 
thods of pZate measurement are then given. The plate  
reduction is carried out in tu0 stages. The plate  is 
f i r s t  caZibrated using the photogrammetric method. 
The formuZae usuaZZy quoted have been extended to  take 
account of the large distortion introduced by the fieZd 
f lattening lens.  In the second stage, the sateZlite 
measurements are reduced to sate2 Zite positions cor- 
rected for refraction, aberration, and when necessary, 
phase. 
Precise measurements of sa te l l i t e  p o s i t i o n s  are made i n  t h e  U n i t e d  Kingdom 
using two f l a t   f i e l d   f l  Schmidt Cameras (Hewitt, 1965) which were designed and 
b u i l t  a t  the  Royal  Radar  Establishment a t  Malvern,  Worcester. The cameras ( a s  
shown i n  F i g u r e  1 ) cannot  fol low the sa te l l i te  and thus are used i n  t h e  f i x e d  
mode r eco rd ing  the  satell i tes as a t r a i l  a g a i n s t  t h e  star background.  The op t i -  
ca l  sys t em has  an  ape r tu re  of 610mm and c o n s i s t s  of a s p h e r i c a l  m i r r o r  and a- 
s p h e r i c  p l a t e  of the  usua l  Schmidt  type  wi th  the  addi t ion  of a three  e lement  
f i e l d  f l a t t e n i n g  l e n s  mounted approximate ly  one  cent imeter  in  f ront  of  the  photo-  
g raph ic  p l a t e .  The mir ror  d iameter  is 800mm and the f i e l d  of 10' diameter i s  en- 
t i r e l y  f r e e  o f  v i g n e t t i n g .  The op t i ca l  sys t em was des igned  to  g ive  an  image di- 
ameter of 3011 a t  t h e  c e n t e r  of t h e  f i e l d  w i t h  90% of  the  l i gh t  be tween  wave- 
l eng ths  480mp and 650mp f a l l i n g  w i t h i n  t h i s  image. 
The. camera has two s h u t t e r s .  One i s  a f i v e  b l a d e d  ir is  s h u t t e r ,  mounted 
immediately i n   f r o n t  of t h e  a s p h e r i c  p l a t e  of the Schmidt system and carried on 
i ts  own t u r n t a b l e ,  c o n c e n t r i c  w i t h  and independent of t h a t  o f  the op t i ca l  sys t em.  
This  shut te r  opens  (or  c loses)  in  approximate ly  100  mi l l i seconds  and  is  used  fo r  
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FIGURE 1 
An f l  F i e l d  F l a t t e n e d  S c h m i d t  S y s t e m  f o r  P r e c i s i o n  M e a s u r e m e n t s  o f  S a t e l l i t e  P o s i t i o n s .  
star exposures  and  for  coding  the  breaks  in  the  t r a i l  of t h e  s a t e l l i t e  on t h e  
photographic  p la te .  The du ra t ion  of t h e  star exposure can be se t  t o  0 .3  , 0.6 , 
or 1.2 seconds depending upon the speed of  the photographic  emulsion being used,  
b u t  a l l  t h e  star images  on  one p l a t e  h a v e  t h e  same exposure.  The time a t  which 
a star exposure i s  made is obta ined  by r eco rd ing  bo th  the  time when t h e  s h u t t e r  
i s  nea r  the middle of the  opening  cyc le  and  the t i m e  when it is in  the  co r re spond-  
i n g  p o s i t i o n  i n  t h e  c l o s i n g  c y c l e ,  so  that  t h e  mean o f  t hese  g ives  the  t i m e  of 
the exposure of  the star image. 
The second  shu t t e r  i s  a r o t a t i n g  s e c t o r  mounted s o  t h a t  t h e  b l a d e  of t h e  
s h u t t e r  c r o s s e s  t h e  f i e l d  01 t h e  camera i n  the gap between the  photographic  p la te  
and t h e  f i e l d  f l a t t e n i n g  l e n s .  When r eco rd ing  pass ive  satell i tes,  t h e  s h u t t e r  
o c c u l t s  t h e  image of t h e  sa te l l i t e  i n  every  ro ta t ion ,  p roducing  a series of breaks 
i n  t h e  sa te l l i t e  trail .  The speed of t h e  s h u t t e r  c a n  b e  v a r i e d  i n  d i s c r e t e  s t e p s  
and depending upon t h e  v e l o c i t y  o f  t h e  satel l i te ,  is set  t o  p r o d u c e  b r e a k s  i n  t h e  
trail  approximately 0.lmm l ong .  In  eve ry  r evo lu t ion  o f  t he  shu t t e r  t he  time is 
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recorded a t  the  po in t  where  the  b l ade  is a h o u t  t o  enter the f i e l d  of the camera. 
Th i s  po in t  i s  def ined  by a p h o t o t r a n s i s t o r  u n i t  with a very narrow slit.  The 
pho tograph ic  p l a t e  carries four  f iduc ia!  marks, two o f  wh ich  de f ine  the  pos i t i on  
of the l e a d i n g  e d g e  o f  t h e  s e c t o r  s h u t t e r  when the time is recorded.  From t h e  
measurements  of  these tvo f iducial  marks, and those of  a break  in  the satellite 
t ra i l ,  an increment of time can h e  calculated and added to  the corresponding re- 
corded t ime. This calculation assumes a uni form ve loc i ty  dur ing  one  ro ta t ion  
o f  t h e  s h u t t e r .  Tests have shovm i n  fact t h a t  t h e  r .m.s .  e r r o r  i n  t h e  r e c o r d e d  
time is  b e t t e r  t h a n  k0.05% of the  pe r iod  o f  ro t a t ion  o f  t he  shu t t e r .  
The time is d i s p l a y e d  i n  d i g i t a l  f o r m  t o  0..0001 sec. us ing  a qua r t z  c lock  
d r iven  by a lMHz o s c i l l a t o r  a c c u r a t e  t o  2 p a r t s  i n  l o9 .  The decimal seconds 
change only when a p u l s e  is rece ived  f rom the  camera ,  th i s  pu lse  t ransfer r ing  
the  count  to  s torage  tubes  and  hence  to  the  d isp lay  which  is recorded photo- 
g raph ica l ly .  The t iming  pulses  are de r ived  d i r ec t ly  f rom the s h u t t e r  b l a d e s  and 
the  de l ays  i n  the puls'es between the camera and the timing equipment are less 
than  25 micro-seconds. 
The recorded times are co r rec t ed  for the c lock  er ror ,  de te rmined  f rom radio  
time s i g n a l s  t r a n s m i t t e d  on 60 KHz. The times of the star exposures are conver- 
t e d  t o  UT1 u s i n g  t h e  p r o v i s i o n a l  v a l u e s  f o r  t h i s  c o r r e c t i o n  i s s u e d  by the Royal  
Greennch Observatory.  The recorded  t imes  of  the  breaks  in  the  t ra i l  of a 
pass ive  satel l i te  are cor rec ted  for  the  increment  of  t ime in t roduced  by the  ro -  
t a t i n g  s h u t t e r .  The f i n a l l y  c o r r e c t e d  time i s  i n  UTC. No c o r r e c t i o n s  are ap- 
p l i e d  t o  t h e  n o m i n a l  f l a s h  times of the GEOS 1 satell i te.  
PUTE MEASUREMENT 
The pho tograph ic  p l a t e s  are measured  by two independent  observers .  Each 
observer  makes  two readings,  one forward and one reverse. The d i f f e rence  be -  
tween t h e  means of t h e  two observers  i s  used t o  assess t h e  q u a l i t y  of t h e  image 
and t o  d e r i v e  a w e i g h t i n g  f a c t o r  f o r  t h e  c o r r e s p o n d i n g  o b s e r v a t i o n  e q u a t i o n  i n  
t h e  c a l i b r a t i o n  r o u t i n e .  The measured posit ion of the image i s  t h e  mean of a l l  
fou r  r ead ings .  I 
The means of t h e  measurements of t h e  images are c o r r e c t e d  f o r ;  
1 )  The  d i f fe rence  be tween the  x and y s c a l e  f a c t o r s .  
2) The non-rectangular i ty  of  the comparator  axes .  
3) The weave of  the guides .  
The parameters  used  for  ca lcu la t ing  these c o r r e c t i o n s  are pre-determined 
from tests made on the  compara tor .  Per iodic  e r rors  in  the  compara tor  micrometers  
have been found t o   b e   n e g l i g i b l e .  
PLATE REDUCTION PROCEDURE 
Camera C a l i b r a t i o n  
The p r o c e d u r e  f o r  c a l i b r a t i n g  t h e  camera is  based on t h e  p r o j e c t i v e  rela- 
t ionship between the object  space and the iqage  space  and t h e  methods have al- 
ready  been  described  (von  Gruber,  1932;  Schmid,  1953; Brown, 1957;  Currie, 1964) .  
The f o l l o w i n g  d e s c r i p t i o n  t h e r e f o r e  summarizes t h e  method and d i s c u s s e s  t h e  mod- 
i f i c a t i o n s  n e c e s s a r y  w i t h  t h e  u s e  o f  a camera such as t h e  f l l s c h m i d t  Camera 
which has a f i e l d  of  narrow angle  and considerable  dis tor t ion.  
The p r o j e c t i v e  r e l a t i o n s h i p  is given by 
x . -  x 
P 
Y - Yp 
“c 
= A  
where x  and  y are t h e  measured  coordinates of the  photographic  image; x , 
y are t h e   p l a t e   c o o r d i n a t e s  of t h e   p r i n c i p a l   p o i n t ;  c i s  t h e   p r i n c i p a l  ’dis- 
tgnce; u, v, w, are the   coord ina te s  of t h e   o b j e c t   p o i n t   r e f   e r r e d  t o  t h e   f r o n t  
noda l  po in t  of t h e  camera l e n s  and corresponding to the measured image point;  
and A is a well known 3 x 3 matrix, the elements of which are func t ions  of t h e  
o r i e n t a t i o n  a n g l e s  o f  t h e  o p t i c a l  axis of t h e  camera. 
The x and  y coordinates  of  the  measured  image are a f f e c t e d  by e r ro r s   due  
to  the  compara to r ,  ‘op t i ca l  d i s to r t ion  and  random e r r o r s  from emulsion s h i f t  and 
o ther  sources .  O p t i c a l  d i s t o r t i o n  g i v e s  e r r o r s  i n  b o t h  t h e  r a d i a l  and t a n g e n t i a l  
d i r e c t i o n s .  The r a d i a l  d i s t o r t i o n  is expressed as: 
n 
& x  = (x - x ) 1 h.r2i 
i=1 1 
.. 
where r2 = (x - xPl2  + (y - yp) and h.  are t h e  r a d i a l  d i s t o r t i o n  c o e f f i c i e n t s .  
1 
The t a n g e n t i a l  d i s t o r t i o n ,  which is o f t e n  r e f e r r e d  t o  as decentc:ing dis- 
t o r t i o n  o r  o f f  c e n t e r  c o r r e c t i o n  is given by (Brown, 1964) 
n 
where j are the t a n g e n t i a l   d i s t o r t i o n   c o e f f i c i e n t s  and B is t h e   a n g l e  be- 
tween the p o s i t i v e  x axis and the axis of maximum t a n g e n t i a l  d i s t o r t i o n .  i 
The measured coordinates of the images are c o r r e c t e d  f o r  t h e  e r r o r s  i n  t h e  
comparator using the predetermined values.  The e f f e c t s  of o p t i c a l  d i s t o r t i o n  
are combined w i t h  t h e  e x p r e s s i o n  f o r  t h e  p r o j e c t i v e  r e l a t i o n s h i p s  w h i c h  now be- 
come 
The coord ina tes  of t h e  r e f e r e n c e  stars u s e d  i n  t h e  p l a t e  r e d u c t i o n  are t h e  
s tandard   coord ina tes ,  5 and q , i n  a p l a n e   p e r p e n d i c u l a r   t o   t h e   o p t i c a l  axis 
of  the  camera and at u n i t  d i s t a n c e  f r o m  t h e  p r o j e c t i o n  c e n t e r .  The coord ina tes  
u, v, v7, i n   t h e  above  xpression are t h e r e f o r e   r e p l a c e d  by 5, q and 1 
respec t ive ly .  
Star p o s i t i o n s  are taken from the SA0 Star Catalog and reduced to  the ap- 
parent  posi t ion of  date .  Precession from the equinox of  the catalogue to  the 
beg inn ing  o f  t he  nea res t  Besse l i an  yea r  is f i r s t   a p p l i e d  by means of t h e  r i g o r -  
ous t r igonometr ic  formulae.  The apparent  p lace  a t  t h e  epoch of observation i s  
then  computed using the Independent  Day Numbers taken from the Astronomical E- 
phemer is .   Correc t ion   for   the   p roper   mot ion  is a l s o  a p p l i e d  a t  t h i s  s t a g e .  F i -  
n a l l y  t h e  star p o s i t i o n s  are c o r r e c t e d  f o r  d i u r n a l  a b e r r a t i o n .  
A c o r r e c t i o n  f o r  a t m o s p h e r i c  r e f r a c t i o n  i s  app l i ed  to  each  star. The a s t r o -  
nomica l  r e f r ac t ion  is computed a f t e r  t h e  method of Gar f inke l  (1944) and is giv- 
en by 
where R is the   as t ronomica l   re f rac t ion   (observed   minus   t rue .zeni th   d i s tance) ,  
and 
, z  b e i n g  t h e  t r u e  z e n i t h  d i s t a n c e  o f  t h e  star. 
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I f  P i s  the   a tmospher ic   p ressure  in u n i t s  of 760 millimeters, and T t h e  
temperature  i n  u n i t s  o f  273' Kelvin, then 
1-10 = 1 +  0.0002924 p/T 
yo = 8.2223 T -1 /2 
KO = 4'!952  pT 
B, = 0.03916 pT 
-3  /2 
-1 /2 
co = 0.2 
1 188 
c4 = -ggj- + - 1 ~ B o  + 0.975B02 
The appa ren t  pos i t i ons  of t h e  stars, c o r r e c t e d  t o  i n c l u d e  t h e  e f f e c t s  o f  d i -  
u rna l  abe r ra t ion ,  r educed  to  the  epoch  o f  t he  obse rva t ion  and  co r rec t ed  fo r  re- 
f r a c t i o n ,  are u s e d  t o  compute t h e i r  s t a n d a r d  c o o r d i n a t e s  w i t h  t h e  o p t i c a l  a x i s  
o f  t h e  camera as o r i g i n .  The approximate direct ion of t h i s  a x i s  i n  r igh t  ascen-  
s i o n  a n d  d e c l i n a t i o n  is ca lcu la ted  f rom the  az imuth  and  a l t i tude  to  which  the  
camera was set dur ing  the  obse rva t ion .  
Approximately 120 star i m a g e s  d i s t r i b u t e d  f a i r l y  u n i f o r m l y  o v e r  t h e  p l a t e  
are used i n  t h e  camera c a l i b r a t i o n .  About 60 o f  t hese  are taken from star expo- 
s u r e s  made p r i o r  t o  t h e  p a s s a g e  o f  t h e  sa te l l i t e  a c r o s s  t h e  p l a t e  and t h e  remain- 
der  f rom star exposures taken after the  pas sage  o f  t he  satell i te.  I n  s e l e c t i n g  
t h e  images f o r  measurement, those from stars having magnitudes between 6 and 
8.5 are chosen where possible.  
The p ro jec t ive  equa t ions  are so lved  by an i terative method.  The equat ions  
are conver t ed   t o  linear func t ions   o f  x and y by  means  of a Taylor  expansion 
about  approximate values  of  the parameters the l inea r i zed  equa t ions  be ing :  
a FO a FO a FO i i i a F! a FO i v =  E O + "  Ax + - Ac + ...+ - Ahn + . . .+ -A j n  
a x  a y P  
AYp + K 
P a hn a Jn 
a GP a GP a G; a GP a GP 
a jn v' = € 1 0  + - i a x  p a y p  Ax + -Ayp + " a hn Ac 4- ...+ - Ahn + . . .+ -A j  P 
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where 
E: ’= (x: - xi) ( 1  + C h r 2s) + sinf3(Ctjtri2t) - 7 1 0  E Fi s s i  
1 
and 
The f o r m u l a e  f o r  t h e  p a r t i a l  d e r i v a t i v e s  i n  t h e  l i n e a r  e q u a t i o n s  h a v e  been 
given by Schmid (1953), Brown (1957) ,  and  o thers ,  the  angles  of o r i e n t a t i o n  of 
t h e  camera be ing  the  az imuth ,  a l t i t ude  and the  para l lac t ic  angle ,  somet imes  
c a l l e d  s w i n g  a n g l e  o r  r o l l  a n g l e ,  of the  photographic  p la te .  In  the  procedure  
used a t  Malvern, t h e  o r i e n t a t i o n  a n g l e s  are the  Eu le r i an  ang le s  e , 4 , and 
$ . 8 is  a ro t a t ion   abou t  OY of a set of axes X1, Y1, Z1, wi th   r e spec t  
t o  X , Y , 2 , and 4 is t h e   r o t a t i o n   a b o u t  OX1 of a set of   axes ,  X I 1  , 
Y1l , Z1’ , with  respect t o  X1, Yl, Z1 The angle  $ is  t h e   p a r a l l a c t i c  
angle  of  the  p la te  and  is the  ro t a t ion  o f  t he  p l a t e  axes  abou t  t he  z a x i s  
which i s  co inc iden t   w i th   t he  Zll axis.  The  lements of t h e   m a t r i x  A i n  
terms of  these  Euler ian  angles  are: 
a l l  = cos8cos+ - s in8s in@sin$  
a12 = - cos+s in$  
a13 = - sinecos$ - coses in@in$ 
a z l  = cosesin$ + s ings in+cos$  
a22 = cos$cos$ 
a 2 3  - - s i n e s i n $  + cosesin+cos$ 
a31 = s inecos4  
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The p a r t i a l ’ d e r i v a t i v e s   w i t h   r e s p e c t   t o  xp  and  yp usua l ly   neg lec t   he  
terms c o n t a i n i n g  t h e  d i s t o r t i o n  c o e f f i c i e n t s .  However, under   these  condi t ions 
the  p rocess  w i l l  on ly   converge   i f  I 2hc2 I < 1 . The in t roduc t ion  o f  the f i e l d  
f l a t t e n e r   i n t o   t h e   f l  Schmidt S a t e l l i t e  Camera g ives  a photographic image with 
c o n s i d e r a b l e  d i s t o r t i o n ,  the v a l u e  of I2hl c2 I being approximately equal  to  1.3. 
The i terative process ,  therefore ,  does  not  converge  unless  terms i n  h , t h e  
, d i s t o r t i o n  c o e f f i c i e n t s ,  are i n c l u d e d  i n . t h e  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  
It has   been   necessa ry   t he re fo re ,   t o   i nc lude  terms i n  h l  i n  
%esrpdarT1al derivat ives  which now t a k e  t h e  form I ? *  
aF, aF. 
aG2  aG . 
A change i n   t h e   c o o r d i n a t e s  of t h e   p l a t e   c e n t e r ,  xp  yp , can  be  almost 
exactly  compensated by a change i n   t h e   a n g l e s  of o r i e n t a t i o n ,  0 and 4 . 
This  cor re la t ion  be tween the  coord ina tes  and  the  camera o r i e n t a t i o n  a n g l e s  l e a d s  
t o  ill condi t ioning in  the normal  equat ions and consequent ly  the convergence of 
t h e  i t e r a t i o n  p r o c e e d s  s l o w l y .  The ill conditioning has been minimized by us ing  
a u x i l i a r y   v a r i a b l e s ,  Ax;  Ay; , i n   t he   no rma l   equa t ions .   These   aux i l i a ry  
v a r i a b l e s  are expressed as: 
Ax; = xp + c a22Ae + c sin$A$ 
Ayi = yp - c a12A0 - c cos$A@ 
where a22 and a12 are elements of t h e   m a t r i x  A . When these   xpress ions  
are i n s e r t e d  i n t o  t h e  l i n e a r i z e d  o b s e r v a t i o n  e q u a t i o n s ,  t h e  p a r t i a l  d e r i v a t i v e s  
w i t h   r e s p e c t   o  8 and 4 become 
\ 
aFi n 
P ayP q i  
- 1 + a12 - - - i ae  
J 
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aGi aGi ni n 
a 4  ax p % q i  
- = c [ cos$ [::: -- I] - s i n +  - + - [% s in$  - - i cos+] ] 
These modifications have been discussed by C u r r i e  ( 1 9 6 4 ) .  I n  t h e  f i r s t  
s t a g e  of t he  sodu t ion  o f  t he  no rma l  equa t ions  on ly  the  th ree  o r i en ta t ion  parame- 
ters are t r e a t e d  as unknown. A g r o s s  e r r o r  i n  a n  i n d i v i d u a l  star p o s i t i o n  o r  
i ts  p l a t e  measurements can then be detected and the corresponding observation re- 
j e c t e d .  T h i s  s t a g e  o f  t h e  i t e r a t i o n  is  completed when the weighted sum o f  the  
squares  of  the residuals  is reduced by less than one half  of t h e  sum o f  the  
squares  of t h e  r e s i d u a l s  i n  t h e  p r e v i o u s  i t e r a t i o n .  
The second s tage  of  the  so lu t ion  is  ca r r i ed  ou t  r ega rd ing  a l l  the  parameters  
which are t r e a t e d  as unknown. The Malvern model uses eleven parameters:  the 
t h r e e  o r i e n t a t i o n  a n g l e s ,  t h e  two coord ina te s  o f  t he  p r inc ipa l  po in t ,  t he  p r in -  
c i p a l  d i s t a n c e ,  two r a d i a l  d i s t o r t i o n  c o e f f i c i e n t s  and  three  parameters  for  the  
t a n g e n t i a l  d i s t o r t i o n .  One o r  more of the parameters can be taken as being pre-  
determined.  Star  images are r e j e c t e d  i f  t h e  r e s i d u a l s  are g r e a t e r  t h a n  t h r e e  
times t h e  r o o t  mean s q u a r e  e r r o r  of u n i t  w e i g h t .  I t e r a t i o n  is c o n t i n u e d  u n t i l  
the  weighted sum of the  squa res  o f  t he  r e s idua l s  is  reduced by less than one 
hundredth of the weighted sum of  those  of  the  prev ious  i te ra t ion .  On completion 
o f  t h e  i t e r a t i o n ,  t h e  d i r e c t i o n  m a t r i x  of t he  ang le s  of o r i e n t a t i o n  i s  converted 
t o  t h e  t o p o c e n t r i c  a x e s  d e f i n e d  by east, no r th ,  and zen i th ,  i . e . ,  the  as t ronomi-  
cal  horizon system. 
Reduct ion  to  the  Sa te l l i t e  P o s i t i o n  
The measu red  p l a t e  coord ina te s  o f  t he  sa tel l i te  images are c o r r e c t e d  f o r  t h e  
c o m p a r a t o r  e r r o r s ,  r a d i a l  d i s t o r t i o n  and t a n g e n t i a l  d i s t o r t i o n .  The co r rec t ed  
measurements are t h e n  f i t t e d  t o  p o l y n o m i a l s  as a c h e c k  f o r  e r r o r s .  F i t t i n g  t h e  
measurements t o  a second  order   po lynomia l   in  x w i t h   r e s p e c t   t o  y checks   fo r  
l a r g e  e r r o r s  i n  t h e  p l a t e  r e a d i n g s .  The  measurements are t h e n  f i t t e d .  t o  a t h i r d  
order   po lynomia l   in  time w i t h   r e s p e c t   t o  x , c h e c k i n g   f o r   e r r o r s   i n  the x co- 
o r d i n a t e  o r  i n  t h e  t i m e  of a satel l i te  pos i t i on .  Fo r  a pas s ive  sa te l l i te  t h e  
times used  in  the  po lynomia l  are the  r eco rded  t i m e s  c o r r e c t e d  f o r  t h e  sweep of 
t h e  r a d i a l  s e c t o r  s h u t t e r .  No co r rec t ion  has  s o  f a r  been made t o  t h e  n o m i n a l  
times of t he  f l a shes  f rom the  GEOS satell i tes.  
For  passive satel l i tes  t h e  t i m e  of t he  obse rva t ion  a t  t h e  camera i s  cor rec-  
t e d  f o r  sa te l l i t e  (p lane tary)  aber ra t ion .  
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I n  computing a satel l i te  p o s i t i o n  the r e f r a c t e d  d i r e c t i o n  in t h e  l o c a l  h o r -  
izon system i s  f i r s t  determined using the p r o j e c t i v e . r e l a t i o n s h i p  
W 
=B 
r .L x "x 
P 
Y - Y  
C 
C 
, 1  I 
where B is t h e  i n v e r s e  ( o r ,  s i n c e  t h i s  is an   or thogonal   mat r ix ,   the   t ranspose)  
o f  t h e  d i r e c t i o n  m a t r i x  w i t h  r e s p e c t  t o  t h e  l o c a l  t o p o c e n t r i c  a x e s  o b t a i n e d  f r o m  
t h e  p l a t e  c a l i b r a t i o n .  A c o r r e c t i o n  f o r  r e f r a c t i o n  i s  t h e n  a p p l i e d  t o  t h e  p l a t e  
measurements,  using the expressions 
x' = x - Ibgl - ,2 + xw v2 + ,2 mr I 
Y '  = Y - ( b 2  - ,2 +;2 + w2]mr 
where  b31,  b32 are e lements   o f   the   mat r ix  B and 
r is  the  a s t ronomica l  r e f r ac t ion ,  ca l cu la t ed  f rom the  Gar f inke l  fo rmuia  as fox 
s tar  p o s i t i o n s  and c o r r e c t e d  f o r  p a r a l l a c t i c  r e f r a c t i o n .  
La rge  pass ive  sphe r i ca l  satell i tes,  having a p e r f e c t l y  r e f l e c t i n g  s u r f a c e  
are c o r r e c t e d  f o r  p h a s e  i n  t h e  f o l l o w i n g  manner: 
L e t  L , M , N b e   t h e   s u n ' s   d i r e c t i o n   c o s i n e s   d e r i v e d  from 
r '  
L 'X' 'cos a s i n  a 0' 
M Y - s in  a cos a 0 = 
N, \z, \ 0 0 1, 
where (X, Y,  Z )  is  t h e  u n i €  v e c t o r  of the   sun ' s   rec tangular   coord ina tes   which  
may be  computed  from the  Astronomical  Ephemeris  and a i s  the  Local  Apparent  Si-  
d e r e a l  T i m e  a t  t h e  epoch  of  observation.  Also l e t  1 , m, n be   t he   t opocen t r i c  
d i r e c t i o n  c o s i n e s  o f  t h e  sa te l l i te  image r e f e r r e d  t o  a set of right-handed ortho- 
gonal   coord ina tes   in   which   the  X and 2 axes are -in t h e   p l a n e  of t h e   l o c a l  mer- 
i d i a n ,   t h e  Z a x i s   b e i n g   p a r a l l e l   t o   t h e   E a r t h ' s   a x i s  and pos i t ive   nor thwardly ,  
T 
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and t h e  p o s i t i v e  X a x i s  p o i n t i n g  i n  the d i r e c t i o n  of zero hour  angle  and zero 
d e c l i n a t i o n  p o l a r  a x i s .  Then t h e  d i r e c t e d  c o s i n e s  of the b i s e c t o r  of the a n g l e  
at t h e  satell i te between t h e  s u n ' s  d i r e c t i o n  a n d  t h a t  of t he  obse rve r  are 
1 - L ,  m - M ,  n - N  
S S S 
where s = (2 - 2(1L + mM + nN) 3 lI2. T h e  cor rec ted  coord ina tes  of  the satellite 
are given by 
x = D l  + dX 
y = D m + d p  
z = Dn + dv 
where D i s  t h e   d i s t a n c e   o f   t h e  satell i te and d i t s  rad ius .  
The d i r e c t i o n s  o f  t h e  satell i te are f i n a l l y  e x p r e s s e d  i n  terms of  r igh t  as- 
cension and declination, or Greenwich Hour Angle and d e c l i n a t i o n .  
APPLICATION OF TKE METHOD OF CAMERA CALIBRATION 
A number of p l a t e s  f rom the  f l  Schmidt Camera have now been reduced by the 
method desc r ibed .  In  a sample  of 23 p l a t e s  t h e  ca l ib ra t ion  p rocedure  wi th  elev-. 
en parameters gave an average weighted root mean squa re  e r ro r  o f  a s i n g l e  star 
p o s i t i o n  of 1'!43 5 0'!21 . The r o o t  mean s q u a r e  e r r o r  i n  t h e  d i r e c t i o n  of the 
camera ax is ,  due  only  to  the  parameters ,  is given by 
where (5 is t h e  r . m . s .  e r r o r  o f  a s i n g l e  star p o s i t i o n ,  p t h e  number of par- 
ameters and n is t h e  number of stars i n  the c a l i b r a t i o n .  The  number of stars 
used i n  t h e  camera c a l i b r a t i o n  is approximately 120,  and therefore  the direc-  
t i o n  of t h e  camera axis is determined to  +0!'32 &0!'06 . 
It takes  cons iderable  time to  measure  a p l a t e  w i t h  1 2 0  r e f e r e n c e  stars and 
up t o  1 0 0  satel l i te  images w i t h  a manual measuring machine. The p o s s i b i l i t y  o f  
reducing  the  number of  re ference  stars has therefore been examined. To main ta in  
t h e  a c c u r a c y  i n  t h e  d i r e c t i o n  o f  the camera axis  wi th  fewer  re ference  stars, ei- 
t h e r  t h e  r . m . s .  e r r o r  of a s i n g l e  star p o s i t i o n  o r  the number of parameters car- 
r i e d  i n  the s o l u t i o n  must  be  reduced. A s  i t  is  doubt fu l  whether  the  r .m . s .  er- 
r o r  o f  a star pos i t i on  can  be  s ign i f i can t ly  r educed  when a smaller number of 
r e fe rence  stars is  employed, some of  the  parameters  must  be  predetermined. The 
e f f e c t  o f  u s i n g  f i x e d  v a l u e s  f o r  t h e  r a d i a l  d i s t o r t i o n  c o e f f i c i e n t s  a n d  t h e  e f -  
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f e c t  o f  the t a n g e n t i a l  d i s t o r t i o n  terms, on the accuracy of the p l a t e  r e d u c t i o n s  
has  the re fo re  ' been  inves t , i ga t ed ,  t he  pos i t i on  o f  the p l a t e  c e n t e r  b e i n g  f i x e d  
re la t ive t o  f i d u c i a l  marks. 
Before the r e s u l t s  f r o m  t h e  p l a t e s  r e d u c e d  w i t h  fewer stars and f ixed  d i s -  
t o r t i o n  p a r a m e t e r s  are d iscussed ,  it is i n t e r e s t i n g  t o  c o n s i d e r  the d i s t o r t i o n  
parameters.   Over  the  sample  of 23 p l a t e s ,  t he  r a ' d i a l  d i s to r t ion  pa rame te r s  and  
t h e  t a n g e n t i a l  d i s t o r t i o n  p a r a m e t e r s  showed a wide  var ia t ion .  The parameters 
o f  t a n g e n t i a l  d i s t o r t i o n  had  s tandard  devia t ions  near ly  equal  to  the mean va lues  
o f  t he  pa rame te r s  t hemse lves .  P l a t e  ca l ib ra t ions  wi th  e l even  pa rame te r s  wh ich  
included two parameters  of  tangent ia l  d i s tor t ion  had  an  average  weighted  r.m.s. 
e r r o r  f o r  a s i n g l e  star p o s i t i o n  o f  1'!43 . C a l i b r a t i n g  t h e  same p la t e s  i nc lud -  
ing  one  pa rame te r  o f  t angen t i a l  d i s to r t ion  gave  an  ave rage  we igh ted  r.m.s. er- 
r o r  of 1!'44 . When t h e  t a n g e n t i a l  d i s t o r t i o n  terms were omi t ted  the  r .m. s. er- 
r o r  was a l s o  1!'44 . With  120 stars i n  t h e  r e d u c t i o n  t h e r e  i s  no s i g n i f i c a n t  
d i f f e rence  be tween  these  th ree  estimates o f  t he  r . m . s .  e r r o r  and t h e r e f o r e  i t  
s h o u l d  b e  p o s s i b l e  t o  o m i t  t h e  t a n g e n t i a l  d i s t o r t i o n  terms f rom the  p la te  reduc-  
t i o n s .  
The f i r s t  and  second  r ad ia l  d i s to r t ion  terms have values of -1.7835 t 0.190 
and  -266.10 f 83.92 r e s p e c t i v e l y .  The two c o e f f i c i e n t s  are n e g a t i v e l y  c o r r e l a t e d  
and t h e i r  s t a n d a r d  d e v i a t i o n s  are approximately 1.5 times those der ived from the 
covariance  matr ix   of   normal   equat ions.  However, t h e  e r r o r s  i n t r o d u c e d  by us ing  
p rede te rmined  va lues  fo r  t he  r ad ia l  d i s to r t ion  pa rame te r s  are o f f s e t ,  t o  a l a r g e  
e x t e n t ,  by a change i n  t h e  p r i n c i p a l  d i s t a n c e ,  e q u i v a l e n t  t o  a change i n  s c a l e .  
With approximately 120 stars, and  us ing  f ixed  r ad ia l  d i s to r t ion  pa rame te r s  and 
a prede termined  p la te  center ,  the  weighted  r . m . s .  e r ro r  o f  a s i n g l e  star posi-  
t i o n  f r o m  t h e  p l a t e  c a l i b r a t i o n  is 1!'55 . T h i s  f i g u r e  is n o t  s i g n i f i c a n t l y  d i f -  
f e r e n t  from tha t  fo r  t he  ave rage  we igh ted  r . m . s .  e r ro r  o f  a s i n g l e  star p o s i t i o n  
f rom reduct ions  of  p la tes  us ing  the  e leven  var iab le  parameters .  
To i n v e s t i g a t e  t h e  e f f e c t  o f  r e d u c i n g  t h e  number of r e fe rence  stars, groups 
of 50 stars have been taken. With this number of  re ference  stars and predeter- 
mined v a l u e s  f o r  t h e  d i s t o r t i o n  p a r a m e t e r s  t h e  r.m.s. e r r o r  i n  t h e  d i r e c t i o n  of 
t h e  camera a x i s  up , is  maintained a t  approximately 0!'3 . Taken o v e r   d i f f e r e n t  
groupings of 50 stars, the average weighted r.m.s. e r ro r  o f  a s i n g l e  star posi-  
t i o n  i n  t h e  p l a t e  c a l i b r a t i o n  is 1'!33 t 0!'20 . Compared w i t h  t h e  r.m.s. e r r o r  
from the  p l a t e  r educ t ions  wi th  e l even  va r i ab le  pa rame te r s ,  t he  va lue  of 1!'33 i s  
n o t  s i g n i f i c a n t .  The range  of va lues  of t h e  r .m . s .  e r r o r  o v e r  t h e  d i f f e r e n t  
groupings of 50 r e fe rence  stars is  most  probably  due  to  the  qua l i ty  of  the  star 
images and the accuracy of t h e  s t a r  p o s i t i o n s  and of t h e  p l a t e  measurements. 
The in f luence  of predetermining the values  of  some of  the parameters  on the 
p o s i t i o n s  of the satellites has  been  inves t iga ted  wi th  the  use  of t he  r eco rd ings  
of GEOS 1 f l a s h e s .  The p o s i t i o n s  i n  r i g h t  a s c e n s i o n  and decl inat ion have been 
computed w i t h  t h e  u s e  of d i f f e ren t  g roups  of predetermined parameters and com- 
pa red  wi th  the  pos i t i ons  computed 'from those  p la te  reduct ions  tha t  used  approx-  
imately 120 stars and t h e  t o t a l  of  e leven var iable  parameters .  The d i f f e rences  
i n  r i g h t  a s c e n s i o n s  were conve r t ed  to  arc and  combined w i t h  t h e  d i f f e r e n c e s  i n  
dec l ina t ion  to  g ive  the  angu la r  d i sp l acemen t  o f  t he  sa te l l i t e  p o s i t i o n s .  The 
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mean angular  displacement  w a s  obtained from the seven GEOS f l a shes  r eco rded  on 
the  photographic  p la te .  There  w a s  no correlat ion between the groupings of  pre-  
determined parameters and the mean angular  displacement ,  the displacement rang- 
ing from 0!'4 t o  l!'O . 
Two p l a t e s ,  measured and reduced with.120 reference stars and eleven uncon- 
s t ra ined  parameters ,  have also been measured and reduced by t h e  SA0 w i t h  t h e i r  
p r o c e d u r e s .  T h e  d i f f e r e n c e s  i n  t h e  r i g h t  a s c e n s i o n  a n d  i n  t h e  d e c l i n a t i o n  be- 
tween t h e   f i r s t  method and t h e  SA0 method of r educ t ion  are g i v e n  i n  Column A of 
Table I, fo r  t he  seven  f l a shes  on  one  o f  the p l a t e s .  The mean angular  d i sp lace-  
ment i n  t h e  p o s i t i o n s  o f  t h e  satell i te images from t h e  two p l a t e s  is  1!'7 & l!'O. 
A - Measured and reduced by Smithsonian Astrophysical Observatory 
B - Measured by two independent p a i r s  of Observers a t  Malvern 
C - Reduced us ing  50 r e fe rence  stars a n d  f i x e d  d i s t o r t i o n  parameters 
. t e l l i t e  
I s i t i on  IRA cos-6- 
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-0.002 
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+l. 1 2  
A R A  cos6 
-0"lO 
-0.021 
-0.041 
-0.010 
+O .005 
+O. 023 
+O .058 
C 
A 6  
+O I! 0 6 
-0.36 
-0.49 
-0.49 
+0.07 
+O. 50 
+O. 61  
Also,  another  plate  has  been measured twice a t  Malvern using a d i f f e r e n t  
pa i r  o f  obse rve r s  fo r  each  set of measurements and the measurements have been re- 
duced with eleven unconstrained parameters.  The d i sp lacemen t s  i n  r igh t  a scens ion  
and d e c l i n a t i o n  are g i v e n  i n  Column B of Table I . The mean d i f f e r e n c e  i n  t h e  po- 
s i t i o n s  of the sa te l l i t e  images is 0'!8 f 0!'3 . The displacements  of the satel l i te  
image p o s i t i o n s  when only 50 r e fe rence  stars are used and the distortion paramet- 
ers are f ixed ,  are shown i n  Column C. 
T h e s e  r e s u l t s  i n d i c a t e  t h a t  t h e r e  is an uncertainty of  approximately 1" i n  
the  der ived  pos i t ions  of  the  satell i te.  The d i s c r e p a n c i e s  i n  t h e  p o s i t i o n s  cal- 
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cu la t ed  by t h e  use  of  different  groups of  predetermined parameters  l i e  wi th in  
t h i s  limit of unce r t a in ty  and the re fo re  p rede te rmined  va lues  o f  t he  d i s to r t ion  
c o e f f i c i e n t s  w i t h  a reduct ion  i n  the number o f  r e f e r e n c e  stars do n o t  s i g n i f i -  
can t ly  reduce  the  accuracy  of t h e  p l a t e  reduct ions .  However, these re s ' u l t s  
have been obtained from the reduc t ion  o f  p l a t e s  t aken  wi th  a narrow (10' diam- 
e t e r )  f i e l d  camera and it is ve ry  p robab le  tha t  t hey  may n o t  b e  e n t i r e l y  v a l i d  
f o r  p l a t e s  c o v e r i n g  a much wide r  f i e ld .  
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DISCUSSION 
Baker : Do focus and scale of your camera depend on the temperature? 
H e w i t t  : No. During the daytime we keep the camera i n  a refrigerated hut so t h a t   i t s  temperature i s  
only a few degrees above the outside temperature when we start  observing. The  camera has a 
temperature compensation between the mirror and the spider which cam-ies the plate holder. 
Thus, i n  the four years during which the camera has been i n  operation no changes i n  focus 
or scale due t o  temperature have been detected. 
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PLAT€ MEASUREMENT  TECHNIQUES  AND  REDUCTION  METHODS 
AND  RESULTING CONSEQUENCES FOR  THE  OBSERVATION 
. USED BY THE WEST GERMAN SATELLITE OBSERVERS, 
Hermann Deker 
Deutsches.Geodaet isches Forschungs Inst i tut ,  Muenchen 
ABSTRACT 
The West Gemnan tracking stations are equip- 
ped with baZ Z i s t i c  cameras. PZate measurement and 
pZate reduction must therefore follow p h o t o g m e t -  
r i c  methods. ApproxirnateZy 100 s t m  posit ions and 
200 sateZZite positions are measured on each pZate. 
The mathematicaZ mode2 for   spat ia t   ro ta t ion  of the 
bundZe of rays i s  extended by including terms for 
d is tor t ion  and internu2 orientation of the camera 
as we22 as by providing terms for refraction which 
are computed from the measured coordinates of the 
s tar  posi t ions on the pZate. From the measuring 
a c c w e y  of the p Zate coordinates it foZ Zows that  
the timing accuracy for  the exposures has t o  be a- 
bout one miZZisecond, i n  order to obtain a homo- 
geneous system. By use of -one f i c t i t i o u s  p o i n t  f o r  
each pZate there i s  no need for  exact synchroniza- 
t i on  between the observation stations. 
S a t e l l i t e  t r a c k i n g  s y s t e m s  are comp'l.ete un i t s  wi th in  which  var ious  s teps  
are highly dependent upon one another.  The following explanations concerning 
t h e  methods of p l a t e  measurement and reduction, therefore,  need some gene ra l  
remarks concerning the basic  system which i s  used. 
S a t e l l i t e  t r a c k i n g  i n  W e s t e r n  Germany was deve loped  a t . t he  German Geodetic 
R e s e a r c h  I n s t i t u t e  a t  Munich.  The o t h e r  s ix  German obse rva t ion  s t a t ions  adop t -  
ed the methods unchanged or 'with small modi f ica t ions .  About 90% of the  obser -  
v a t i o n s  are made as a c o n t r i b u t i o n  t o  t h e  West European S a t e l l i t e  T r i a n g u l a t i o n .  
A t  the b,eginning w e  dec ided  to  employ rigorous photogrammetric methods. 
This  dec is ion  w a s  made pr imar i ly  on  the  bas i s  of  the  necess i ty  of equipment 
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m o b i l i t y .  T h e r e f o r e ,  b a l l i s t i c  cameras such as the BC-4, IGN-equipment and s i m -  
i l a r  ones are used. 
The obse rva t ions  y i e ld  as t h e i r  f i n a l  p r o d u c t  p h o t o g r a p h i c  p l a t e s  7 1/2" 
by 7 1/2" on wh ich  the  star trails are i n t e r r u p t e d  by means of the s h u t t e r ,  by 
t h r e e  d i f f e r e n t  g r o u p s  o f  f o u r  i d e n t i c a l  i n t e r v a l s  d u r i n g  p r e - c a l i b r a t i o n  a n d  
pos t - ca l ib ra t ion .  The satel l i te  trail is a coded  sequence  of  points.  For  each 
i n t e r r u p t i o n  ( g a p )  o r  sa te l l i t e  p o s i t i o n  t h e  s h u t t e r  time is  known wi th  an  ac- 
curacy of 1 t o  0 . 1  m i l l i s e c o n d s ,  r e s p e c t i v e l y .  
PLATE MEASUREMENT 
The stars t o  b e  u s e d  i n  t h e  c o m p u t a t i o n  are s e l e c t e d  d u r i n g  p l a t e  measure- 
ment. The c i r c u l a r  m e a s u r i n g  f i e l d  of 7" diameter  i s  d i v i d e d  i n t o  1 1 2  squares  
by a superimposed gr id .  In  each square,  the two t o  f o u r  most s u i t a b l e  t r a i l  
gaps  of  one s tar  are s e l e c t e d  f o r  p r e  and  pos t - ca l ib ra t ion .  In  add i t ion ,  4 o r  
5 ve ry  b r igh t  stars are measured fo r  p r imary  iden t i f i ca t ion  and  o r i en ta t ion .  
The i d e n t i f i c a t i o n  of the  100  re ference  stars is done by computer during the 
reduct ion .  Each sa te l l i t e  p o s i t i o n  is a l s o  measured  within  the  above  mention- 
e d  f i e l d .  
The p l a t e s  are measured on Wild o r  Zeiss s tereo comparators  such as are 
normally  used a t  the  var ious  inst i tut ions  for   photogrammetr ic   purposes .   Both 
types  have  binocular   eyepieces .  The ins t ruments  are ca l ib ra t ed  eve ry  3 t o  6 
months  by  measuring  grid-plates by use of a specially developed program. The 
non-perpendicular i ty   of  , and scale d i f fe rence   'be tween   the  x and y axes are 
of  main i n t e r e s t  s i n c e  t h e  a b s o l u t e  scale f a c t o r  i s  determined later during 
the computat ion of  the camera o r i e n t a t i o n  and t h e r e f o r e  is not  important .  
T h e s e  e f f e c t s  a r e . n o t  removed  by a d j u s t i n g  the ins t rumen t ;  i n s t ead  of t h i s ,  
cor rec t ions  based  on t h e  c a l i b r a t i o n  v a l u e s  are introduced i n  the computations. 
The s a t e l l i t e  images are not  such w e l l  de f ined  po in t s  as one may assume from 
looking a t  pape r  p r in t s .  Obse rv ing  the  o r ig ina l  p l a t e s  w i th  a magni f ica t ion  up 
t o  30 x o n e  f i n d s  t h a t  f o r  a number of points one is n o t  s u r e  w h e r e  t o  s e t  t h e  
measuring mark. I n  o r d e r  t o  e l i m i n a t e  a sub jec t ive  dec i s ion  whe the r  a point can 
or  cannot  be  accura te ly  measured ,  w e  measure the p l a t e  a g a i n  a f t e r  r o t a t i n g  it 
by 1 8 0 " .  I n  t h i s  way, t h e  p o i n t  t o  b e  measured  presents a comple te ly   d i f fe ren t  
subjec t ive  impress ion .  
The measurement  of  one p l a t e  lasts about 3 days. It cannot  be  assumed  that 
t h e  p o s i t i o n  of t h e  p l a t e  i n  t h e  i n s t r u m e n t ,  as well as t h e  i n s t r u m e n t  i t s e l f ,  
are s t a b l e  enough  during this i n t e r v a l .  Each measuring period of some hours is 
the re fo re  cons ide red  as a u n i t ,  a l l  of which are i n  t h e  end  ''homogenized"  by a 
H e l m e r t  t ransformat ion .  The t ransformation  parameters   should  be  determined  with 
a h igher  accuracy  than  the  star p o s i t i o n s .  F o r  t h i s  p u r p o s e ,  e i g h t  v e r y  f i n e  
ho le s  are punched i n t o  t h e  e m u l s i o n  i n  t h e  p l a t e  c o r n e r s  and c e n t e r s  of the  edges .  
These points  can be measured four  to  f ive times more accura te ly  than  the  photo-  
g raph ic  images ,  i nc lud ing  the  f iduc ia l  marks on the plate .  Each p l a t e  measurement 
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' per iod  starts and  ends by measuring these punched marks i n  o r d e r  t o  c h e c k  on 
p o s s i b l e  p l a t e  s h i f t s  d u r i n g  the measuring .session.  The alignment marks are 
af te rwards  used  to  compute pa rame te r s  fo r  r educ ing  the  ind iv idua l  un i t s  t o  a 
common s y s t e m  f o r  t h e  d i r e c t  p l a t e  p o s i t i o n  ( P o s i t i o n  1). The reverse measure- 
ment a f t e r  the p l a t e  h a s  been rotated 180' ( P o s i t i o n  2) ,  i s  handled in t h e  same 
way. 
Af t e r  t he  p l a t e  coord ina te s  measu red  in  Pos i t i ons  1 and 2 have been correc- 
t e d  f o r  the sys temat ic  e r rors  of  the  compara tor  they  are combined  by another  
transformation. During this procedure,  measuring points  with ,a d i f f e r e n c e  be- 
tween t h e  two pos i t i ons  o f  more than  10  microns are e l imina ted .  In  these  cases 
one may assume t h a t  t h e s e  p o i n t s  are d i f f i c u l t  t o  i d e n t i f y  o r  t h a t  t h e r e  w a s  a 
mistake.  The  measurement  of t hese  e l imina ted  po in t s  is n o t  r e p e a t e d  s i n c e  t h e r e  
is enough redundancy i n  t h e  procedure'. 
Af t e r  t he  t r ans fo rma t ion ,  t he  coord ina te s  o f  t he  star images a n d . s a t e l l i t e  
images,  and those of the fiducial  marks on t h e  p l a t e  are p r i n t e d .  The number of 
e l imina ted  measured  poin ts  ind ica tes  the  qua l i ty  of t h e  p l a t e  and t h e  measure- 
ment.   Following  this,  w e  ob ta in  a mean s q u a r e  e r r o r ,  a f t e r  t r a n s f o r m a t i o n ,  com- 
puted from double measurement, of 1.5 to 2 microns for  star points  and s a t e l l i t e  
points .   Consider ing  the.   great  number of stars and sa te l l i t e  pos i t i ons  used  in  
one reduction w e  a c c e p t  t h i s  as s a t i s f a c t o r y .  
DATA REDUCTION 
To explore  the requirements  for  the mathematical  model ,  w e  c a r r i e d  o u t  a 
c r i t i ca l  inves t iga t ion  o f  t he  f eas ib l e  sys t ema t i c  e r ro r s .  Assuming t h a t  t h e  re- 
s idua ls  of  these  should  be  less than 0.1 micron,  w e  came to  the  fo l lowing  conclu-  
s ions  : 
as cons tan t ,  wi th  the  except ion  of  the  foca l  d i s tance  and  the  pos i t ion  of t h e  
p r i n c i p a l  p o i n t .  
symmetry  of t h e  d i s t o r t i o n  i s  maintained. 
t h e  r e f r a c t i o n  c o r r e c t i o n s  w i t h  s u f f i c i e n t  a c c u r a c y .  
1. The e l e m e n t s  o f  t h e  i n t e r i o r  o r i e n t a t i o n  of t h e  camera can be considered 
2.  The d is tor t ion  va lues  cannot  be  cons idered  as c o n s t a n t ,  b u t  t h e  r a d i a l  
3 .  The meteoro logica l  da ta  a t  t h e  s t a t i o n  are n o t  s u f f i c i e n t  t o  c a l c u l a t e  
We thus  carry i n  o u r  d a t a  r e d u c t i o n  model co r rec t ion -pa rame te r s  fo r  t hese  
e f f e c t s  and f o r  t h e s e  e f f e c t s  o n l y .  The l a r g e  number of stars used as c o n t r o l  
po in ts  a l lows  us  to  eva lua te  these  parameters  wi th  h igh  accuracy .  To t h e  ma- 
t r i x  o f  s p a t i a l  r o t a t i o n ,  terms are added to  account  for  change  of  foca l  d i s -  
t ance ,  l oca t ion  of t h e  p r i n c i p a l  p o i n t ,  d i s t o r t i o n  and r e f r a c t i o n .  The s tand-  
a r d  d i s t o r t i o n  and s t a n d a r d  r e f r a c t i o n  are used as f i r s t  app rox ima te  va lues .  
A t  least  f o r  a p r e c i s i o n  camera wi th  small d i s t o r t i o n  i t  is s u f f i c i e n t  t o  mod- 
e l  them by a polynomial with constant terms up t o  t h e  4 t h  o r d e r ,  a n d  o n e  t o  two 
var iab les   for   change   of   d i s tor t ion .   Concern ing   the   re f rac t ion ,  w e  developed a 
d i r e c t  s o l u t i o n  t o  compute a c o r r e c t i o n  f o r  t h e  r e f r a c t i o n  from t h e  z e n i t h  d i s -  
tance of  the camera a x i s  and p l a t e  coord ina te s :  
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where   x ' ,   y ' ,  c are t h e  image  coordinates,  z t h e   z e n i t h   d i s t a n c e  of the 
camera a x i s  and A I ,  A2 t h e   c o e f f i c i e n t s   f o r   a s t r o n o m i c a l   r e f r a c t i o n .  
T h i s  a l s o  y i e l d s  t h e  v a l u e  f o r  t h e  d i f f e r e n t i a l  r e f r a c t i o n ,  which w e  s h a l l  
need later on,  with a higher  degree of  accuracy than avai lable  f rom meteorologi-  
cal  da ta .  The r e s idua l s  a f t e r  computa t ion  of t h e  camera o r i e n t a t i o n  show how 
well e a c h  p l a t e  o r i e n t a t i o n  f i t s  t h e  m a t h e m a t i c a l  model. 
C o r r e c t i o n s  f o r  sa te l l i t e  phase,  propagation of electromagnetic waves,  t i m -  
ing, epoch and so  on are made i n  t h e  u s u a l  way. S t r i c t l y  f o l l o w i n g  t h e  r i g o r o u s  
procedures  pract iced in  photogrammetry,  w e  consider  the complete  bundle  of  rays  
as one  uni t .  The sa te l l i t e  p o s i t i o n s  h a v e  t o  b e  "condensed" t o  one f i c t i c i o u s  
p o i n t  n e a r  t h e  p l a t e  c e n t e r  as a f i n a l  s t e p  o f  t h e  r e d u c t i o n .  T h i s  i s  not  done 
for  observa t ions  wi th in  the  ne t  of  the  Western  European  Tr iangula t ion ,  due  to  
a Commission r e s o l u t i o n .  Up t o  now, t h e  l o c a t i o n  o f  t h e  f i c t i c i o u s  p o i n t  i s  
computed by normal  polynomials.  This i s  c e r t a i n l y  n o t  s a t i s f y i n g  b e c a u s e  t h i s  
does  no t  cons ide r  t he  ac tua l  s t ruc tu re  o f  t he  r e l a t ionsh ips  invo lved ,  and only 
serves as an in t e rpo la t ion  fo rmula .  The invest igat ions toward a b e t t e r  p r o c e s s  
have  no t  ye t  been  f in i shed .  
T I M I N G  
A s  mentioned above, the measuring accuracy of a s i n g l e  star p o s i t i o n  o r  sat- 
e l l i t e  pos i t i on  co r re sponds  to  an  r . m . s .  e r r o r  o f  1 . 5  t o  2 microns. The t iming 
accu racy  co r re spond ing  to  th i s  is two t o  f o u r  m i l l i s e c o n d s .  It is  t h e r e f o r e  n o t  
necessary  to  have  the  t iming  accuracy  for  star p o s i t i o n s  and sa te l l i t e  p o s i t i o n s  
b e t t e r  t h a n  lmsec, excep t  fo r  t he  compar i son  o f  t he  time s i g n a l  w i t h  t h e  time 
system a t  t h e  s t a t i o n .  The latter is  v e r y  s e n s i t i v e  t o  s y s t e m a t i c  e r r o r s .  
There is a second process  which can produce systematic  t iming errors :  the 
formation  of  the  photographic  image. It has   not   been  proven  that   the   center  
po in t  of t h e  image corresponds to  the  midd le  pos i t i on  o f  t he  shu t t e r  open ing .  It 
is v e r y  - d i f f i c u l t  t o  r e s e a r c h  t h i s  e f f e c t ,  b u t  it is  p o s s i b l e  t o  make t h e  time 
c a l i b r a t i o n  i n  s u c h  a way t h a t  t h i s  e f f e c t  is e l imina ted .  For  th i s  purpose  w e  
used  the  fo l lowing  se t -up  ( see  F igure  1) .  In  f ront  of  the  camera w e  placed a 
- t w o  beam osc i l l o scope .  One beam is cont inuously €ed with a frequency of 1000Hz. 
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FIGURE 1 
for camera ca l ibrat ion.  
The o t h e r  beam shows t h e  s i g n a l  g i v e n  by t h e  s h u t t e r .  On t h e  o t h e r  s i d e  of t h e  
camera w e  put a f i l m ,  mounted  on a r o t a t i n g  drum a t  such a d i s t a n c e  t h a t  t h e  
image  of t h e  o s c i l l o s c o p e  i s  i n  f o c u s  a t  t h e  f i l m .  The r o t a t i n g  s h u t t e r  is then 
a c t i v a t e d .  The f i l m  w i l l  be  exposed  during  one  shutter  opening. The p o s i t i o n  
o f  t h e  s h u t t e r  s i g n a l  c a n  now be  coun ted  d i r ec t ly  a t  t h e  image of the lOOOHz f r e -  
quency,  which stars and ends with the opening and closing of  the shut ter .  By t h e  
r o t a t i o n  of the  drun ,  the  over lapping  of  p ic tures  is avoided. 
The t h i r d  e f f e c t  t o  c o n s i d e r  is t h i s :  i f  one  uses a f i c t i t i o u s  p o i n t  t h e r e  
is no need to have the synchronization between the cameras on d i f f e r e n t  s t a t i o n s  
b e t t e r  t h a n  a few  seconds. Also the  sequence of exposures may b e  d i f f e r e n t .  
Computing t h e  f i c t i t i o u s  p o i n t  from  more than 100 s i n g l e  p o s i t i o n s  w i l l  el imin- 
a te  a l l  a c c i d e n t a l  e r r o r s  a l o n g  t h e  t r a i l .  
These  consequences are important   for   the  observat ion  equipment .  It can  be- 
.come less complicated and less expensive. 
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Rosenfield: H a w  do you put your f iducial mrks on the emulsion? 
Deker : .With what I think is caZZed a "point transfer device" which is essentiaZZy  a  very  exactZy 
dropped  needZe. This produces images that resembZe shooting targets due to  the displace-  
ment of the emuZsion which can be very accurately set on. 
Mueller : What, so f a r ,  have  been your experiences  with  the I.G.N. camera? 
Deker : They are  very  ingeniousZy  designed,  but  have  their  drmbacks. Me had t o  repZace the  timing 
equipment which produced irregular errors up t o  an amount of ten milZiseconds. 
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THE AGK3, A BASIS FOR A GENERAL  (NORTHERN) 
REFERENCE  CATALOGUE OF POSITIONS AND PROPER MOTIONS 
Wilhelm Dieckvoss 
Hamburger  Sternwarte 
ABSTRACT 
The originaZ concept of the international 
AGK3 program is presented and a report on the 
methods applied and on the progress of the work is 
given. The resuZts in the form of revised posit ions 
of the AGK2 reduced to   t he  FK4 system, and of AGK3, 
can be extrapozated easiZy t o  e a r l i e r  epochs, as far 
back as those of A G K l ,  and the mean error for  these 
epochs w i  Z 2 permit one the  deriving of re  Z i a b  Ze vaZ- 
ues for  systematic corrections of the oZd catatogues. 
New experience with the Astrographic Catalogue con- 
firms former concZusions us to  furnishing exceZZent 
posit ions for  the reference stars (from AGK2 / 3 )  by 
the automatic process of smoothing the positions in- 
serted into the pZate soZutions. 
By using the AGK2 / 3 posit ions a general cata- 
Zogue of roughZy to  the  n in th  magnitude can be con- 
structed by incZuding Zarge catalogues such as A G K l ,  
AC, YaZe, whiZe the systematic corrections to the in- 
dividuaZ cataZogues need no Zonger be taken from the 
GC but can be derived uniqueZy and independentzy from 
the AGK2 / 3 data. Thus a new edi t ion  of the type of 
the SA0 CataZogue for  the northern hemisphere can be 
produced. 
I n  1953 0. Heckmann (1954) a t  the Evanston conference gave an account  of t h e  
va lue  of a t h i r d  AG Catalogue.  In  a way, he  gave  apo log ie s  fo r  t he  AGK2 (Schorr  
and Kohlschiit ter ,  1951),  the makers of which had decided not to publish proper 
motions  (p.m.)  with  the  posit ions.  While Heckmann's arguments are a l l  r i g h t  as 
they s tand,  the lack of  proper  motions w a s  f r e q u e n t l y  f e l t  t o  b e  rather unfortun- 
ate, t h e  more so as t h e  work of Sch le s inge r  and  h i s  success so r s  i n  the  Yale Zone 
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Catalogues contained proper motions,  and as the AGK2 can be viewed as a con- 
c e r t e d  e f f o r t  i n . . a n  a p p l i c a t i o n  of Schles inger ' s  .methods  to  ha l f  the  celestial 
sphere  dur ing  a small time per iod .  
Hecbann's appea l  of 1 9 5 3  t o  f u r n i s h . t h e  p r o p e r  m o t i o n s  f o r  a l l  stars i n  
t h e  AGK2 by a combined ac t . i v i ty  o f  many astronomers  and inst i tutes  gained whole-  
hear ted  suppor t ,  and  h is  demonst ra t ion  of  the use fu lness  o f  such  an  add i t ion  o f  
proper  mot ions  in  a homogeneous and un i f i ed  sys t em was a t  once highly apprecia-  
t e d  in  connec t ion  wi th  the  coord ina t ion  of ga l ac t i c  r e sea rch ,  e .g . ,  a t  t h e  Gron- 
ingen Conference in 1953 (Blaauw, 1955).  
A t  Bergedorf and Bonn, t h e  two obse rva to r i e s  t ha t  pub l i shed  the  AGK2 (be- 
s i d e  t h e  Poulkovo volume f o r  t h e  p o l a r  c a p )  i n  a c c o r d a n c e  w i t h  t h e  o r i g i n a l  AGK2 
plans ,  numerous l e d g e r s  e x i s t  w i t h  l ists  of d i f f e r e n c e s  AGK2 minus AGK1. These 
d a t a  do no t  l end  themse lves  eas i ly  to  the  de r iva t ion  of proper motions, and, al-  
though the General  Catalogue (GC, Boss, 1937)  gives  tables  of  systematic  correc-  
t i o n s  t o  t h e  AGKl p o s i t i o n s  t h e  f i n a l  i n c o r p o r a t i o n  i n t o  t h e  AGK2 o f  t h e  d i f f e r -  
ences  aga ins t  AGKl  was n o t  c a r r i e d  o u t .  Any worker i n  s i n g l e  f i e l d s  o r  w i t h  i n -  
d i v i d u a l  stars h a s  t o  compute t h e s e  d i f f e r e n c e s  anew and has to  app ly  co r rec -  
t ions f rom w e l l  known t a b l e s  t o  p u t  them  on a d e f i n i t e  s y s t e m ,  p r e f e r a b l y  t h a t  
o f  t he  FK3 o r  t h e  FK4. 
I n  t h e  AGK3 program, s e l e c t i o n  and observat ion of  reference stars w a s  be- 
gun toge the r  w i th  the  r e -exposure  o f  t he  p l a t e  f i e lds  in  1956 ,  and the  o r ig in -  
a l l y  e s t a b l i s h e d  p r o c e d u r e s  went  according to  plan.  On the  o r ig ina l  measu r ing  
shee t s  o f  t he  AGK2 (used a t  Bergedorf and Bonn a f t e r  1930) the  coord ina te s  of 
t h e  stars measured on t h e  new p l a t e s ,  whose c e n t e r s  were i d e n t i c a l  t o  t h o s e  
taken  in  1930,  were en te red  and  the  d i f f e rences  in  the  sense  new coord ina te  
("AGK3") minus o ld  coord ina te  (AGK2) were t r ans fo rmed  in to  r e l a t ive  p rope r  mo- 
t i o n s  by means of a few s u i t a b l y  s e l e c t e d  stars. A l l  r educ t ions  were made such 
tha t  a f t e r  t he  pub l i ca t ion  o f  t he  p rope r  mot ions  o f  t he  r e fe rence  stars, ( t h e  
AGK3 R; Scott ,  1967) only a s h o r t  time would be  needed  in  order  to  t ransform 
t h e  relative proper  mot ions  to  absolu te  ones  and t o  t a k e  t h e  a r i t h m e t i c  means 
f o r  p u b l i c a t i o n  i n  t h e  c a t a l o g u e  t h a t  w a s  t o  g ive  p rope r  mot ions  on ly ,  fo r  t he  
stars of  the  AGK2, i d e n t i f i e d  by t h e i r  r e f e r e n c e  number. 
While the  mer id i an  c i rc les  were busy on the program, and while a t  Bergedorf 
t h e  f i r s t  s t e p s  w i t h  e x p o s i n g  and measuring plates  were under way, the develop- 
ment  of new ideas  and technological equipment showed b e t t e r  p o s s i b i l i t i e s  f o r  
ach iev ing  r e su l t s .  A t  Hamburg, the extens ive  use  of  au tomat ic  da ta  process ing  
machines began i n  1958, and w e  en tered  the  computer  age  s lowly ,  f i r s t  o f  a l l  by 
having the IBM 650 perform much o f  t he  work formerly done by hand on desk cal- 
culators ;   the   punching  of   the star coordinates,  however,  had  to  be  done manu- 
a l l y  on t h e  key punch, and w i t h  this t ransforn ing  of  the  da ta  f rom human read- 
able  form to machine readable  form,  the b a s i s  w a s  l a i d  f o r  more and more sophis-  
t i ca t ed  da ta  p rocess ing .  
The s y s t e m a t i c  e r r o r s  i n t r o d u c e d  i n t o  t h e  c o o r d i n a t e s  by t h e  f a u l t y  o b j e c -  
tives depend  on  image p o s i t i o n  on t h e  p l a t e ,  and  on  magnitude  and  color.  These 
e r r o r s  were no t  removed from the  coord ina te s  pub l i shed  in  the  volumes of the AGK2: 
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1 and i n  volumes 10 and 11, pre l imina ry  t ab le s  were p r i n t e d  t h a t  were i n t e n d e d  t o  
serve as a s u b s t i t u t e  f o r  p u b l i s h i n g  c o r r e c t e d  p o s i t i o n s .  I n  p r i n c i p l e ,  how- 
ever, i t  is f a r . b e t t e r  t o  a p p l y  s y s t e m a t i c . c o r r e c t i o n s  t o  t h e  measured coordin- 
ates d i r e c t l y  b e f o r e  t h e  p l a t e  s o l u t i o n s  are performed instead of  re lying on the 
conv ic t ion  tha t  the p l a t e  c o n s t a n t s  w i l l  b e  a f f e c t e d  o n l y  s l i g h t l y .  R e  a r d l e s s  
of how deeply   th i s   conf idence   might   be   roo ted  in t h e  minds of the peop f e respon- 
s i b l e   f o r   t h e  work, I nevertheless w a n t .   t o .  state that it i s  a dangerous pol icy 
t o  r e l y  o n  a p p l y i n g  s y s t e m a t i c  c o r r e c t i o n s  a f t e r  the ca ta logue  has been formed. 
A s  to t h e  AGK3 work in Bergedorf ,  repor t s  on sys t ema t i c  e r ro r s  and  on  r educ t ion  
methods have been published in  the  Ast ronomica l  Journa l  (Dieckvoss ,  1960,  1962) .  
About 1964 i t  w a s  dec ided  to  r e - r educe  the  AGK2 by means of t he  appropr i a t e  re- 
ference  ca ta logue  (AGK2 A, Kopff,  1943) that was put  on  the  sys tem of  the  FK4. 
The o r i g i n a l  c o o r d i n a t e s  of t h e  AGK2 were a v a i l a b l e  o n  punched ca rds  anyway, and 
on  the  bas i s  o f  expe r i ence  ga the red  in  the  meantime, t hese  coord ina te s  were cor- 
r e c t e d  f o r  s y s t e m a t i c  e r r o r s  b e f o r e  t h e  new p l a t e  r e d u c t i o n s  were performed. The 
reduct ion  of the  coord ina tes  of  the  new p l a t e s  t a k e n  f o r  t h e  AGK3 w a s  a n a t u r a l  
s e q u e l .  I n  a way, t he  l ack  o f  p rope r  mot ions  fo r  t he  AGK3 R p o s i t i o n s  a i d e d  i n  
reaching  these  dec is ions .  
The t a s k  w a s  a big one as t o  computer t i m e  consumed. For tuna te ly  w e  a t  
Bergedorf  could use the GIER computer i n s t a l l e d  t h e r e ,  from  1964 to  1967.  For 
almost two yea r s  w e  never  had any d i f f i c u l t y  i n  g e t t i n g  as much time as w e  want- 
ed ,  a l toge ther  more than  1000  hours.  Meanwhile, w e  s h i f t e d  t o  a big  computer a t  
Hamburg with extensive use of magnetic tapes, but  even there  w e  used almost 100 
hours .  In  1965 w e  used near ly  500 hour s  to  app ly  the  p r imi t ive  method  of a r t i f i -  
c i a l l y  e n l a r g i n g  t h e  f i e l d  o f  a p l a t e  by a t t a c h i n g  up t o  f o u r  n e i g h b o r i n g  p l a t e s  
t o  a c e n t r a l  p l a t e  by means of  a l l  stars common t o  t h e  common regions (Dieckvoss, 
1962) f o r  o l d  and new epochs  separately.  It turned  out,   however,   that  when tak-  
i n g  t h e  f i n a l  means fo r  each  star t h e  mean e r r o r  w a s  1 0  t o  15% l a r g e r  t h a n  t h e  
mean e r r o r s  found by t h e  c lass ical  method o f  s o l u t i o n  f o r  s i n g l e  p l a t e s .  The 
obvious reason w a s  t h e  f r e q u e n t l y  t o o  small number of common stars w i t h  t h e  con- 
sequence of excessively high mean e r ro r s  o f  t he  cons t an t s  t ha t  t r ans fo rm one  
Dlate t o  t h e  o t h e r .  
Table I. - Mean E r r o r s  of P o s i t i o n s  f o r  Di f f e ren t  Epochs 
AGK2 + p.m. AGK2 and AGK3 
+0'!16 ?!'008/yr. 
~ ~~ ~ ~~ 
1870 (AGK1)  +!'51: 
.36 1990  .517: 
.16 1960 (AGK3) .29: 
.12 1945 
.16 1930 (AGK2) .16 
.36 1900 (AC) .29: 
+0'!80 
: u n c e r t a i n  p o s i t i o n s  
and proper motions in- 
terdependent .  
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Table I g i v e s  a n  i n d i c a t i o n  o f  t h e  i n c r e a s e  i n  a c c u r a c y  i f  o n e  c h a n g e s  f r o m  
adding 1930 po.s i t ions and proper  motion inf luence,  to  the use of  two independent 
p o s i t i o n s  f o r  two separa te  epochs .  It s h o u l d  b e  r e m a r k e d  t h a t  t h e  l e f t  hand s i d e  
o f  t h e  t a b l e  g i v e s  i n c o r r e c t  v a l u e s  as i n . t h i s  case the proper  motions are no t  
independent ly  known. 
While I need not  go i n t o  d e t a i l  h e r e ,  some remarks w i l l  b e  i n  o r d e r  t o  i n d i -  
cate how w e  proceeded a t  Bergedorf.  F.P. Scot t  o f  the U.S. Naval Observatory 
s e n t  i n  1 9 6 5  a pre l iminary  copy of t h e  AGK3 R on punched cards, and t h i s  w a s  used 
f o r  d e r i v i n g  a p re l imina ry  ve r s ion  o f  t he  AGK3 t h a t  c o n t a i n s  t h e  r e s u l t s  of p l a t e  
so lu t ions  for  bo th  epochs .  A s  t h e  AGK3 R had no proper motions, and the proper 
motions of the AGK2 A were o f  v e r y  i n f e r i o r  q u a l i t y ,  some manipulat ing w a s  ne- 
c e s s a r y  f o r  t h e  i d e n t i f i c a t i o n  o f  t h e  stars because  ne i ther  ca ta logue  conta ined  
our  AGK2 numbers. A t  Bergedorf w e  have  ava i l ab le  an  AGK2 Revised and an AGK3 
Preliminary,  and w e  have l ists  of stars t h a t  showed l a r g e  d i s c r e p a n c i e s  when t h e  
means were taken  f rom ne ighbor ing  f ie lds .  The f i n a l  p l a t e  s o l u t i o n  w i t h  t h e  de- 
f i n i t i v e  AGK3 R have been performed, and the zones from the pole down t o  a b o u t  
+35" decl ina t ion  have  been  inspec ted  for  punching  er rors  or  fau l ty  measur ing  and  
a f i n a l  c a t a l o g u e  is ready from the pole  down t o  +49", but  once more t h e  d a t a  
f o r  some stars t u r n e d  o u t  t o  b e  f a u l t y ,  b u t  i n  d u e  c o u r s e  t h e y  w i l l  be remeasured 
wi th  ou r  Mann comparator  and the necessary correct ions w i l l  be  made. The cata- 
logue has  been punched on cards  that  have to  serve fo r  manufac tu r ing  the  manu- 
s c r i p t .  
Table  11. - Sample Pages from the AGK3 Manuscript. -"' 
LP. 
91.1 
91.1 
51.1 
58.1 
11.1 
51.1 
50.1 
31.1 
51.1 
11.1 
22 - 11 - 1 . 2 6  . 2. . 22 38 - 11 
+ 39  - I b  
+ 2 1  + 30 - *5 * 111 
+ 1 2 -  1 - 2 . 3 2  
3 1  Y 9  
P.M. 01 
27.9 
27.9 
27.* 
27.9 
17.9 
27.9 
27 .9  
21.9 
21.9 
11.9 
I D  
r13 0105 
*a3 0106 
.1Y 010- 
-13 OlOb 
.13 0101 
rI3 0108 
r12 0113 
*82 011. 
.#I 0110 
e12 011b 
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Table  I1 shows what the AGK3 migh t  l ook  l i ke  when pub l i shed .  In  the next 
few weeks t h e  Hamburg people  w i l l  f i n a l l y   f i n i s h  the program necessary for  a 
spec ia l  t ape -  un i t  t ha t  accep t s  and  writes IBM tapes  .which w i l l  b e  l e n t  t o  i n t e r -  
e s t e d  i n s t i t u t i o n s  a t  t h e i r  r e q u e s t .  
The pr inted proper  motions were computed from d i f f e r e n c e s  AGK3 minus AGK2 
and t h e  last column n e x t  t o  t h e  last epoch g ives  the differences.  Thus,  the 
p r in t ed  ca t a logue  w i l l  a c t u a l l y  c o n t a i n  two indiv idua l  ca ta logues ,  whi le  the  new 
magnet ic  tapes  conta in  two sets of  pos i t ions .  
The Astrographic  Catalogue (AC, Carte du Ciel) w a s  conce ived  in  the  last 
century,  and the numerous  volumes p r in t ed  r ep resen t  a vast amount of information 
r e l a t i n g  t o  the relative p o s i t i o n s  of stars a t  approximately the t u r n  of t h e  
c e n t u r y .  I n  o r d e r  t o  become usable ,  however, a c c u r a t e  c o n s t a n t s  f o r  t h e  i n d i v i d -  
u a l  p l a t e s  h a v e  t o  b e  d e r i v e d .  The la tes t  c o n t r i b u t i o n  i n  this context  can be 
found i n  a paper by Eichhorn and Gatewood (1967). The p o s s i b i l i t y  t o  d e r i v e  good 
p la te  cons tan ts  by t h e  u s e  of AGK3 d a t a  was s t r e s s e d  by Heckmann i n  1953. The 
t a s k  i s  not  an easy one because the coordinates  are a f f e c t e d  by sys temat ic  er- 
rors depending on measured coordinates and magnitude. 
Over the  yea r s ,  expe r i ence  has  shown t h a t  by d e r i v i n g  p l a t e  c o n s t a n t s ,  t h e  
automatic  smoothing process  gives  excel lent  posi t ions of  the reference stars f o r  
t h e  epoch  of t h e  p l a t e ,  and the following simple example may se rve  as a n  i l l u s t r a -  
t i o n :  P o s i t i o n  (AC) = a + bx + cy to  be found from the r ight  hand member of t h e  
equation of condition 
= POS (AGK3) - p A t  + v 
The new proper motion based on a normal ly  la rger  t i m e  interval  ( f rom 1900 to  1960 
i n s t e a d  of t h e  30 y e a r s  i n  t h e  AGK2/3) w i l l  become: 
The mean e r r o r s  of t h e  AGK2 and AGK3 pos i t ions  have  va lues  of  0!'16; f o r  t h e  
AC and r e f e r r i n g  t o  t h e  mean va lue  from two p l a t e s ,  t h e  mean e r r o r s  l i e  between 
0!'16 and 0!'22 . In  the  we igh t ing  sys t em in t roduced  in  the  GC wi th  the  un i t  we igh t  
be long ing  to  a p robab le  e r ro r  of 0!'300 the  weights  of  AGK2/3 and of t h e  AC meas- 
ured  wi th  h igh  prec is ion  w i l l  be  7 .7  and f o r  t h e  AC w i t h  lesser accuracy,  4 .1  . 
I f  and when t h e  work on d e f i n i t i v e  p l a t e  c o n s t a n t s  f o r  t h e  AC w i l l  b e  f i n -  
i shed  w e  can assume t h a t  a system of posi t ions and proper  motions w i l l  have t o  b e  
e s t ab l i shed .  The s imples t  method has  been  described by S. Newcomb (1906) .   In  
the  bes t  zones  of t h e  AC wi th  reasonably  ear ly  epochs  the  cent ra l  epoch  w i l l  l i e  
around 1930, and the proper  motions w i l l  have mean e r ro r s  o f  t he  o rde r  o f  0!'004 
per  yea r .  . I n  zones  less favorab le ,  t he  AGK2/3 with 1945 as mean epoch and proper 
motions with mean e r r o r s  o f  0!'008 per  year  w i l l  g i v e  a homogeneous system of ab- 
so lu t e  p rope r  mot ions .  In  any case, w e  have a b a s i s  f o r  e x t r a p o l a t i n g  b a c k  t o  
t h e  epoch of o lder  ca ta logues  such  as t h e  AGK1, as w e l l  as t o  o t h e r ,  more  modern 
ca ta logues .  
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Table 111. - Actual  Mean E r r o r s  f o r  D i f f e r e n t  Epochs. 
Epoch Type of 
Catalogue 
1870 + lo  
1900.. . 
1930 +1 
1960 k2 
Mean Er ro r  
21'3 t o  > l!IO 
.16  .22 
.16 
.16 
Table  IV. - Examples f o r  D i f f e r e n t  Zones of AGKl and AC combin- 
ed with AGK2/3 (weight 7.7). 
AGKl 
Decl. 
Epoch 
weight ("GC") 
m . e .  
AC (1900) 
weight 
c e n t r .  Ep. 
m.e .  of pos. 
m . e .  of p.m. 
m . e .  1980 
Helsingfors-Gotha 
+55" t o  +65" 
1875 
. 3  
I! 8 
Vatican 
4 .1  
1934 
!I10 
!'004/yr. 
!I2 2 
Bonn 
+40° t o  +50° 
1875 
.2 
l!IO 
Hels i n g f   o r s  
7.7 
1929 
!'O 9 
'!004/yr. 
!I2 1 
Ber l in  B. 
+20° t o  +25" 
I880 
1.5 
'!36 
P a r i s  
7.7 
1923 
'!09 
!'003/yr. 
!I2 1 
1 I I I 
Table I11 i n d i c a t e s  t h e  mean e r r o r s  of t he  p r inc ipa l  ca t a logues  d i scussed  
i n  t h i s  p a p e r .  
The last t a b l e  ( T a b l e  I V )  p resents  th ree  examples  for  how a genera l  cata- 
logue envisaged a t  the  beg inn ing  o f  t h i s  pape r  migh t  y i e ld  d i f f e ren t  mean e r r o r s  
f o r  t h e  r e s u l t s  p r o p e r ,  and as an example,  an extrapolation to the year 1980. 
Such a genera l  ca ta logue  for  the  nor thern  hemisphere  conta in ing  the  stars 
t o  t h e  n i n t h  m a g n i t u d e  o r i g i n a l l y  s e l e c t e d  f o r  t h e  AG zone work w i l l  b e  f a r  from 
homogeneous  owing t o  d i f f e r e n c e s  i n  epoch and precis ion for  the var ious zones of  
t h e  AC, and the o the r  o lde r  ca t a logues .  It w i l l ,  however, i n  a l l  p r o b a b i l i t y  
e x h a u s t  t h e  d a t a  p r e s e n t l y  a v a i l a b l e  and w i l l  p r e sen t  the information concerning 
the motions of the stars i n  a form i n  which  they  can  be  used  prof i tab ly  for  many 
purposes of astrometry.  
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I hope that some c e n t r a l  i n s t i t u t e  w i l l  t a c k l e  t h i s  t a s k ,  and w i l l  u s e  i ts  
resources  with the  inco rpora t ion  o f  modern r e s u l t s  f r o m  d i f f e r e n t  s o u r c e s ,  v i z .  
f rom our  AGK3, from t h e  AC people and last  b u t  n o t  least, f rom those who p a t i e n t -  
l y  go ahead w i t h  keypunching and proofreading the con ten t s  of o ld  ca t a logues  
with pages yellow from old age.  Herget 's  (1967)  endeavors i n  t h e  Bordeaux  zone 
of the AC w i l l  probably set the pace and w i l l  a l low an estimate of the amount of 
work involved. Only  by such honest  work, the magnif icent  work of  the Smithson- 
ian  Ast rophys ica l  Observa tory  wi th  i ts  Star  Cata logue  so widely used today can 
be superseded by a new ca ta logue  wi th  a cons iderable  improvement of  the  weights  
of  the  relevant numbers. 
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DISCUSSION 
Gatewood : HOW did you get the mean error of the AC positions? Some of my o m  experience indicates 
somewhat larger errors. 
Dieckvoss : From a comparison of the discrepancies between neighboring fieZds. Work is now going on 
a t  Hamburg  and a t  Paris t o  find the systematic errors comon to whoZe AC zones. When 
these are applied, our mean errors should be comparable to  those of the typical catalogue 
zone astrographs. In a f e w  weeks, our resu l t s  w i l l  be available on mgnetic  tapes.  
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AN  ANALYSIS OF THE  AGK3 COMPARISON  STAR  POSITIONS 
Paul Herget 
Cincinnat i  Observatory 
ABSTRACT 
Proper motions formed with the use of positions 
' i n  the AGK3 and other, oZder cataZogues are inves t i -  
gated for  systematic trends. 
For  every th ing  in  the  present  paper  I a m  indebted  to  D r .  Dieckvoss, be- 
cause  he  very  k indly  sen t  m e ,  a t  t h e  earliest p o s s i b l e  t i m e  t ha t  he  cou ld ,  t he  
informat ion  of  the  AGK3-AGK2 on packed punch cards. I converted these onto reg-  
u l a r  star catalogue magnetic tapes and began to do a number of t h ings  wi th  them, 
t h e  f i r s t  of  which i s  a k ind  o f  f i end i sh  t r i ck :  I analyzed a l l  the  in fo rma t ion  
which he gave me,  i n  o r d e r  t o  see whe the r  o r  no t  t he  p rope r  mot ions  in  r igh t  as- 
cension would average zero around the whole sky. The material w a s  d i v i d e d  i n t o  
two zones (+lo" t o  +15" to  co r re spond  wi th  AGK1-Leipzig, and  +15" t o  +20" t o  c o r -  
respond with AGK1-Berlin), each zone was d iv ided  in to  f ive  magni tude  groups  
b r igh te r  t han  7 .0 ,  7 .01  to  8 .0 ,  8 .01  to  9 .0 ,  9 .01  to  10 .0  and f a i n t e r  t h a n  1 0 . 0 ) .  
Then a l l  the  p rope r  mot ions  in  r igh t  a scens ion  and dec l ina t ion ,  s epa ra t e ly  wi th -  
in  each  group,  were represented  by a least squa res  so lu t ion  of t h e  form 
!-I = Co + C1 COSCY + S1 s i n a  
It is a p p a r e n t  t h a t  f o r  t h e  r i g h t  a s c e n s i o n  t h e  c o n s t a n t  term is near ly  zero ,  as 
it should  be ,  the  phase  cor responds  to  the  d i rec t ion  of  the  Sun ' s  way toward Her- 
cu les ,and  the  ampl i tude  d iminishes  as i t  s h o u l d  f o r  t h e  s u c c e s s i v e l y  f a i n t e r  mag- 
n i tude  groups .  The d e c l i n a t i o n  s o l u t i o n s  a l l  have a nega t ive  b i a s ,  as they should.  
These  resu l t s  gave  m e  f u l l  c o n f i d e n c e  t o  go .ahead and u s e  the material. 
Next w e  undertook a comparison of (AGU-AGK2) w i t h  t h e  Yale Zone Catalogue. 
The pos i t ion  f rom (AGK3-AGK2) w a s  ex t r ac t ed  fo r  t he  epoch  o f  t he  Yale p o s i t i o n  
-and the two were then  d i f fe renced .  Us ing  the  same ten  groups  as b e f o r e ,  t h e  d i f -  
f e r e n c e s  w i t h i n  e a c h  h a l f  h o u r  s t r i p  of r i g h t  a s c e n s i o n  were represented  by a mean 
value and its probab le  e r ro r .  The r e s u l t s  i n  r i g h t  a s c e n s i o n  are f a i r l y  satis- 
f a c t o r y ,  i n  t h e  s e n s e  t h a t  t h e  r a n g e  shown by t h e  p r o b a b l e  e r r o r  s t r a d d l e s  t h e  
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z e r o  l i n e  f a i r l y  w e l l .  There is a s l i g h t  . p o s i t i v e  b i a s  between 20h to .24h, more 1 
pronounced in the lower zone than in  the 'upper  one.  But  the d e c l i n a t i o n s  show 
a d e f i n i t e  p o s i t i v e  b i a s .  S i n c e  w e  already had the computer program, w e  a l s o  
analyzed these d i f f e r e n c e s  i n  t h e  same way as w e  had  done  be fo re  fo r  t he  p rope r  
mot ions .  The  r e su l t s  i n  the  f ive  magn i tude  g roups  are f a i r l y  similar, and so  
w e  show only a weighted mean (based on the number of stars in  each  group)  of  the  
r e s u l t i n g   c o e f f i c i e n t s  . 
+loo t o  + 1 5 O  : (Aa) = +0.0062 - 0.0053  cosa +O. 0061 s i n a  
(A6)" = + 0.178 - 0.017  cosa + 0.030 s i n a  
+ 1 5 O  t o  +20° : (Aa)' = - 0.0012 - 0.0021 cosa + 0.0059 s i n a  
(As)" = + 0.333 - 0.030 cosa + 0.035 s i n a  
None o f  t h e s e  c o e f f i c i e n t s  is of much s ign i f i cance ,  excep t  t he  cons t an t  term i n  
dec l ina t ion .  
I do not  know  how t o  e x p l a i n  t h i s .  The p l a t e  o f  t h e  Yale Zones  covered 
s l i g h t l y  more t h a n  t e n  d e g r e e s  i n  d e c l i n a t i o n  a n d  f o u r t e e n  d e g r e e s  i n  r i g h t  as- 
cension. A l l  o f  t he  stars i n  b o t h  o f  my f ive  deg ree  zones  o f  dec l ina t ion  were 
on t h e  same Yale p l a t e s .  Yet when I s p l i t  them i n t o  t h e s e  two zones I g e t  t h i s  
decided  difference  of  +0!'18 and +0!'33 . I cannot   explain i t ;  I can j u s t  p o i n t  i t  
ou t .  
F i n a l l y  w e  undertook a comparison of (AGK3-AGK2) wi th  the  Leipz ig  and  Ber- 
l i n  zones of AGK1, i n  t h e  same way as w e  had f o r  Yale. The AGKl p o s i t i o n s  were 
precessed to  1950.0 with Newcomb's preces .s ion constants .  These plots  show t h a t  
t h e  d i f f e r e n c e s  i n  d e c l i n a t i o n  are  inconsequen t i a l :  t he  r ange  o f  t he  p robab le  
e r r o r s  s t r a d d l e s  t h e  z e r o  l i n e ,  a n d  t h e  p r o b a b l e  e r r r o r s  are undoubtedly  la rger  
b e c a u s e  o f  t h e  g r e a t e r  i n d i v i d u a l  e r r o r s  i n  t h e  AGKl  observa t ions .  But  the  r igh t  
ascensions have a de f in i t e  nega t ive  b i a s  amoun t ing  to  1!'8 . There i s  a s l i g h t  
magnitude effect which seems to be smaller f o r  the brighter  magni tudes,  and again 
I do n o t  know  how t o  e x p l a i n  t h i s .  However, t h i s  i s  a v isua l  demonst ra t ion  of  
the  sys temat ic  d i f fe rences  which  w i l l  exist i f  one i s  t o  a d o p t  as the fundamental  
base l ine  the  sys tem of  star posi t ions and proper  motions def ined by (AGK3-AGK2). 
If one  a t t empt s  to  cons t ruc t  some "general  catalogue' '  as w e  p ropose  to  do 
f o r  t h e  z o n e  of t h e  Bordeaux Astrographic  catalogue,  then these are the  k inds  of  
problems tha t  one  w i l l  f a c e  i n  d e t e r m i n i n g  t h e  systematic.-correctiois. I f  any- 
one has any comments or  thoughts  on  these problems, I would be  g l ad  to  hea r  them. 
Murray 
DISCUSSION 
: The fundamental system to  which those catalogues are referred i s  of cr i t i ca l  import- 
ance. Were the reference catalogues used,for the reduction of the two half-zones of 
the Yale catalogues ahays the same? 
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Murray 
Dieckvoss 
Herget 
Dieckvoss 
Hof f l e i t  
Herget 
Scott  
Eichhorn 
Herget 
Scott 
Dieckvoss 
Murray 
Vasilevskis 
: Is the difference here, then, the same as tha t  between the  NFK and the FK4 equinoxes? 
Maybe Dr. Dieckvoss could say something about the sy s t emt i c   r igh t   a scens ion   d i f f e r -  
ences between the AGKZ and the AGK3? 
: I don't have these data at  my f inger t ips ,  and I don't remember e m c t l y  what has been 
done with the Yale Catalogues. They were compared with the AGKl to  get  the proper 
motions, and there are tables  to  correct  the posi t ions in  them t o   t h e  CC system. 
: I ' l l  have t o  see how my values compare with that material .  
: Your correction of 1!'8 seems large. As I remember the values in Volume One of the  CC 
for the corrections from one system t o  another are usually in the order of a few tenths  
of a second of arc. 
: These northern zones were computed long before I was involved in the Yale project.  
The reason ( i f  I remember correct ly)  why the Yale Zones were published in zones nar- 
m e r  than the ten degrees covered by the pZates, was, that the older catalogues, 
which furnished the material for  the determination of the proper motions, had been 
published i n  m o w e r  zones. A n d  the  proper motion systems in d i f f e ren t  "subzones" 
depending on the same s e t   o f p k t e s  may therefore be different, although any se t  of 
plates  was reduced ~ t h  a homogeneous s e t  of reference posit ions.  One notes, when 
reading Schlesinger's introductions to his earlier catalogues, i n  how  much de ta i l  he 
describes the corrections to the proper motions in  r ight  ascension which were based 
on a hypothesis concerning reflected solar motion; yet, this was i n  no w a y  used t o  
correct the proper motions i n  declination, which i n  some cases were simply reduced t o  
the proper motion system of the  GC and nbt t o  whatever the system of the right ascen- 
sion proper motions was. 
: When I f i r s t  saw t h i s  1!'8, I believed I had  made  some s l i p .  However, t h i s  i s  e x a c t l y  
the mount by which Schlesinger corrected the crude proper motions t o  make the i r  aver- 
age come out $0 zero. 
: The Yale Zone +loo t o  +ZOO, which was also published i n  two subzones, was reduced by 
means of the First  Greenwich Catalogue fo r  1950 as a source of reference stars.  We 
compared it a t  the  USNO G t h   t h e  Katalog con 3356  Schwachen Sternen by Larink. The 
northern as well as southern half of this  Yale  Zone  show constant right ascension and 
declination differences as compared t o  Larink ' s  catalogue, the differences being 
thenore ,  a canparison of the upper and lower halves of t h i s  Yale Zone with the "Firs t  
(Ylv - L) = +Os004 i n  a and - 0!'33 i n  6; (Us - L) = - 06005 i n  a and - OI'14 i n  6 .  F u r -  
GreeraJich Catalogue f o r  1950" indicates  that  the two halves of the Yale Zone are not 
on the  same system; Yale North minus Yale South being +Os006 i n  a and - 0!'13 i n  6 .  
Maybe a close stucZy of the Greenwich posi t ions would reveal the reason for t h i s .  I 
suspect  that  there is ,  somewhere i n  them, a jump of nearly 01'2 i n  declination. 
: I am somewhat disappointed that the analysis of your right ascension proper motions 
showed a zero constant t e n .  This should have been the case only i f  the proper mo- 
t ions were on a system which is i n e r t i a l .  But since there seems t o  be agreement 
that the constant of precession requires a correction of about I" per century t o  
render th i s  sys tem iner t ia l ,  a  corresponding constant term should have appeared i n  
the  analysis of your proper motions. 
: The bases are Dieckvoss' 1930 and 1960 photographs, which depend on Scot t ' s  re fer -  
ence catalogue. 
: our reference stars were for use with the AGK3 only,  not the AGK2- 
: F~~ the re-reduction of the AGK2A we used the ACK2 reduced to  the  FK4 system. 
proper motions m e  therefore based on Nadcomb's constcmt Of precession, which i s  be- 
ing retained at this time by international apeement. 
: I agree-with Eichhorn that the proper motions should have sham the correct ion to  the 
: m a t  matters i s  only  the total  change i n  a  s tar 's  posi t ions,  and when the constant 
precesszon. 
of  precession i s  not  inert ial ly  frue,  the proper motion of the  s tar  W i l l  absorb the 
correction to precession. 
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RECENT PROGRESS ON  THE  YALE ZONE  CATALOGUES 
D o r r i t  H o f f l e i t  
Yale University Observatory 
ABSTRACT 
The YaZe University Observatory has been en- 
gaged in the measurement or reduction of stars  in 
southern zones. 
We have been handicapped by frequent turn-over 
and shortage of s c i e n t i f i c  personneZ, and by a vast  
assortment of machine fai Zures. Most of these con- 
dit ions have recentZy been greatZy ameZiorated by the 
instaZZation of a more e f f i c i e n t  air conditioner in 
the measuring room, numerous instrumentaZ improve- 
ments, and the appointment of Mr. PhiZZip Lu who has 
had previous experience and training in astrometry. 
The cataZogue for the -35O t o  -40° zone is ra- 
p idZy  nearing  compZetion. A Z Z  the  reductions and 
comparisons with other cataZogues have been compZe- 
ted.  The tabZes and star charts  are  being  prepared 
in finaZ form for pubZication by QZes Standish. AZ- 
though the introduction to VoZwne 28 of the Transac- 
t ions  of the YaZe Observatory basicaZZy aZso appZies 
t o   t h i s  zone, since both were measured on the same 
YaZe 1 1 O  x 11' ptates ,  new anaZyses of the reZative 
errors of the proper motions detennined here and a t  
the Cape were necessary in view of the  fact  that  the 
Cape vaZues depended upon d i f f e ren t  oZder catatogues. 
m o  items of particuZar interest  or concern are the 
prob Zem of magnitude corrections,  especiaZ Zy in de- 
clination, and comparisons with Luyten's Bruce Prop- 
er  Motion Survey. 
Under a c o n t r a c t  w i t h  t h e  U.S. Army Map Se rv ice  (now  named  U.S. Army Topo- 
graphic  Command), t h e  Yale University Observatory has been engaged i n   t h e  meas- 
urement and reduction of posi t ions and proper  motions of  stars i n  t h e  s o u t h e r n  
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hemisphere .  The  present  s ta tus  of  the  work  is b r i e f l y  summarized as fol lows:  
-30" t o  -35" 1 2  876 stars. Published,  Vol. 28, 1967, TrmactCons of t h e  
Astronomical Observatory of Yale Univers i ty .  
-35" t o  -40" 12   120  stars. Vol. 29, i b i d ,  i n   p r e s s .  
-40" t o  -50" Measured by D. Ecke r t  and  a s s i s t an t s  a t  t h e  IBM Matson  Scien- 
t i f i c   Labora to ry .   Reduc t ions  resumed a t  Yale. 
-60" t o  -70" Measured a t  Yale under   the   superv is ion   of  D r .  A. JCLemola. Re- 
duc t ions  assumed by t h e  Army  Map Serv ice .  
-70" t o  -90' Measurements a t  Yale over  50%  completed. I n   t h i s   z o n e ,   w i t h  
h i g h l y  o v e r l a p p i n g  p l a t e s  i n  b o t h  r i g h t  a s c e n s i o n  and declina- 
t ion ,  an  average  of  near ly  4000 stars pe r  p l a t e  has  been  sel- 
ected for  measurement ,  including many f a i n t  stars. 
The programs of stars t o  b e  measured have been mainly the stars i n  t h e  c o r -  
r e spond ing  ca t a logues  pub l i shed  o r  i n  p repa ra t ion  a t  t h e  Royal Observatory a t  
t h e  Cape. These catalogues are t h e  b a s i s  f o r  t h e  Yale determinat ions of  proper  
motion.  Only i n  t h e  "South  Polar Cap" zones, -70" t o  -go", have  apprec iab le  
numbers of stars been  added  f rom o the r  sou rces ,  pa r t i cu la r ly  f a in t  stars from 
Melbourne Astrographic Catalogues,  for a study of magnitude and coma co r rec t ions .  
The -35" t o  -40" zone just  completed was measured on t h e  same l l o x l l o  p l a t e s  
as t h e  stars i n  t h e  -30 t o  -35" zone,  published as Volume 28 of  the Transactions 
of t h i s  o b s e r v a t o r y .  A l a r g e  p a r t  of t h e  i n t r o d u c t i o n  t o  t h a t  c a t a l o g u e  h e n c e  
a l s o  a p p l i e s  t o  t h e  f o r t h c o m i n g  Volume 29 and w i l l  no t  be  r epea ted  the re .  How- 
ever ,  new ana lyses  of  the  relative e r r o r s  of the proper  motions determined here  
and a t  t h e  Cape were n e c e s s a r y  i n  v i e w  o f  t h e  f a c t  t h a t  t h e  Cape values  (Jack-  
son  and  Stoy,  1955)  depended  upon  different  older  catalogues.  Of p a r t i c u l a r  con- 
cern  or  in te res t  have  been  the  problem of  magni tude  cor rec t ions ,  espec ia l ly  in  
dec l ina t ion ,  and comparisons with the Bruce Proper Motion Survey (Luyten, 1960) 
of t h e  stars with comparat ively large proper  motions.  
The observed proper motions are t h e  r e s u l t a n t  o f  r e f l e x  s o l a r  m o t i o n ,  g a l -  
ac t ic  ro ta t ion ,   and   pecul ia r   mot ions .   Schles inger   had   long   ago  (1925) pointed 
o u t  t h a t  i f  t h e  p e c u l i a r  m o t i o n s  have e f f e c t i v e l y  random d i s t r i b u t i o n ,  t h e n  t h e  
hourly means o f  t he  p rope r  mot ions  in  r igh t  a scens ion  shou ld  c lose ly  fo l low a 
s ine  curve  and  the  average  of  the  24 hour ly  means i n  any zone should be zero.  
If,  t h e n , t h e  stars are grouped by apparent magnitude, the amplitudes of the s i n e  
waves s h o u l d  b e  g r e a t e s t  f o r  t h e  b r i g h t e r  stars ( i f  t h e y  are on the  ave rage  the 
more nearby) and smallest f o r  the f a i n t e s t  stars, provided  tha t  the percentages 
o f  h igh  and  low in t r in s i c  l uminos i t i e s  are about  the  same in  a l l  magnitude groups. 
But i n  e a c h  of the  groups  the  average  of  the 24 hourly means shou ld  be  c lose  to  
zero.  On th i s  a s sumpt ion ,  t he  p rope r  mot ions  in  r igh t  a scens ion  p rov i s iona l ly  
der ived from the difference between the Yale and t h e  Cape p o s i t i o n s  ( f o r  a twen- 
ty-year  in te rva l )  were co r rec t ed  by +0$0001(m - 6.5) . 
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FIGURE 1 
Expected  trends of mean proper motions (curves) with re- 
cently derived values in the -35' to -40" zone. 
I n  d e c l i n a t i o n  t h e  p a t t e r n  of the expected systematic  motions is  less s i m -  
p l e  and Schlzsinger by-passed the problem by s imply  cor rec t ing  the  Yale proper  
mot ions  for  nor thern  stars to  the  sys tem of  the  Boss Prel iminary General  Cata- 
l o g u e  a v a i l a b l e  a t  t h a t  time. In  the  southern  hemisphere ,  the  proper  mot ions  
g iven  in  the  Genera l  Cata logue  are less a c c u r a t e  t h a n  f o r  t h e  more widely obser- 
ved northern stars and may not  provide  a r e l i a b l e  b a s i s  f o r  m a g n i t u d e  c o r r e c t i o n s ,  
nor  is  t h e r e  a s u f f i c i e n t  number of t h e  f a i n t e r  stars. Ins t ead ,  I have  compared 
the  ave rage  Yale p rope r  mot ions  in  bo th  r igh t  a scens ion  and d e c l i n a t i o n  w i t h  
sys temat ic  mot ions  der ived  f rom tab les  by van Rhijn and Bok (1931) based upon 
t h e i r  a n a l y s i s  o f  s t a t i s t i c a l  p a r a l l a x e s .  The  comparisons are shown i n  F i g u r e  1, 
where the  cu rves  r ep resen t  t he  expec ted  t r ends ,  t he  do t s  t he  Yale proper motions,  
and t h e  open circles the weighted means o f  t h e  Cape and Yale proper motions a l l  
o s t ens ib ly  r educed  to  the  FK4 system (Fricke et a l ,  1963) - a reduc t ion  depend- 
ing  on  only  220 stars between -30" and -40' common t o  t h e  FK4 and i ts  Supple- 
ment.  The r e l i a b i l i t y  o f  t h i s  p r o c e d u r e  depends  upon the  accuracy  of t h e  sta- 
t is t ical  pa ra l l axes  and on whe the r  o r  no t  the percentages of stars w i t h  d i f -  
f e r e n t  s p e c t r a l  and luminosity classes i n  the var ious apparent  magni tude groups 
are s u f f i c i e n t l y  t h e  same i n  t h e  v a n  Rhijn-Bok a n a l y s i s  as i n   t h e  Cape and Yale 
zone catalogues.  It would seem h igh ly  impor t an t  t ha t  t he  van  Rhijn-Bok a n a l y s i s  
be repeated with more modern da ta .  
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FIGURE 2 
F r e q u e n c y  d i s t r i b u t i o n  
of m o d e r a t e l y  l a r g e  
Yale p rope r  mot ions ,  
compared with 
f r equency  of t h o s e  
i n c l u d e d  
i n  t h e  
BPM. 
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T a b l e  I. - Comparisons with Bruce Proper  Motion Survey.  
D i f f e r e n c e s  i n  P r o p e r  M o t i o n  
m(pg) Am S o l a r  R e f l e x  Mean - BPM Yale - BPM 
RA ci 6 6 n  ci p.e.  6 p .e .  ci Cape C-BPM 
9.6  +0.8 
+.009 -.001 9.2  -0.9 
-.010 +.001 9.4  -0.9 
-.012 +.028 9.8 -1.3 
+!I024 -'!014 
. . ~- 
25 +!I019 .r"!019 -!'006 +!'020 
+.003 -.015 25 +.009 t . 021  -.011 2 . 0 3 4  
-.013 -.007 49 - .011 k.027 -.003 k .024 
-.004 +.005 20 - .021 i . 0 2 0  +.028  2.022 
+!I016 "1005 
~~ 
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For a l a r g e  number of stars proper motions exceeding O'.'lOO annual ly  were 
found either at Yale o r  a t  the Cape. bu t  not confirmed by the o t h e r .  Ln many of 
t hese  in s t ances  no  Cape va lues  were ava i l ab le  because  the stars d id  no t  appea r  
i n  o l d e r  c a t a l o g u e s .  A l l  such stars were s e a r c h e d  i n  the Bruce Proper Motion 
Survey  (Luyten,  1960) for  conf i rmat ion .  Unfor tuna te ly  the ahsence of a star with 
os tens ih le  proper  mot ion  less than  0!'200 annual ly  could  not  necessarily h e  con- 
s idered proof  that the star in f a c t  has only  a small proper  motion., T h e  com- 
p l e t eness  of the BPM is n o t  w e l l  es tab l i s I ied  either as t o  s m a l l n e s s  of the prop- 
er motion or  span of  apparent  magni tude included.  A samplinfi i n  eight hours of 
r igh t  a scens ion ,  namely 0 - 2h, 6 - gh, 1 2  - 14h and 18 - 20 , i n d i c a t e d  111 
stars fo r  wh ich  bo th  the  Cape and Yale found motions exceeding 0!'100 i n   e i t h e r  
coordinate .  Of these 76 stars o r  69% are in  t h e  BPM; 18 o t h e r s  are i n  t h e  GC; 
whi le  1 7  stars o r  1 5 %  are n e i t h e r  i n  t h e  BPM nor  the  GC. The t o t a l  p r o p e r  mo- 
t i o n s  o f  t h e  17 stars range  from 0!'100 t o  0!'182. Their  average Cape photograph- 
i c  magnitude i s  9F48, the  ind iv idua l  va lues  ranging  f rom 8G56 t o  1GG6. These 
stars are i n  g e n e r a l  t o o  f a i n t  f o r  i n c l u s i o n  i n  t h e  GC, w h i l e  t h e i r  images might 
w e l l  be  overexposed  on  the  Harvard  Bruce  p la tes  used  in  Luyten ' s  survey .  
Figure 2 shows the  f r equency  d i s t r ibu t ion  (on  a logar i thmic  sca le )  of  Yale 
to ta l  p roper  mot ions  be tween 0!'070 and 0!'250 i n  t h e  same i n t e r v a l s  of r i g h t  
ascension.  The numbers  of t h e s e  stars tha t  a l so  occur  in  the  Bruce  P rope r  Mo- 
t i o n  c a t a l o g u e  are represented  by t h e  open circles. The comparison indicates 
t h a t  p r a c t i c a l l y  a l l  stars with proper motions exceeding 0!'150 are i n c l u d e d  i n  
t h e  BPM bu t  t ha t  t he  pe rcen tage  d rops  to  abou t  30% f o r  t o t a l  m o t i o n s  o f  0!'100. 
Further comparisons are g i v e n  i n  T a b l e  I. It is n o t e d  t h a t  t h e r e  are l a r g e  d i s -  
cordances between the photographic magnitudes given by Luyten and those deter-  
mined a t  t h e  Cape, the average discordance in  each of  the four  regions amounting 
t o  n e a r l y  a magni tude .  Cur ious ly  the  s ign  of  the  d iscrepancy  in  the  f i r s t  re- 
gion i s  oppos i t e  f rom the  o the r  t h ree ;  t h i s  r eg ion  i s  n e a r  t h e  g a l a c t i c  p o l e  
w h i l e  t h e  o t h e r  t h r e e  a r e  a l l  wi th in  30" of t h e  Milky Way. The t a b l e  a l s o  sug- 
g e s t s  a sys t ema t i c  t r end  wi th  r igh t  a scens ion  of t he  d i f f e rence  be tween  the  Yale 
system and t h e  BPM, t rends  apparent ly  somewhat c o r r e l a t e d  w i t h  t h e  r e f l e x  s o l a r  
motion. This would be expected i f  t h e  BPM values  are r e l a t i v e  w h i l e  t h e  Yale 
are absolu te  va lues  of  the  proper  mot ion .  
The p robab le  e r ro r s  of t h e  d i f f e r e n c e s  i n  p r o p e r  m o t i o n  i n  t h e  v a r i o u s  
groups  y ie ld  an  average  va lue ,  BPM minus weighted mean of Cape and Yale, amount- 
i ng  t o  +_0!'0234 i n  e a c h  c o o r d i n a t e .  The average  probable  e r ror  of the weighted 
mean o f  t he  Cape and Yale va lues  i s  approximately O!'OlO. This  would i n d i c a t e  
a p robab le  e r ro r  of 0!'021 i n  t h e  BPM values .  As t h e  stars under  cons idera t ion  
here are mainly the b r i g h t e r  stars of the BPM survey,  it may be expected that  
the  accuracy  of  the  BPM as a whole is somewhat higher.  Luyten himself published 
a v a l u e  of 0!'021 as t h e  a v e r a g e  mean er ror  es t imated  f rom over lapping  p la tes .  
I n  t h e  s e a r c h  o f  t h e  BPM i t  was noted that t h e  12?5 star, BPM 46575, has  
approximately the same proper motion as t h e  8?4 ca ta logue  star no. 196. Four 
Harvard Bruce plates  were borrowed to  check on the common proper motion. The 
plates  have been measured byPhil l ip  LU. H i s  r e s u l t s  and previous determinat ions 
(not  reduced to  a common system) are shown i n  T a b l e  11. 
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Table 11. - A New Wide Double Star ,  sep.  50!'7,  P.A. 350'. 
S t a r  
Cape 196* 
T 
BPM 46575 
RA 
+?0050 +. 0048 +. 0061 
- .0009 
" 
+. 00x7 
KoD - 38'223 = CPD - 38'54 
Proper Motion -
Dee 
-'!114 -. 111 
- . IO5 
- .141 
" 
- . lo7 t T o t a l  "128 .125 . I27  .141+12 .127 .109+10 I P .A. 153' 153 146 183k8 159 170+6 I Source Cap e Yale GC Lii BPM Lii 
At ten t ion  i s  c a l l e d  t o  COD - 35"4257, l i s t e d  by t h e  Cape (No. 3488) as 8916 
v is ,  F5. This  star could not  be found on ei ther  of  the two overlapping Yale 
p la t e s  wh ich  r each  cons ide rab ly  f a in t e r  t han  ll? pg. It was then  no t i ced  tha t  
t h e  star had  been  suspec ted  o f  va r i ab i l i t y  in  the  Cordoba Durchmusterung (1894) 
where four  visual  magni tudes appeared discordant  by lF3 .  I then checked the star 
on Harvard object ive pr ism plates .  The F5 s p e c t r a l  class ev iden t ly  refers t o  a 
nearby star w h e r e a s  t h e  b e s t  a v a i l a b l e  s p e c t r u m  p l a t e  r e v e a l e d  i n  t h e  p o s i t i o n  o f  
COD - 35'4257 a b a r e l y  v i s i b l e  f e a t u r e  r e s e m b l i n g  a n  N-type  spectrum. Two Yale 
s t u d e n t s  t a k i n g  my cour se  on  va r i ab le  stars, Susan Hess and Wayne Osborn, and I 
?herefore  went  to  Harvard to  examine the star on Harvard  pa t ro l  p la tes .  On a 
r e d  s e n s i t i v e  p l a t e  t h e  star is ext remely  br ight ,  conf i rming  i t s  assumed late- 
type  spectrum. On t h e  o r d i n a r y  b l u e  s e n s i t i v e  p l a t e s  t h e  star varies from 
b r i g h t e r  t h a n  12: t o  a b o u t  15lf3, wi th  ev idence  of  mul t ip le  per iodic i ty  char -  
r a c t e r i s t i c  of  long  per iod  var iab les  wi th  carbon spec t ra .  The primary period 
is about 500  days  and a bea t  pe r iod  is some 2500 t o  2700 days. 
One by-product of the zone catalogue work i s  the  de tec t ion  of  wide ly  separ -  
a t e d  common proper motion stars, o r  group motions, from the proper motion star 
c h a r t s  accompanying the newly-published  catalogues.  Among 29 such groups or  
p a i r s  between -30" and -40" many w a r r a n t  f u r t h e r  i n v e s t i g a t i o n ,  p a r t i c u l a r l y  ra- 
d i a l  v e l o c i t y  d e t e r m i n a t i o n s .  
Acknowledgement 
I am deeply  indebted  to  a l a r g e  number of persons both a t  t h e  Yale Observa- 
t o ry  and  the  Computer Center who have p a r t i c i p a t e d  i n  t h e  vast tasks of key punch- 
ing input catalogue data,  performing plate measurements,  and computer programming 
necessary  for  the  product ion  of new zone catalogues,  as w e l l  as t o  t h e  Amy Map 
S e r v i c e  f o r  f i n a n c i a l  s u p p o r t .  
178 
REFERENCES 
Cordoba  Durchmusterung.1894.  Vol. 17, p. XV. 
Fricke, W., Kopff, A . ,  e t  aZ: 1963.  Heidelberg  Veroffentlighungen.  Nr. 10 and 11. 
Jackson, J., and  Stoy,  R.H.:  1955. Ann. Cape  Observatory.  Vol. 18. 
Luyten,  Willem J.: 1960.  Final  Report.  Bruce  Proper  Motion  Survey.  Pub.  Astron.  Obs.  Univ.  Minnesota. 
Vol. 2,  No. 15. 
Schlesinger,  Frank:  1925.  Trans.  Yale  Univ.  Obs.  Vol. 4, p. (27). 
van  Rhijn, P. and  Bok,  B.J.:  1931.  Groningen  Publ.  No. 45. 
DISCUSSION 
Stoy : I am very pZeased to  see  tha t  through t h i s  work the  pos i t ions  in  the  -30' t o  -40' zone, which 
were formerly among the most weakly determined positions i n  t h e  s k y ,  have n m  become very weZZ 
detemnined. 
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COMPARISON OF THE  SA0  AND AGK3R  STAR  CATALOGUES 
F.P. S c o t t  and C.A. Smith, Jr. 
U.S . Naval Observatory 
ABSTRACT 
The SA0 S t a r  CataZog posit ions from the GC 
and the AGK2 and YaZe photographic cata Zogs are 
compared with the AGK3R cataZog.  Both  cataZogs 
are aZZeged t o  be on the system of the FK4.  When 
the differences are considered as accidentaZ er- 
rors, the mean errors deduced for  posi t ions from 
the SA0 a t   t h e  epoch 1958.5 range from k0!'61 t o  
?0!'25. The systematic dif ferences i n  r igh t  as- 
cension between SA0 and AGK3R pos i t ions   to   the  
north of 60° decZinution indicate that each SA0 
source represents the FK4 somewhat dif ferentZy 
than the AGK3R. 
THE SA0 CATALOG 
The S t a r  Catalog, SA0 Catalog,  prepared by t h e  S t a f f  of the Smithsonian As-  
t rophys ica l  Observa tory  (1966)  conta ins  the  pos i t ions  and proper motions of 
258 977 stars fo r  t he  equ inox  and  epoch  1950.0.  This  catalog w a s  compiled by  ex- 
t r a c t i n g  p o s i t i o n s ,  and proper motions when poss ib l e ,  from a v a i l a b l e  s o u r c e s  and 
reducing them to  the  sys t em o f  the  FK4 by use  of e x i s t i n g  t a b l e s  of systematic 
d i f f e rences .  Th i s  ca t a log  is now wide ly  used  in  the  reduct ion  of  photographic  
p l a t e s  of a r t i f i c i a l  satell i tes.  
The p r i n c i p a l  s o u r c e s  f o r  star pos i t i ons  used  in  p repa r ing  the  SA0 Catalog 
fo r  t he  no r the rn  hemisphe re  were t h e  Albany General Catalogue, (GC) and t h e  A G E  
and Yale photographic  catalogs.  The epochs of observation of the source posi-  
t i ons  r ange  from about 1890, f o r  stars taken from the GC, t o  1951, f o r  stars 
taken from the most  recent  Yale ca t a log ;  t hus ,  a wide range of  uncertainty 
shou ld  be  expec ted  in  star pos i t ions  updated  f rom the  SA0 Catalog. Considering 
a l l  stars toge the r ,  Haramundanis (1967) estimated that the mean s tandard devi-  
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a t i o n s  o f  SA0 stars updated to  1964.5 would range from a minimum of about 0!'25 
i n  t h e  z o n e  +50° t o  +60° d e c l i n a t i o n ,  t o  a maximum of about 0!'6 i n  t h e  z o n e  +30" 
t o  +50" d e c l i n a t i o n .  
THE AGK3R CATALOG 
The AGK3R Ca ta log  con ta ins  the  pos i t i ons  a t  the observed mean epoch 1958.5 
of 21 499 n o r t h e r n  r e f e r e n c e  stars evenly spaced on t h e  s u r f a c e  o f  the celestial 
sphere  from -5" t o  +90" dec l ina t ion .  Th i s  ca t a log  was compiled  from  upwards  of 
300 000 observa t ions  made w i t h  11 nor thern  mer id ian  c i rc les  dur ing  the per iod  
1956 to  1963.  A l l  observa t ions  were reduced on a n i g h t l y  b a s i s  by the  obse rve r s  
t o  the  sys t em o f  the  FK3R and, la ter ,  t o  t h e  FK4 by the  obse rve r  h imse l f  o r  a t  
t h e  U.S. Naval Observatory.  The f i n a l  c a t a l o g  w a s  compiled by th ree  success ive  
approximations during which weights were deve loped  fo r  t he  r e su l t s  p roduced  a t  
each observatory.  The mean e r r o r s  o f  t h e  f i n a l  r i g h t  a s c e n s i o n s  and declina- 
t i o n s  are shown i n  T a b l e s  I and 11. 
I Tab le  I. - AGK3R: Mean E r r o r s  I n  R i g h t  A s c e n s i o n  I I 
D e c l i n a t i o n  
- 5O t o  + 5" 
+2 5 
(C + S) A l l  S t a r s  
S t a r s  Avg.  50%  95% 
2154 54 52 93  
2168 50 48 88 
1089 49 46 90 
2763 44 42 80 
1573 49 46 8 7  
2252 45  43 78 
802  49  47  85 
No. 
1010 4a  46  89 
A l l  Stars:  Avg. 
: Uni t :  m.e. cos6 = OS0001 Z S t a r s ,  E 8 . 8  Z S t a r s ,  M28.9 No. S t a r s  AVR. 50%  95% S t a r s  Am.-50% 95% 734 61  5   124 475  71 62  144 703  56  51  110 258  56  50 113 342 51 49  95 210  58  54  119349  47 44 88 501  63 58 128 629' 53 50  105 235  54  51  103261 51 48  99 132  48  43  96 No. 1187  47  44  91 317  43  41  a7 a52  47  44 94 507  4a 45 99
50,  50% = 47,  95% = 95. 
~ ~~ 
1 t 
I n  examining Tables I and 11, it shou ld  be  r eca l l ed  tha t  t he  AGIOR star l i s t  
i s  composed of two l is ts ;  one  se l ec t ed  a t  the U.S. Naval Observatory and the oth- 
er, t h e  KSZ l ist ,  s e l e c t e d  a t  t h e  Pulkovo  and  Sternberg  Observatories. The C 
stars are t h o s e  t h a t  were found  to  be  in  bo th  star lists. The S and Z stars are 
those  that remained i n  t h e  U.S. Naval Observatory and KSZ lists, r e spec t ive ly ,  
a f t e r  removing the C stars. A l l  C and S stars, and t h e  b r i g h t  Z stars i n  t h e  
zone +5" t o  +40" d e c l i n a t i o n ,  were observed a t  least 10  times each during the 
program. The remain ingz  stars were observed  only eight times each  due  to  the  
f a i l u r e  of one observatory to complete i t s  commitment. 
Ano the r  r eason  fo r  l i s t i ng  the  C,  S ,  and Z stars s e p a r a t e l y  is  due t o  t h e  
manner i n  which  commitments were made f o r  t h e i r  o b s e r v a t i o n s .  I n  g e n e r a l ,  t h e  
C and S stars were observed twice on each of f i v e  d i f f e r e n t  m e r i d i a n  circles.  
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Tab le  11. - AGK3R: Mean E r r o r s  I n  D e c l i n a t i o n .  
D e c l i n a t i o n  
- 5 O  t o  + 5" 
+40 +50 
+50  +70 
+70 
( C  + S) A l l  S t a r s  
No. 
S t a r s  Avg. 50%  95% 
2154 
2168 
1089 
1010 
2763 
1573 
2252 
802 
115 112 194 
1 0 8  103 186  
112 109  194 
113 107  204 
117 111 210 
1 2 1  116 204 
116 111 201 
134 129  225 
Uni t :  m . e .  = 0!'001 
Z S t a r s ,  M58.8 Z Sta r s ,   K>8 .9  
734 1 2 1  108 252 475 139 126  290 
703 108 102 204 501 127 116  264 
349 113 107  217 210 137 126  264 
342 102 94  201 258 1 2 5  117  250 
1187 103 95 196 507 1 2 1  114  237 
629 118 108  240 235 142 130 282 
852 105 96  204 317 116 105  240 
261  124 112 259 132 133 124  272 
A l l  S t a r s :  Avg. = 116,  50% = 109, 95% = 214. 
The  commitments t o  t h e  Z stars requi red  tha t  they  be  observed  four  times each a t  
e i t h e r  Bordeaux, Paris o r  S t r a sbourg ,  and twice each a t  two o the r  obse rva to r i e s .  
Such d iv i s ion  o f  e f fo r t  cou ld ,  poss ib ly ,  cause  small sys t ema t i c  d i f f e rences  be- 
tween t h e  f i n a l  p o s i t i o n s  o f  t h e  Z stars and o t h e r  stars i n  t h e  c a t a l o g .  The 
d iv is ion  of  Tables  I and I1 in to  dec l ina t ion  zones  was made where some change 
took  p l ace  in  the  combina t ion  o f  obse rva to r i e s  i nvo lved  in  the  obse rva t ion  of 
t h e  AGK3R stars. 
DATA FOR THE COMPARISON OF THE SA0 AND AGK3R  CATALOGS 
An examinat ion  of  these  ca ta logs  revea led  tha t  they  had  21  377 stars i n  com- 
mon. The common stars ranged in magnitude from 6.9 to 9.2,  the average magni- 
t ude  be ing  c lose  to  8 . 3  . It should  be  remarked  that  no FK4 stars are  included 
in  the  compar ison .  
The SA0 p o s i t i o n s  of t h e  common stars were advanced to  the  epochs  co r re s -  
ponding t o  t h e i r  p o s i t i o n s  i n  t h e  AGK3R by use  of  the  proper  mot ions  g iven  in  the  
SAO. Dif fe rences  were then  computed i n  t h e  s e n s e ,  SAO-AGK3R and  those  in  r igh t  
ascens ion  reduced  to  the  equator  th rough mul t ip l ica t ion  by cosb. The  symbols 
Aacosb  and A6, u s e d  h e r e a f t e r ,  d e n o t e  t h e  d i f f e r e n c e s  i n  r i g h t  a s c e n s i o n  a n d  
dec l ina t ion ,   r e spec t ive ly .  
ACCIDENTAL  ERRORS 
For this s tudy  the  d i f f e rences ,  15Aacos6  and A 6 ,  were assumed to have been 
caused by a c c i d e n t a l  e r r o r s  i n  t h e  p o s i t i o n s  i n  b o t h  c a t a l o g s  and i n  t h e  SA0 
proper   motions.   Fol lowing  this   assumption,  a l l  d i f f e r e n c e s  were c o l l e c t e d  i n t o  
class i n t e r v a l s  and the  percentage  of t h e  t o t a l  number o f  d i f f e r e n c e s  i n  e a c h  
T a b l e  111. - A c c i d e n t a l  E r r o r s .  
D i s t r i b u t i o n  of SAO-AGK3R D i f f e r e n c e s .  
Zone 
+90 t o  - 5 
+90 t o  - 5 
+go t p  "5 
+85 t o  +70 
+70 t o  +60 
+60 t o  +55 
+55 t o  +50 
+50 t o  +45 
+45 t o  +40 
+40 t o  +35 
+35 t o  +30 
+30 t o  +25 
+25 t o  +20 
+20 t o  +15 
+15 t o  +lo 
+10 t o  + 9 
+ 9 t o + 5  
+ 5 t o + l  
+ l t o - 2  
- 2 t o - 5  
0 0 
SA0 
No. Source  
S t a r s  C a t .  Epoch 
21377 a l l  __ 
4681 GC - 
55  Y26-1 1951  
844 AGKZ 1930 
988 AGK2 1930 
722 Y27 1947 
817 Y26-2 1947 
857 AGKZ 1930 
1005 AGKZ 1930 
1118 AGK2 1930 
1080 AGKZ 1930 
1349 Y24 1929 
1360 Y25 1929 
1182 Y18 1940 
1386 Y19 1940 
268 Y22-2 1940 
1145 Y22-1 1936 
904 Y20 1936 
863 Y21 1936 
753 Y 1 7  1933 
1 5 A a  
50% 
cos6 A6 
+!I28  +!I29 
.40 .38 
.24 .23  
.28 .40 
.32 .36 
.19 .17 
.20 .17 
.34 .34 
.34 .36 
.30 .30 
.26 .27 
.32 .26 
.20 .24 
. 2 1  .24 
.24 . 21  
.26 .30 
.26 .28 
.24 .26 
.28  .32 
.33  .29 
1 5 a a  
68.26% 
cos6 A6 
c!'43  ?!'44 
. 6 i  .58 
.35  .32 
.43  .59 
.47 .53 
.29 .25 
.29 .25 
.50 . 5 1  
. 5 1  .55 
.44 .48  
.39 .41 
.48 .39 
.30 .37 
.32 .36 
.36 . 3 1  
.40 .44 
.39 .41 
.35 .37 
.42 .47 
.48 .43 
l 5 A T  
95% 
cos6  A6 
+0!'97  +0!'96 
1.40 1 . 3 1  
0 .58  0.63 
0 .83  1 .16  
0.97 1 .13  
0.57 0 .53  
0.52 0 .55  
0.99 1 .05  
1 .07  1.07 
0.90 0.97 
0 .78  0 .83  
0.93 0.76 
0.64 0 .75  
0.67 0 .71  
0.69 0.64 
0.76 0.92 
0.76 0.82 
0.70 0 .73  
0.85 0.91 
0.96 0 .88  
I 
1 
c l a s s  i n t e r v a l  computed.  These  percentages were used  to  p lo t  cumula t ive  f requen-  
cy curves from which the data in Table I11 were r e a d .  T h e  f i r s t  l i n e  o f  t h e  ta- 
b l e  g i v e s  t h e  d a t a  o b t a i n e d  by c o n s i d e r i n g  t h e  e n t i r e  2 1  377 d i f f e r e n q e s  as one 
l o t .  The  remainder  of  the  tab le  g ives  the  da ta  accord ing  t o  SA0 source  ca t a logs  
a r ranged '  accord ing  to  dec l ina t ion .  The i n t e r p r e t a t i o n  t o  b e  g i v e n  t h e  d a t a  i n  
the  percentage  columns may b e  i l l u s t r a t e d  by s t a t i n g  t h a t  50%,  68.26%  and  95%  of 
t h e  15Acrcos6 d i f f e rences  fo r  wh ich  the  GC was t h e  s o u r c e  c a t a l o g ,  were less than  
o r  a t  most e q u a l  t o  t0! '40. ?0!'61, and *1!'40, r e s p e c t i v e l y .  
It w i l l  b e  n o t e d  t h a t  t h e  s i z e  of t h e  numbers i n  t h e  p e r c e n t a g e  columns i s  
c l o s e l y  r e l a t e d  t o  t h e  i n t e r v a l  from the epoch of  the source catalog to  1958.5.  
This i s  in  acco rdance  wi th  the  w e l l  known f a c t  t h a t  u n c e r t a i n t i e s  i n  t h e  p r o p e r  
motions are the p r inc ipa l  cause  of e r r o r s  i n  t h e  u p d a t e d  p o s i t i o n s  o f  t h e  stars. 
The r a t i o s  of t h e  numbers i n  t h e  p e r c e n t a g e  columns are approximately 2:3:6, 
as they  should  be  for  normal  d is t r ibu t ions .  
Cons ide r ing  tha t  t he  FK4 stars and a l l  stars i n  T a b l e  I11 are mixed toge the r  
i n  t h e  SA0 Catalog,  and  making some a l lowance  fo r  the epoch difference 1958.5 to  
1964.5,  one could conclude, without further computation, that Mrs. Haramundanis' 
estimates o f  t he  mean s t anda rd  dev ia t ions  of no r the rn  SA0 stars are  f a i r l y  w e l l  
supported by modern observa t ions .  
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SYSTEMATIC ERRORS 
I n  t h i s  s t u d y  the d i f f e r e n c e s ,  Aacosd and A & ,  were assumed to  have  been  
caused  by  f a i lu re s  o f  t ab le s  o f  sys t ema t i c  d i f f e rences  to  r educe  the va r ious  SA0 
s o u r c e  c a t a l o g s  t o  t h e  s y s t e m  o f  the FK4 i n  the same manner, o r  a t  least, by 
f a i l u r e s  t o  r e d u c e  them i n  the same manner t o  the system represented  by t h e  AGK3R. 
To examine t h i s  a s s u m p t i o n ,  t h e  i n d i v i d u a l  star d i f f e r e n c e s  f o r  e a c h  SA0 source  
c a t a l o g  were averaged over  three-hour  groups of  r ight  ascension i n  each 5" zone 
o f  d e c l i n a t i o n  a n d  t h e i r  s t a n d a r d  d e v i a t i o n s  computed. Tables I V  and V show t h e  
c o l l e c t e d  r e s u l t s  f o r  a l l  stars f o r  which the GC was the  sou rce  ca t a log .  Tab le s  
V I  and V I 1  show c o r r e s p o n d i n g  r e s u l t s  f o r  a l l  stars f o r  which photographic star 
ca ta logues  were the  sou rce  ca t a logs .  
The p r e c i s i o n  o f  t h e  numbers i n  T a b l e s  I V  and V is o n l y  a b o u t  h a l f  t h a t  i n  
Tables  V I  and V I 1  f o r  two reasons:  (1) t h e  r a t i o  o f  t h e  number of stars from t h e  
GC t o  t h e  number from photographic catalog sources is approximately 1/3.57, and 
(2) proper  motions had to  be appl ied to  the GC stars f o r  a 
to  r educe  them t o  1958.5  than  for  the  photographic  stars. 
I f  t h e  AGK3R i s  assumed t o  t r u l y  r e p r e s e n t  t h e  s y s t e m  
of  the  sky  then  the  fo l lowing  deduct ions  may b e  made. 
1. Table I V  shows t h a t  t h e  r i g h t  a s c e n s i o n s  n o r t h  of 
t a i n e d  by reducing  the  GC t o  t h e  FK4, are l a r g e l y  p o s i t i v e  
much l o n g e r  i n t e r v a l  
of t h e  FK4 i n  a l l  p a r t s  
60" dec l ina t ion ,  ob- 
w i t h  r e s p e c t  t o  t h e  
AGK3R, of ten  exceeding kO602 sec6 i n  time. The weighted  average column i n d i c a t e s  
a r a t h e r  w e l l  def ined  term of t h e  form  (Aacosb) 6' 
2.  Table V i n d i c a t e s  t h a t  t h e  r e d u c t i o n  o f  t h e  GC d e c l i n a t i o n s  t o  t h e  FK4 i s  
about as good as could  be  expec ted  to  the  nor th  of  +30° dec l ina t ion .  There  are 
many res idua ls  in  the  remainder  of  the  sky  which  exceed  twice t h e i r  s t a n d a r d  de- 
v i a t i o n s  b u t  n o t  enough t o  b e  of ser ious concern.  The last  column  of t h i s  t a b l e  
s u g g e s t   t h a t   t h e r e  may be  a small term of t h e  form i n  comparison  with  the 
AGK3R. This  term a p p e a r s  t o  b e  w e l l  def ined  to  the  south  of  +35O dec l ina t ion .  
3. Tables V I  and V I I .  The g r e a t  number of u n d e r l i n e d  q u a n t i t i e s  i n  t h e s e  
t ab le s  s t rong ly  suppor t  t he  con ten t ion  tha t  t hey  do ,  i ndeed ,  r ep resen t  real  sys- 
tematic d i f f e r e n c e s  w i t h  r e s p e c t  t o  t h e  AGK3R. 
The most s t r i k i n g  a s p e c t  of the comparison of t h e  SA0 pos i t ions  f rom the  GC 
and from photographic star c a t a l o g s  w i t h  t h e  AGZWR is t h e  c o n t r a r i n e s s  of alge- 
b r a i c  s i g n s ,  e s p e c i a l l y  i n  t h e  n o r t h e r n  p a r t  o f  the sky.  Since a l l  q u a n t i t i e s  
under comparison were reduced  to  the  FK4 system by one  route  or  another ,  one  
would  expec t  tha t  the  resu l t s  should  be  the  same i n  a s ta t is t ical  sense .  
The equivalency of the routes  used  for  reducing  the  GC and photographic cat- 
a l o g s  t o  t h e  FK4 system may b e  t e s t e d  by e l i m i n a t i n g  t h e  AGK3R through a compari- 
son of  Tables  I V  and V with Tables  V I  and V I I .  T h e  r e s u l t s  o f  s u c h  a comparison 
are shown i n  T a b l e s  V I 1 1  and I X .  I n  making the comparison,  the s tandard devia-  
t i o n  of  each difference w a s  computed and used as a b a s i s  f o r  i n s e r t i n g  t h e  d o t t e d  
and s o l i d  u n d e r l i n e s  i n  T a b l e s  V I 1 1  and I X .  The  s igni f icance  of each type of un- 
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d e r l i n e  is expla ined  a t  t h e  f o o t  of each table. 
Table VI11 c l e a r l y  i n d i c a t e s  t h a t  t h e  end r e s u l t s  o f  r e d u c i n g  r i g h t  ascen- 
s i o n s  of GC and photographic  star c a t a l o g s  t o  t h e  s y s t e m  o f  t h e  J?K4 are n o t  t h e  
same f o r  stars nor th  o f  60' dec l ina t ion .  The presence of  a few dot ted  under l ined  
q u a n t i t i e s ,  as w e l l  as o t h e r  q u a n t i t i e s  n e a r l y  as l a rge ,  sugges t s  a d i s s i m i l a r i t y  
of end r e s u l t s  i n  a few o the r  dec l ina t ion  zones ,  e spec ia l ly  the AGK2 zone a t  
37.5' d e c l i n a t i o n .  
Although a number of d i f f e r e n c e s  i n  T a b l e  I X  do exceed twice t h e i r  s t a n d a r d  
d e v i a t i o n s ,  t h e r e  is n o t  s t r o n g  i n d i c a t i o n  that  d i f f e r e n t  end r e s u l t s  were ob- 
t a i n e d  i n  r e d u c i n g  t h e  GC and  pho tograph ic  ca t a log  dec l ina t ions  to  the  FK4. 
Table IV. - Systematic  Differences,  SAO-AGK3R,  Aacos6 
SA0 source;  GC. 
I 
I Right  Ascension 
+85' -C 
+72.5 += 
+67.5 +E 
t62.5 -132 
t57.5 -122 
t52.5 +035 
"47.5 +052 
t42.5 +076 
t37.5 -039 
t32.5 -210 
t27.5 -006 
t22.5 -067 
t17.5 +036 
t12.5 +026 
t 7.5 +049 
t 2.5 -009 
- 2.5 -042 
+77.5 + g L  
3 
+178 
+24Q += 
-024 
-141 
-032 
-048 
-039 
-025 
-148 
-231 
+007 
+014 
-023 
+021 
-109 
-098 
7h5  lO
I 
-094 
+lo9  +174 
+184 
-048 +E 
-219 
+lsQ 
-68z +061 
+165 
+023 
-004 -109 
-117 -018 
-002 +080 
-005 +038 
-010 +013 
-036 -008 
-113 +043 
-104 +009 
-049 +041 
-115 +080 
-124 
-167 +044 
1395  16h5 
+253 
+12 2 
-041 
+016 
-129 
+055 
-125 
-029 
-054 
-050 
-005 
+08& 
+023 
+044 
+027 
-049 
-C 
+a2 
3 
+00 4 
-089 
+015 
+00 8 
+003 
+066 
-082 
+03 7 
+044 
-084 
-025 
+010 
+l22 
+107 
+077 
-080 
-087 
19h5  22h5 
+lo2 
-455 +168 
-039 +119 
+lo5 
+070  -030 
+113 
-028  -030 
+070 -035 
+020  +040 
-198 -004 
+I24 +038 
-031 
-188 -127 
-082  -045 
-090 
+016 +153 
-059 +120 
-040 +005 
-084 +024 
+066 
T Wt 'd Avg . 
-50003 
+.0121 
+ . o_m2 
+ .= 
+. 0 7 
-. 0054 
-. 011 
+.0017 -. 0033 
-.0001 
- .0070 
- . g g m i  
- . QQm2 
+ . Q G g  
+. 9048 
+.0009 
- . o_gc)z 
- . QQ4Q 
Jnderlined  quantities: --- 2 s.d.<(Aacos6(<3 s.d., -(AacoS6(>3 s.d. 
~ ~~ - 
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Table V. - Systematic  Differences,  SAO-AGK3R, 86
SA0 source:  GC. ~ _ _ _ _ _ _ ~ _ _ _ _ -  
Right  Ascension 
~ 
Decl. 
t85" 
t-77.5 
t72.5 
t67.5 
t62.5 
t57.5 
t52.5 
t47.5 
t42.5 
t37.5 
t32.5 
t27.5 
t22.5 
t17.5 
t12.5 
t 7.5 
t 2.5 
- 2.5 
-" 
~~ 
7h5  10 13h5  16h5 
. _ _ _ _  
~ ~~ 
+!I06 
+.15 +.04 
+.04 +.05 
.OO +.03 
+.21 -.05 
-.02 "03 
+.01 -.24 
-.05 -.14 
+.12 -.03 
-.OS -.21 
+.03 +.OS 
+.07 +.08 
-.03 -2 
-.lo "12 
+.04  -.01 
+.01 +.03 
-.03 -.23 
-.04 +.01 
1h5  4b5 
- _ _ ~  
-!I03 
-.la .oo 
+.01 .oo 
+.17 +-ZZ 
+.07  +.21 
-.07 -.09 
.OO -.17 
+.06 +.03 
"14 +.03 
.OO +.05 
+.01 +.03 
+.lo -.01 
"05 +.lo 
+.oa  +.oa 
.oo -& 
+.06  +.16 
-.13  "06 
-,19 "- -.18 
19h5  22h5 
-!I03 
+.12  -.13 
-.24 +.lo 
+.04 -.04 
+.08 -.01 
-.02  +.14 
+.lo -.oa 
+.01 -.01 
-.16 -.02 
-.04  +.04 
+.14 +.16 
+.13 +* 
-.07 +.07 
+.01 +.04 
+.03 -.09 
.OO +.24 
.oo - . l o  
+.09 -:A? 
" 
-!I03 
.OO +.13 
-.02 +.16 
+.03 +.07 
-.04 -.08 
-.13 -.05 
+.04 -.18 
-.08 -.11 
-.03 +.05 
-.02 -.06 
+.09 +-Zi 
+:_2_4 +.04 
-.01 +.01 
+.02 "05 
-:05 -.03 
+.01 +.06 
-.13 -.04 
-.15 +.04 
Underlined  quantities: ___ 2  s.d.<)A6\53 s.d., -)A6)>3 s.d. 
Table VI. - Systematic  Differences,  SAO-AGK3R,  Aacos6. 
SA0 Sources:  Yale  and  AGK2. 
'I_ Decl.  +a705 
+82.5 
+77.5 
+72.5 
+67.5 
+62.5 
+57.5 
+52.5 
+47.5 
+42.5 
+37.5 
+32.5 
+27.5 
+22.5 
+17.5 
+12.5 
+lo. 0 
+ 7.0 
+ 3.0 
- 0.5 
- 3.0 
SA0 
Source 
Cat.  Epoch 
Y26-1  1951 
AGKZ 1930 
AGK2 1930 
AGK2 1930 
AGK2 1930 
AGKZ 1930 
Y27  1947 
Y26-2  1947 
AGKZ 1930 
AGKZ 1930 
AGKZ 1930 
AGKZ 1930 
Y24  1929 
Y25  1929 
Y18  940 
Y19  40 
Y22-2  1940 
Y22-1  1936 
Y20  1936 
Y21  1936 
Y17  933 
Right Ascension Unit: OS0001 
lh5  495 7h5  lOh5 
Wt 'd 
13h5  16h5  19h5  22h5 I Avg. 
I 
I T ? 
-046 
-054 
-005 
-044 
-230 
-046 
+= 
+043 
+069 +x 
-062 
-077 
-027 
+041 
+052 
-034 
-014 
-057 
-116 
-103 
2 
-187 
+06 7 
-144 
-102 
-262 
+027 
-106 
-043 
+062 
-050 
-039 
+OS4 
+030 
-005 
-013 
-062 
-119 
-019 
-081 
-102 
1 1 +SO075 I +C 
-140 1 -233 
-094  -102 
-137- 
-1 
-064 
+065 
-074 
-183 
+= 
-192 
-022 
+015 
-083 
-086 
-04 7 
-056 
+= 
+= 
+093 
+029 
-027 
+034 
-164 
-232 
+A 
-160 
+026 
-031 
-191 
+= 
+= +m 
+m 
+m 
+x 
+080 
-043 
+028 
+050 
-121 
-033 
-133 
-241 
-127 
+j 
-397 
-124 
-122 
-083 
-123 
-060 
-084 
-047 
+042 
+040 
+038 +e 
-016 
+= 
+011 
+= 
+008 
-012 
+004 
-041 
-108 +072 
-099 
+022 
-193 -133 
-002 
+= 
+= +oo 
-023  -069 
-074 -- 
-199 -.0188 
-053  -.0006 
+017 +- 
-032 -. 0006 
-060 -.0002 
-072 +.OW0 
-152 -.0039 
-060 +- 
-143 - +m +.0069 
+= +- 
-043 -.0009 
-035 "0021 
-017 
-067 +029 
-102 
+033 -022 
+= 
-018 += 
+m 
+E += 
+025 
-188 +054 
+= 
-037 +018 
-150 -067 
-022 -026 
-048  +035 
-023 -- ~~ -x 1 -.0097 
-002 -= 
187 
IUnderlined  quantities:  -lAacos6123  s.d. 
Table  VII. - S y s t e m a t i c  D i f f e r e n c e s ,  SAO-AGK3R, 8 6 .  
SA0 Sources :  Yale and AGK2. 
T I 
W t  'd 
Avg . 
-'!Ol 
-.26 
-.07 
-.11 
+.01  
-.06 
. 00 
- .06 
- .03 
- .02 
+A 
t . 0 2  
-.05 
.oo 
-
 
+a 
+.07 
 
 
+a +a 
-.11 
-.18  += - 
SA0 
Source  
Cat. Epoct 
Y26-1 1951  
AGKZ 1930 
AGK2 1930 
AGK2 1930 
AGK2 1930 
AGK2 1930 
Y27 1947 
Y26-2 1947 
AGKZ 1930 
AGK2 1930 
AGKZ 1330 
AGK2 1930 
Y24 1929 
Y25 1929 
Y18 1940 
Y19 1940 
Y22-2 1940 
Y22-1 1936 
Y20 1936 
Y21 1936 
Y 1 7  1933 
Right  Ascension 
7$5 1 0 . 5  h 19h5  22l3hS  16!5 1% 4h5 Decl. 
+8795 
+82.5 
+77.5 
+72.5 
+67.5 
+62.5 
+57.5 
+52.5 
+47.5 
+42.5 
+37.5 
+32.5 
+27.5 
+22.5 
+17.5 
+12.5 
+ lo .  0 
+ 7.0 
+ 3.0 
- 0 .5  
- 3.0  
i 
-.39 
-. 18 
-.11 
+.01 
-.25 
-.07 
-.05 -. 11 
-.06 
-.03 
-.06 
 
 
+a 
+& 
+.01  
+. 04 
+L 
-.04 
+.01 
- .18 
+.01 
 
1 
+.06 
-.32 
-.39 
+.02 
+.06 
-.07 
+.08 
+. 11 
+.04 
-.13 
 
+= +a +a 
- .06 
-.02 
+. 05 
-.18 
"05 
-.14 
-.02 
1 
+.04 
- .09 
+.14 
-.13 
-.14 . 00 
+.16 
- .03 
- .04 
-.13  
-.19  
-.13  
-.14 
-.07 
-.04 
.oo 
+. 11 
-.26 
 
- . l o   
+a  
! 
-.18 -. 17 
-.06 
-.06 
-.02 
+: 03  
-.04 
+. 09 
- .04 
+.02 
+.05 
+.01 
"05 
+& 
+L 
+& 
-.06 
-.08 
-.03 
+.04 
+!' 
-.14 
-.11 
-.06 
+ . l o  
+ .08  . 00 
-.02 
-.18  
- .28 
.oo 
- .13 
- .08 
-.04 
+.03  
io0 
+. 24 . 00 
-.17 
-.11 
-.05 
 
 
 
, - 
-.17 
- . l o  -. 29 
+.23 
+* 
+_.a
- .03  
- .01 
-.03 
+.05 
-.06 
+.05 
- .08  
+.01 
+.01 
-.22 
-.26 
+ . l o  
+& 
+.15 
 
 
I, - 
-.56 
-.20 
-.29 
- .14 
-.14 
 
 
+.05  
+.04 
-.01 
-.os 
+x 
+G +a . 00 
-.19  +a +a 
+. 06 -. 25 
-.29 
.oo 
 
, I  - 
-.34 
+. 1 2  
+. 20 
+.04 
+.08 
 
+& 
+.04 
+.12 
-.02 
-.09 
-.11 
-.01 
-.09 
-.06 
-.04 
 
+.05 
+& 
- .05  
- .13 
+* 
IUnder l ined  quan t i t i e s :  - lA6(23  s .d .  
Table  VIII. - (GC-Photographic),  Aacosd 
SA0 Sources 
Right   Ascension  Unit :  O?oOOl W t  'd 
Avg . 
+SO219 
+. 0099 
+TijZGG 
+- 
- .0048 
-.0043 
+.0023 
- .0031 
-.0021 
- .0031 
-.0105 
- .0034 
- .0024 
+.0013 
+.0030 
+.0004 
+.0026 
l 6 h 5  
+098 
+019 
+114 
+053 
-014 
-110 
+O 89 
-065 
+008 
+066 
-
-265 
-109 
-164 
_" 
+698 
+072 
+059 
-061 
4!5 
+231 
+ a 5  
+= 
+ ? E  
- 
-095 
-101 
-091 
-108 
-167 
-086 
-154 
-" 
+osz 
-02 7 
+011 
+03  5 
-052 
+005 
lOh5 -
+?A!? 
+054 +m 
-286 
-111 
-018 
-072 
+001 
-166 
-074 
-090 
-005 
-035 
+011 
+002 
+015 
"_ 
'155 
22h5 -
+176 
+E.? 
+ E  += 
-095, 
+00 3 
+ lo2  
+032 
+110 
+062 
-022 
-045 
+&?A 
+048 
+155 
+028 
+026 -
19h5 
-052 
-111 
+lo7  
+ l63  
-064 
-031 
+034 
+072 
+ E 6  
-064 
-129 
-109 
-006 
-050 
-011 
-018 
-047 
"_ 
13h5 
+= 
+= 
+2Q5 
+08 2 
+076 
-055 
+lo2 
-167 
-5i3 
-092 
-128 
+011 
+004 
+012 
+036 
+O 39 
-053 
795 
+ 2 2  
+= +a 
+158 
-122 
-045 
-060 
-039 
-091 
+086 
-081 
-015 
-024 
+030 
+015 
+O 24 
-140 _" 
Decl .  
+77:5 
+72.5 
+67.5 
+62.5 
+57.5 
+52.5 
+47.5  
+42.5 
+37.5 
+32.5 
+27.5 
+22.5 
+17.5  
+12.5 
+ 7 . 0  
+ 3.0 
- 3.0 
Y27 +070 
AGKZ +074 
AGKP + O O l  
AGKZ +044 
AGK2 -:?$ 
Y26-2 -087 
Y24 
Y25 
+041 
+122 Y 1 7  
+018 Y20 
+020 Y22-1 
-041 Y19 
-060 Y18 
-011 
U n d e r l i n e d  q u a n t i t i e s :  _ _ _  2 s . d . < l A a c o s 6 l ~ 3  s . d . ,  - l A a c o s 6 1 > 3  s . d .  
I 
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Tab le  I X .  - (GC-Photographic), A6. 
SA0 Sources.  
I I 
Decl. 
+77:5 
+72.5 
+67.5 
+62.5 
+57.5 
+52.5 
+47.5 
+42.5 
+37.5 
+32.5 
+27.5 
+22.5 
+17.5 
+12.5 
+ 7.0 
+ 3.0 
- 3.0 
GC 
I t inus 
AGK2 
AGK2 
AGKZ 
AGK2 
Y27 
Y26-2 
AGKZ 
AGK2 
AGKZ 
AGK2 
Y 24 
Y25 
Y 1 8  
Y19 
Y 22-1 
Y20 
Y17 
lh5 
-!IO 7 +. 07 
+. 07 
"01 
-.07 
+.02 +. 14  
+A26 
-.14 
+.13 
+. 09 
+.14 
-.03 
-.05 
+.06 +. 1 4  
-.14 
4.5 h 
+!'18 
+.11 
+. 26 
-.02 
-.12 
+. 1 4  
+.14 
+.06 
+.11 
-.17 
-.16 
+.06 
-.17 -" 
+. 20 
-.07 
"19 
+& 
7% - 
+'.'lo +. 27 -. 27 
+.06 
-.22 
-. 29 
.oo +. 04 
+. 04 
+.12 
-.06 
+.lo 
-.06 
- -14 
+. 09 
-.25 
+:ti3 
"- 
U n d e r l i n e d  Q u a n t i t i e s :  ___ 2  s.d.  4 
Right  Ascens ion  
1 Ob5 l3h5 
+'!07 
-.lo 
+. 14  
-.11 
-.26 
"22 
+.07 +. 11 
-.15 -. 18 
+.01 
-.01 
+. 0 1  
+. 0 1  
+.06 
+:55 
-" 
+T6i 
- 
+I22 
+T68 
+. 44 
+.18 
-.OS 
+.17 
-.19 
-.04 
+.06 
-.09 
-.02 
- .03 
+.09 
-.04 
-.05 
+:22 
-.04 
- 
16h5 -
-!'07 
-.lo 
-.OS 
+.19 
+.03 
-.02 
"19 
-.lo 
-.11 
+124 
+& 
"14 
"16 
+.03 
-.OS 
-.13 
-.25 -" 
19b5  22h  
!IO0 +"04 
-.44 
.oo 
+.02 .oo 
f .16  
-.17 +.OS 
+.02 -.14 
-.lo -.11 
-.04 +T-dZ 
f.11 -.18 
+.01 
+.25 
-.02 f . 0 5  
+:20 -.14 
-.04  +.07 
+.03  +.07 
+.02  +.02 
+& +TiZ 
+.14 
-.11 - 2 5  
- 
W t ' d 
Avg . 
+!IO 7 
+.01 
-.06 
-.02 
-.09 
+.11 
-.02 
+.07 
-.04 
-.01 
.oo 
+.01 +. 02 
-.14 
-
+:15 
+G 
+:ti5 
"- 
 
s . d . ,  -1A61>3 s . d .  
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DIS CUSS I O N  
Dieckvoss : I think the reductions of the  SA0 Catalogue to  the  FK4 system were obtained through GC and 
F K 3 .  
Eichhorn : This was the only possible way  since at the beginning of the work on the S A 0  Star Catalogue, 
the FK4 had not  yet  been avai2uble. Thus, according to the avai labi l i ty  of reduction ta- 
bles,  the material  was f i r s t  reduced to  the  F K 3  system, and af ter  publ icat ion of the F K 4 ,  
to the  FK4 system. 
Mueller : Vhich criterion d i d  you use t o  decide whether a systematic difference was s igni f icant  or 
not? 
Smith : Differences were  regarded  as s ign i f icant  i f  they exceeded  between two and three  times  the 
dispersion of the  di f ferences.  This  also takes  into account the uncertainty of the AGKJR 
posi t ions.  
Scott  : A t  p resen t ,  t h i s  i s  qu i t e  a  rough  procedure,  but Dr. Smith i s  working on a  representation 
of the  observed differences between SAOC and AGK3R i n  spherical harmonics. He i s  then go- 
ing to apply rigorous s t a t i s t i c a l  procedures to decide whether a term should be retained 
or not. z7ris  requires  a  kzqe amount of computer time, which i s  not abays avai Zable. 
Veis 
190 
: The GC posi t ions,  which were less  accumte,  were retained (af ter  reduct ion to  the FK4 sys- 
tem) and not replaced by positions from other sources, at the request of sevemt   inves t i -  
gators, who use GC pos i t ions  in  the ir  work. 
PLANS FOR A STANDARD REGION FOR LONG FOCUS ASTROGRAPHS 
George D. Gatewood 
Unive r s i ty  of Sou th   F lo r ida  
Laurence 14. Fredr i ck  
Leander McCormick Observatory 
ABSTRACT 
272e construction of a cataZog of precise   s tar  
pos i t ions  in  the  reg ion  of Praesepe is proposed. A 
Zist of the 408 s ta r s  to  be incZuded i s  given. The 
progrum stars  were chosen on the  basis of their   posi-  
t ion,  magnitude and cozor, and the avai ZabiZity of 
accurate earZy epoch posit ions.  The present status 
of the projec t   i s   no ted .  
A very  accura te  ca ta log ,  of  a small densely populated region of stars, f r e e  
f rom sens ib l e  sys t ema t i c  e f f ec t s  1.70Uld b e  of  use  in  de temining  the  geometry  of  
p ro jec t ion  o f  l ong  focus  pho tograph ic  t e l e scopes ,  and  in  de t e rmin ing  whe the r  t he  
imaging c h a r a c t e r i s t i c s ,  i. e. scale, "magnitude equation", coma, "color equation",  
co lo r  magn i f i ca t ion ,  tilt, d i s t o r t i o n ,  etc. are funct ions of  time or ambient con- 
d i t i o n s .  A c a t a l o g  o f  t h i s  t y p e  vi11 enab le  one  to  de t e rmine  fo r  i n s t ance  what 
e f f e c t s  i f  any are in t roduced  by removing,  c leaning,  and replacing the object ive 
(Lippincott ,  1957) of a te lescope .  
The region of Praesepe t7as chosen because of  the large number of early epoch 
pos i t i ons  ava i l ab le  and  because  o f  t he  v ide  r ange  o f  co lo r  i nd ices  o f  i ts  b r i g h t -  
er stars. It is  observable from most southern hemisphere observatories as well. 
Se lec t ion  of  ca ta log  members was based on f o u r  cri teria;  
1.) t h e  star's i n c l u s i o n  i n  p r e v i o u s  r e f e r e n c e  c a t a l o g u e s  
2.) t h e  a v a i l a b i l i t y  o f  h i g h l y  a c c u r a t e  e a r l y  e p o c h  r e l a t i v e  p o s i t i o n s  
3 . )  freedom from close companions 
4 . )  c o l o r  and magnitude 
About one half  of the program stars are c l u s t e r  members (Klein-Wassink, 
1927) , t h e  rest were i n c l u d e d  t o  weaken t h e   n a t u r a l   c o r r e l a t i o n  between magnitude 
19 1 
1 Table  I. - Transit S t a r s .  
No. BD# mv 
57 20 2132 7.79 
65 19 2053 6.75 
80* 20  2136 7.83 
110 20 2143 7.45 
113 20 2144 8.50 
142 20 2149 6.67 
145* 19 2064 7.67 
180 20 2158 6.39 
186 20  2159 6.61 
No. BD 
199 20 2166 6.44 
209 20 2171 6.30 
2233; 19  2073 7.80 
230 20 2172 6.85 
246 20 2175 6.78 
286 20 2182 8.50 
297* 20 2185 6.90 
301* 20 2186 8.53 
311* 19 2083 7.96 
mv 
a n d  c o l o r ,  o r  b e c a u s e  o f  i n d i v i d u a l  i n t e r e s t .  UBV magnitudes exist f o r  many of 
t h e  c a t a l o g  stars (Johnson,  1952). New BV magn i tudes  fo r  s e l ec t ed  ca t a log  mem- 
b e r s  are be ing  obta ined  by one  of  the  au thors  (L.W.F.). 
Eighteen stars have  been  se l ec t ed  fo r  r eobse rva t ion  on  t r ans i t  circles (Ta- 
b l e  I). Nine of these stars appear  in  the  Pre l iminary  Genera l  Cata logue ,  two i n  
t h e  AGK3R, and t h e  rest have  been  se lec ted  by the i r  magni tude  and  pos i t ion  wi th-  
i n  t h e  r e g i o n .  The S ix  Inch  Trans i t  D iv i s ion  o f  t he  U.S. Naval Observatory has 
agreed  to  observe  e leven  of  these  stars. It is hoped t h a t  o t h e r  o b s e r v a t o r i e s  
will observe a similar number, e s p e c i a l l y  t h o s e  s i x  stars, whose numbers are f o l -  
lowed by a n  a s t e r i s k .  
This  s tudy,  it is  hoped, will receive the backing of many obse rva to r i e s  w i th  
va r ious  s i z e  astrographs. Measuring will b e  a coope ra t ive  e f fo r t  o f  t he  Leande r  
McCormick Observatory and the Universi ty  of  South Flor ida.  The reduct ions w i l l  
be  ca r r i ed  ou t  u s ing  t echn iques  p roven  to  e l imina te  sys t ema t i c  e r ro r s  as much as 
possible  (Eichhorn  and Gatewood,  1967;  Eichhorn, Googe, Lukac  and  Murphy,l970). 
Over lapping  p la tes  have  been  or  are be ing  t aken  wi th  the  U.S. Navy 26-inch 
and 61-inch telescopes, the Yerkes 40-inch refractor ,  the Sprou l  r e f r ac to r ,  t he  
Leiden astrograph,  the Lick astrograph,  the Universi ty  of  South FLorida 26-inch 
astrograph,  as well as a t  Leander McCormick Observatory where an almost  cont inu-  
ous s tudy of  that telescope has  been under  way since 1955 (Eichhorn, 1956, 1968; 
Fredrick,  1969;  Hershey,  1967;  Knappenberger,  1967; Gatewood, 1967).  Measurement 
o f  t h e s e  p l a t e s  has begun a t  bo th  obse rva to r i e s .  
I n  t h e  f o l l o w i n g  c a t a l o g u e  column one lists t h e  c a t a l o g  number, column two 
is the visual  magni tude,  and column three the color  index .  Columns f o u r  and f i v e  
are the s t anda rd  coord ina te s  in  un i t s  o f  1" with r e s p e c t  t o  t h e  t a n g e n t i a l  p o i n t  
a0 = 8h37m3080, and 60 = 19"50'52"  (equinox  1950).  The  root mean s q u a r e  e r r o r s  
are, fo r  v i sua l  magn i tude :  OT13 and f o r  B-V: 0%6 and were found from a compari- 
son of t h e  v a l u e s  l i s t e d  h e r e  and by 73. Johnson(l952).  
19 2 
e l  r.3 .2 - 2 2 8 ~  -539 
61 $.e .5 - 2 2 ~ 2  -1924 
t k  1c.7 .e - 2 1 5 ~  -821 
65 t .e .? -1157 - 1 4 4 4  
t f  IC.$ .5 - 2 1 2 ~  2291 
61 IC.4 -6 -2271 7 1 2  
67 13.0 .3  -195t  850 
be 14.5 .I -1975 -5217 
65 l k - 3  1.0 - I%? - 3 5 C 1  
IC 12-C 1.6 -1970 -5212 
71 I2.P .O -1940 1661 
72 5.4 1.t -193) l 6 t l  
7? IZ.? -1 -1543 - 1 1 4 t  
7k 12-2 - 5  -IC75 4170 
75 15 .4  -7  - 1 ~ 7 0  2c6 
7t   1a.t  . 3  -1169 - 3 5 1 ~  
7e 11.c .7 -mcs -422 
P C  ,.e .5 - 1 ~ 7 5  1938 
71  11.7 .4 -181P 386 
75 lC.9 .7 -18C7 -1092 
4C3 13.7 - 5  5850 k 2 1 1  
4C6 15.5 .C CCD7 4 4 8  
263 13.3 .2 
2 t k  13.6 -.3 
2 t 5  14.1 1.5 
2 t6  8.3 - 2  
2t7 6.1 
2t8  14.3 1.4 
269 13.1 - 8  
270 13.k -1 
271  7.9 - 2  
272 12.0 A 
273 12-8 -7  
27k lk .7  1.5 
275 11.6 - 2  
276  10.7 .6 
277 15.9 .O 
278 9.8 - 5  
I f 0  13.2 1.0 
279 15.5 .e  
c n  
5 -12 
9 229 
IO -737 
20  595 
11  13 
50 -697 
t 6  1 8 k 4  
58 60 
1 0  - k 4 9  
110 1724 
7 1  -50 
120 -PSI 
13k 92 
155 -1710 
161 -129 
165 -2510 
166 -2574 
1 8 k  -488 
189 -1738 
189 373 
214 290 
231 8 4 3  
2 k k  -1588 
252 -1  
273 11 
274 -263 
289 -373 
282 -1605 
259 178 
290 1242 
3% 395 
341 -1295 
350 -436 
3.5 - k 5 3  
3t6 -38  
371 PO8 
k O 1  514 
384 - 1 9 k 6  
415 -248 
428 2149 
431 -670 
k37 2136 
452 -1166 
k 4 8  -1132 
484 -321 
k 5 3  -1752 
k 8 6  964 
489 235 
603 -528 
k 9 2  953 
609 277 
619 3933 
628 -1077 
6kO - e C l  
6 k 3  -2154 
6 k 3  -227 
671 668 
673 951 
616 1462 
679  -578 
681 536 
686 576 
111 -694 
113 1616 
111 1612 
129 909 
152 1326 
1 4 1  2906 
762 281 
774 -263 
798 -1k70 
8 k 3  1120 
863 -3505 
870 2 0 8 1  
811 k l b l  
PC0 987 
909 -458 
918 - k 5 6  
92k -655 
9 k 2  - 3 3 4 9  
P k l  278 
1005 767 
1012 3 3  
1012 IC79 
1025 223 
1031 - 2 k  
1051 -1896 
1061 793 
109k 3611 
llC0 4866 
II3k -31 
1118 -3k7 
1102 - 1 k k l  
1201 -1931 
1211 -1158 
1213 -925 
I l k 2  737 
1235 3691 
I265 119 
1266  1792 
kc5 11.0 .k b l 5 5  -132 
kc6 11.7 - 8  6200 -2150 
301 8.5 - 3  I283 17t5 
303 11.0 - 4  1311 -124 
302 11.4 -1 130e -1kB2  
305 9.3 - 6  136C -2727 
304 11-1 -6 1325 13 
306 12.7 .5 1312 8SC 
307 12.3 -1 1380 3k78 
308 14-4 -1  I416 4 t 5  
309 14.2 - 4  1429 -616 
310 10.6 -9 I461 - 2 4 9  
311 8.0 - 2  lk78 -928 
312 1.8 - 5  154k - 2 6 k 5  
313 13.2 1.1 15kC 1113 
31k 9.9 -5  1603 67 
315 11.5 -2  1632 19k 
316 10.8 -9 1677 -361C 
311 9.7 -6 1664 1323 
318 9.2 - k  1683 1 8 4 6  
319 12.1 -9 1699 1618 
320 11.0 .5 1723 -2e9 
321 11.0 .6 1843 -9c1 
322 13.4 -1 1 8 5 4  910 
323 12-7 .2 192C -177t  
3 2 k  9.9 - 4  I961 -451 
325 11.6 .8 1591 -2048 
327 9.7 -k 2C12 -319 
326 15.2 .5 1592 - t 5  
328 13.5 -7  2C2k -672 
329 15-6 -9 2C2t - L C 3  
331 15-4 1.1 2 0 k 1  I198 
330 12-2 - 5  2034 114k 
333 12-3 - 4  2093 -1186 
332 11.1 -1 2061 -72k  
33k  9.C - 0  2117 k 1 4 3  
335 13-5 - 5  2145 659 
336 12-5 -.I 2252 -15 
331 12.0 -5 2297 -1353 
338 11-2 - 2  2299 -264 
340 9.6 - 5  23kO -2160 
3 4 1  12.3 - 3  2365 -3993 
342 11.3 - 2  2397 2041 
3 k 3  12-3 -3 2k13 2026 
3 k k  8-5 1-5 2 k 5 8  3356 
339 9.9 .? 2319  -e30 
345 14.2 .8 247e -1090 
3 4 t  13.5 .q 2483 -1012 
347 12-5 1.0 2486 581 
348 10.8 -6 2515 3 t 3  
349 1 4 - 1  1.0 2 3 Y k  -269) 
350 1 4 - 1  -9 2620 -3889 
351 13.1 .5 2626 -3889 
352 10.1 1.5 2738 -5106 
353 10.1 -5 272k I878 
354 11.1 -2 2833 1830 
355 8-3 -1  3036 -2280 
356 8-3  -8 3321 k 3 5 1  
357 14.k  - 8  3371  2047 
358 12.6 -3 3371 2Ck0 
360 16-3 -0 3505  -5045 
359 9.6 1.0 3451 1c70 
361 15.4 -.I 3 5 4 k  4 9 7 3  
362 14.0 -5  3552 2 2 k 5  
363 15.4 -1 3597 - k 8 5 3  
364 14.5 -7  3557 2 2 k 1  
365 12-4 -8  3728 113 
366 9 . k  1.3 3725 821 
361 11.2 .7 3737 1 1 1  
368 13.5 - 0  37kP 4330 
369 13-1 1.0 k 0 8 5  -3672 
310 9-7 -0 kc99  k197 
371 8.4 .3 4238 -2844 
312 9-7  .l 4289 558 
313 12.0 - 3  k 2 8 6  1013 
37k 13.1 -9 k 2 9 1  115k 
315 8.6 - 1  43C6 2629 
376 6.8 4370 -3052 
371 9.8 - 6  k 3 3 2  1331 
378 15.6 -.I 4527 215 
319 8.0 4602 -2215 
380  1.  - 3  kt21 12e9 
386 8 - k  - 4  k g 9 2  It3 
387 7.1 -2 5029 3 k 3 2  
388 1.6 - 5  5051 2101 
389 14-5 -6 5 1 5 k  4287 
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: I take it that  you w i l l  want plates  from many dif ferent   places  for the construction of 
the  tes t  f i e ld  pos i t ion  ca ta logue .  Do you want these plates taken in some kind of an 
overlapping  pattern? 
: I t  might be be t t e r  i f  the  pat tern w a s  rather random. A short focus instnunent, for  
instance, might be centered on the  cluster ,  and thus provide a hmogeneous frame of 
reference with which an overZap soZution from the other material couZd be comrpared. 
: Sandage and I have a plate covering the whole f i e l d  of 40 square degrees taken at the 
PaZmar 48" Schmidt which contains Praesepe and goes t o  about lgm.  
: !This  wouZd be useful .  
: I t  seems t o  me that the  s tars  you are interested in  are al l  too bright  for the Astro- 
metric  Reflector. 
: Dr. RiddZe of the  Naval Observatory pointed t h i s   o u t   t o  me, and imedia te ly  thereaf ter  
we added a   l i s t  of l p  and 1$" stars .  
Murray : Vhat  baseline i n  time is avaiZuble f o r  pZates  that have galaxies  recorded? 
Gatewood : I bel ieve  Dr. Strand's pkztes were taken  sometime i n  t h e  f i f t i e s ,  and they are the 
earliest .  Therefore,  g a W e s  w i l l  not be avaiZable f o r  proper motion reductions f o r  
qui te   a   whi le   yet .  
Vasilevskis  : I made attempts to use galaxies i n  proper mt ion  reduct ions  from pZates taken with the 
CrossZey re f l ec tor  by Keeler and others. Unfortunately, the old p2utes were taken on 
the telescope that w a s  a h o s t  never properly collimated and was poorZy guided. The 
bes t  images were usually found, not i n  the centep, but somewhere on one s ide  due t o  
the combined e f f ec t   o f  coma and guiding. The determination of proper motions by means 
of refeming to the galaxies requires that the pZate be repeated under exactly the same 
conditions. However, while it i s  d i f f i c u l t  t o  r e p e a t  a good p la te ,  it i s  impossible to 
a a c t l y  pepeat a bad one. 
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CAPE PHOTOGRAPHIC  CATALOGUES 
R. H. Stoy 
Royal Observatory, Cape of Good Hope 
ABSTRACT 
A h is to iy  and discussion o f  the photographic 
s tar  cataZogue work at  the Cape Observatory i s  giv- 
en. 
The f i r s t  gene ra l  pho tograph ic  ca t a logue  o f  star p o s i t i o n s  was t h e  Cape 
Photographic Durchmusterung (CPD) which w a s  begun 1885,  qu i te  soon  af te r  the  
i n t r o d u c t i o n  of the dry photographic  p la te .  A Dallmeyer  Rapid  Recti l inear 
f / 9  l e n s  o f  137cm focus was used and each plate covered an area of 5" x 5". 
The star p o s i t i o n s  were measured only t o  Durchmusterung accuracy but G i l l  and 
Kapteyn f u l l y  r e a l i z e d  t h a t  t h e  p l a t e s  were capab le  o f  y i e ld ing  pos i t i ons  wi th  
much h ighe r  p rec i s ion .  It does not  seem t o  b e  g e n e r a l l y  known t h a t  c h a r t s  t o  
match t h e  CPD are a v a i l a b l e .  The  Union (now the  Republic)  Observatory,  Johan- 
nesburg has published a complete set  o f  spec ia l ly  ru l ed  cha r t s  based  on photo- 
graphs taken with the Frankl in  Adams lens ,  whi le  the  Nat iona l  Observa tory  of  
Chi le  has  i ssued  a r a t h e r  more conventional series prepared by D r .  R i s t e n p a r t .  
Unfortunately,  owing t o  D r .  R is tenpar t ' s  un t imely  dea th ,  these  char t s  cover  
on ly  the  sou the rn  sec t ion .  
The second big photographic  catalogue undertaken a t  t h e  Cape w a s  t h a t  of 
t h e  Carte du Ciel zone  between -40" and  -52". T h e  rec tangular  coord ina tes  of  
stars i n  this zone, as careful ly  measured w i t h  spec ia l ly  cons t ruc ted  Repsold  
machines  employing screw micrometers, are g iven  i n  eleven large volumes.  M r .  
Hough used this material t o  d e r i v e  a c c u r a t e  e q u a t o r i a l  c o o r d i n a t e s  f o r  20 843 
stars i n  the  zone ,  inc luding  a l l  t h o s e  w i t h  magnitude 9.0 o r  b r i g h t e r  I n  t h e  
CPD (1). Photographic  magnitudes were d e r i v e d  f o r  t h e s e  same 20 843 stars (2) 
and la te r  proper motions based on a r e p e t i t i o n  of t h e  Carte du C i e l  p l a t e s  a f -  
ter a n  a v e r a g e  i n t e r v a l  of about 30 years  (3) .  T h i s  work was extended to ano- 
t h e r  20 554 stars cons is t ing  main ly  of  those  w i t h  CPD magnitudes between 9.1 
and  9.5  (4).  These two ca t a logues  (3 ,4 )  g ive  accu ra t e  pos i t i ons ,  p rope r  mo- 
t ions ,  spec t ra l  types  and  photographic  magni tudes  for  over  40 000 stars i n  a 
zone of t h e  sky which includes a wide  va r i e ty  of g a l a c t i c  l a t i t u d e s  and should 
b e  v e r y  u s e f u l  f o r  s ta t is t ical  i n v e s t i g a t i o n s .  
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The Carte du Ciel work was c lose ly   fo l lowed hy that  f o r  "I t h e  Cape Photogra- 
ph ic  Cata logue  for  1950.0  (CPCSO) which was in tended  to  be  the  southern  ex ten-  
s i o n  of the Yale and AGK2 work which was then b e i n g  c a r r i e d  o u t  i n  t h e  n o r t h .  
This  ca ta logue ,  which w a s  only recent ly  completed (5), grew into something more 
than  an  ex tens ion  of the AGK2. It g ives  fo r  each star a n  a c c u r a t e  p o s i t i o n  f o r  
1950.0 and where p o s s i b l e  a proper  motion,  spectral  type,  photographic  magni- 
tude and color .  The CPC50 has  an  approx ima te ly  even  d i s t r ibu t ion  o f  t en  stars 
per  square  degree  and  covers  the  sky  south  of  -30" e x c e p t  f o r  t h e  Cape Carte du 
C i e l  zone,  which was a l r eady  w e l l  observed.  The spectral  types are from t h e  
Henry Draper Catalogue or  spec ia l ly  de te rmined  on  the  HD system from Harvard 
p l a t e s  by P ro fes so r  C i l l i 6 ,  D r .  Hoff le i t  and  Mrs. Mayall. The photographic 
and photovisual magnitudes are completely new determinat ions and are on a ri- 
g id  photometr ic  sys tem based  on  photoe lec t r ica l ly  de te rmined  s tandards .  For  
t h e  p a r t  of the sky between -30" and "57 1/2",  only one ear ly  place taken from 
t h e  Cordoba B o r  C ca ta logues  was used  fo r  t he  de t e rmina t ion  o f  t he  p rope r  mo- 
t ion.  South of -37 1 /2"  a wide  va r i e ty  of  sources  had  to  be  used  and,  where- 
eve r  poss ib l e ,  more than one source for  each star. Considerable  use was made 
of t h e  p l a c e s  g i v e n  i n  t h e  La  Plata  Catalogues A, B y  C y  D,  and E ;  t h e  Argen- 
t ine   Genera l   and  Zone Catalogues; Gillis' Catalogue  for   1850.0;   and  the Mel- 
bourne,  Per th  and Sydney Carte du Ciel ca ta logues .  The weakest  determinat ions 
of proper motion are t h o s e  f o r  t h e  stars between -30" and -40" and,  for tuna te ly ,  
these  can  now be  rep laced  by those determined by D r .  H o f f l e i t  i n  t h e  two new 
Yale ca t a logues  cove r ing  th i s  zone  (6 )  . 
The l ens  used  fo r  t he  CPC50 p o s i t i o n s  was a spec ia l ly  cons t ruc t ed  Tay lo r  
Hobson t h r e e  component f / 1 6 ,  two meter focus ,  g iv ing  a scale of approximately 
100'' per  m. F o r  t h e  f i r s t  two zones  (those  between -30" and -40" )  an area of 
5" x 5" w a s  measured on each plate,  but for the more sou the r ly  zones  th i s  w a s  
reduced  to  4" x 4 " .  This  w a s  done pa r t ly  to  avo id  work ing  c lose  to  the  edge  
o f  t h e  p l a t e  and p a r t l y  t o  r e d u c e  t h e  e f f e c t  of the  ra ther  compl ica ted  magni- 
t ude -co lo r -d i s t ance  co r rec t ions  wh ich  inc rease  r ap id ly  in  s i ze  wi th  inc reas ing  
d i s t ance  f rom the  p l a t e  cen te r .  A l though  these  co r rec t ions  were evaluated as 
c a r e f u l l y  as p o s s i b l e  i t  i s  v e r y  d o u b t f u l  i f  t h e i r  e f f e c t  was e n t i r e l y  elimi- 
nated from the CPC50. 
To r e d u c e  t h i s  s o u r c e  o f  u n c e r t a i n t y  i n  any f u r t h e r  Cape a s t r o m e t r i c  work 
a Taylor  Hobson f o u r  component f / lO ,  two meter focus ,  l ens  w a s  ordered.  This  
l e n s  w a s  s p e c i a l l y  computed t o  work wi th  a p la te - f i l t e r  combina t ion  which  g ives  
only a nar row pass  band  c lose  to  the  D l i n e s  of sodium. 
Photography of  the southern sky with this  new lens began some time ago and 
the  zones  between -30" and -52" and  have  already  been  completed.  The  plates 
have been so  spaced  tha t  t he re  are generous overlaps and every star appears  on 
four  p la tes ,  once  in  each  quadrant .  How we hope t o  treat these p l a t e s  and 
o t h e r s  s t i l l  to  be  ob ta ined  is  t h e  s u b j e c t  of O r .  Clube's paper.  
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(1) Zone Catalogue of 20 843 Stars included between 40' and 52' of South 
Decl inat ion,  referred to  the Equinox 1900 der ived from meridian observat ions 
and photographs made a t  the Royal Observatory, Cape of Good Hope.  London, 1923. 
S t a r s  f o r  t h e  Equinox  1900,  Zones -40" and -52'. London, 1927. (All magnitudes 
f o r  t h e  z o n e  stars are r e p e a t e d  i n  (3) ) .  
don,  1936. 
-52'. London,  1939. 
21  (1966);  22  (1968). 
(2) Magnitudes of Sta r s  con ta ined  i n  the Cape  Zone Catalogue of 20 843 
(3) Proper  Mot ions  of  S ta rs  in  the  Zone Catalogue of 20 843  Stars .  Lon- 
(4) Catalogue of 20 544 F a i n t  S t a r s  i n  t h e  Cape Astrographic  Zone -40' t o  
(5) Ann. Cape  Obs., Volumes 17  (1954) ; 18 (1955);  19  (1955); 20 (1958); 
(6)  Trans. astr. Obs. Yale Univ., 28, 1967; 29, (1968). 
THE IMPROVEMENT OF STAR POSITIONS 
BY PHOTOGRAPHIC METHODS 
S .V.M. Clube 
Royal Observatory,  Cape of Good  Hope 
ABSTRACT 
After  a short account of earZier Cape programs 
for the determination of star posit ions by photo- 
graphic methods, a brief d e s c g p t i o n   i s  given of the 
n m  astrometric camera and of the program on uhich 
it i s  being emptoyed. This is the  photography of 
the  southern sky ( 0  6 -goo, mv 11 .5 ,  = 1968) 
so that  each star appears on a t  Zeast four overZap- 
ping pZates each 4' x go. It i s  intended that the 
pZates shouZd be measured with some form of auto- 
matic machine. Sets of star coordilrates {x, y 1 
measured on each pZate p w i  Z Z  be combined wz . tg  a 
Zimited se t  of provisionaZ meridian pZaces ( a ,  6 1  
to   give an accurate se t  of re la t ive  star posit ions 
{a", t i r r )  which shouZd be independent of the meridian 
system together with a s e t  of residuaZs for each plate- 
star { {Aa", A6"Ip1. The standard errors associated 
with  these  residua 2s for  the Cape camera are 0 !'I, 
199 
so that   wi th  an average of 150  measurable stars per 
p l a t e ,  it i s  anticipated that errors i n  the system 
of places derived may be as LOW as Oi 'Ol  over wid@ 
areas of the sky. It i s  f u r t h e r  planned to t i e  
this system with appropriate deep p la tes  to ex- 
tragalactic nebulae at suCta3le points over the 
sky, thereby making it possible for a repe t i t ion  
o f  t h i s  program i n  10 years, say, to establ ish an 
absolute frame of reference for proper motions t o  
%0!'002/y. The technique by which { {x ,  y I I m e  
transformed t o  {a",  6 ' 9  i s  based on a simpye geo- 
metrical mode2 of image formation on photographic 
plates .  Current invest igat ions  at   the  Cape are 
concerned with the elimination of sources o f  sys- 
tematic deviation from this model (e.g., due to 
telescope objective and f iZ ter ,  re f rac t ion  ano- 
malies,  etc. 1 .  
INTRODUCTION 
The Cape Observatory has  recent ly  embarked on a program to  p roduce  re la t ive 
star pos i t ions  f rom over lapping  photographic  p la tes  over  the  whole  of  the  south-  
ern  hemisphere  (Clube,  1967). It is a t  p r e s e n t  i n t e n d e d  t h a t  t h e  i n t e r n a l  s y s -  
tem o f  t h e s e  p o s i t i o n s  w i l l  be  completely photographic ,  but  there  is  some f e a r  
t ha t  an  inexac t  fo rmula t ion  o f  t he  f ac to r s  wh ich  de te rmine  where  a s te l lar  image 
is  formed on a pho tograph ic  p l a t e  may g ive  rise t o  i n t o l e r a b l e  s y s t e m a t i c  e r r o r s .  
In  these  c i rcumstances ,  i t  i s  sugges t ed  tha t  t he re  may be  some merit i n  computa- 
t iona l  procedures  which  permi t  a s tep-by-step comparison between the t ransi t  c i r -  
c le  sys tem (usua l ly  ava i lab le  in i t ia l ly)  and  the  der ived  photographic  sys tem.  The 
loca l  d i f fe rences  be tween the  sys tems may t h e r e f o r e  b e  examined wi th  a view t o  
s p e c i f y i n g  t h e  image  forming  process  to a s u f f i c i e n t l y  h i g h  a c c u r a c y .  The l i k e -  
l y  e f f e c t i v e n e s s  of such a technique  is d i s c u s s e d  i n  t h e  l i g h t  o f  e x p e r i e n c e  
ga ined  in  forming  pas t  Cape ca ta logues .  
THl3 CAPE CATALOGUE FOR 1900 
It is not  widely known tha t  one  of  the f i r s t  clear s t a t emen t s  and s u c c e s s f u l  
appl ica t ions  of  a p la te -over lap  technique  was made  by Hough as long ago as 1920. 
H i s  work was devo ted  to  the  improvement of the 1900 t r a n s i t  c i r c l e  p l a c e s  w i t h  t h e  
Cape astrographic  zone photographic  material of t h a t  epoch, and occupied h i m  f o r  
some e i g h t  y e a r s  b e f o r e  t h e  p u b l i c a t i o n  o f  the Cape Zone Catalogue for  1900 (Gil l  
and Hough, 1923). 
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A b r i e f  review o f  t h i s  work fo l lows .  H e  used meridian star p o s i t i o n s  
(aM, and  photographic   p la te   coord ina tes  (%, yM) in t h e   u s u a l  way w i t h   l i n -  
ear p l a t e  c o n s t a n t s  t o  g e t  improved estimates of the p o s i t i o n s  (4, 6;) t oge the r  
w i t h  p o s i t i o n s  of f a i n t  stars having better shaped images,  on each p l a t e  (a$,6;). 
In  o rde r  t o  p roduce  a system of exac t  over laps  over  the  whole  Cape zone, he then  
assumed t h a t  f a i n t  star pos i t i ons  de r ived  f rom each  p l a t e  r equ i r ed  co r rec t ions  
(c$ - ai, 6; - CSi) t o  t h e i r  t r u e  p o s i t i o n s  (a" 6"), r e s u l t i n g  f r o m  e r r o r s  i n  
f o u r   p l a t e   c o n s t a n t s   ( p ,   q ,  a, b ) .  Thus: 
F' F 
X Y 
a; - a+ = - 1/2R 1/2R Aq + Aa Ap + -
X Y 
6; - 6; = - 1 /2R 1/2R Ap + Ab Aq + -
where  the  p l a t e  s ide  = 2R. When the average over each p l a t e  quadrant i s  taken, 
i t  follows t h a t  
Differencing such equat ions over  a l l  over lapping  quadrants  (e .g . ,  p la te  i wi th  
p l a t e  j ) ,  equat ions of the fol lowing kind are formed:- 
APi - APj + Aqi - Aq. + Aai - Aa = m J j i j  
Agi - Aq. + Api - ap j  + Abi - Ab = n 
J j i j  
where 
n - '  - 6 '  i j  - & F i   j
i n v o l v i n g  q u a n t i t i e s  d e r i v e d  f r o m  t h e  i n i t i a l  s o l u t i o n s .  
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Hough so lved  equat ions  (1) f o r  the whole Cape z o n e  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  
Cap2 + CAq2 + C A a 2  + CAb2 = Min 
Although this  fo rmula t ion  neg lec t s  many of the fac to r s  a f f ec t ing  pho togra -  
ph ic  star p o s i t i o n s ,  i t s  i n t e n t i o n  c o r r e s p o n d s  c l o s e l y  t o  t h a t  o f  more s o p h i s t i -  
ca ted  developments  in  recent  times. It is  t h e r e f o r e  of some i n t e r e s t  t o  examine 
t h e  s o l u t i o n s  o b t a i n e d  f r o m  t h i s  a n a l y s i s .  It was found tha t  Ap,  Aq, Aa, Ab var- 
i e d  from p l a t e  to p l a t e  w i t h  some mean c h a r a c t e r i s t i c s  p r e v a i l i n g .  Thus 
- 
Ap S 0'!35 + 0!'02 s i n ( a -  3 ) 
A(G)  5 0!'05 (6- 44.5)  
h 
These represent  differences between the meridian system and the photographic  o- 
ver lap system. It is d i f f i c u l t  t o  see how the meridian system could have induc- 
e d  t h e  f i r s t  term of Ap l o c a l l y  o v e r  e v e r y  p l a t e ,  and i t  is  more l i k e l y  t h a t  t h i s  
term arises from a d i f f e r e n t i a l  p h o t o g r a p h i c  e f f e c t  as between M (meridian) and 
F ( f a i n t )  stars, e .g . ,  coma. S imi la r ly ,   the   second t e r m  could  be  due  to  a sea- 
s o n a l  v a r i a t i o n  i n  coma. These  conc lus ions  cou ld  in  p r inc ip l e  have  been  t e s t ed  
by overlapping on the meridian stars themselves .  S ince  there  were fewer of these 
t h i s  was not   done,   but  Hough was p r o b a b l y   p e r f e c t l y   c o r r e c t   i n   a t t r i b u t i n g   t o  
a d i f f e r e n t i a l  p h o t o g r a p h i c  e f f e c t  r a t h e r  t h a n  an e r r o r  i n  t h e  m e r i d i a n  s y s t e m .  
L ikewise ,  t he  run  in  Aa could have been due to  a l a r g e  d e c l i n a t i o n  " s h e a r "  i n  t h e  
meridian system, but  i t  was more r e a d i l y  a t t r i b u t a b l e  t o  a small dev ia t ion  from 
o r thogona l i ty  of t h e  r e s e a u  l i n e s  on t h e  p l a t e s  t o  which t h e  measurements of 
star p o s i t i o n s  were re fer red .  Expressed  another  way, t h e  r u n  i n  Aa exh ib i t ed  a 
d e f e c t  i n  t h e  a n a l y t i c a l  model (having regard to the circumstances of measuring) 
which could have been avoided. 
- 
- 
- 
Hough t h e r e f o r e  a l l o w e d  f o r  t h e  d i f f e r e n t i a l  p h o t o g r a p h i c  e f f e c t s  and re- 
s t o r e d  t h e  o v e r a l l  m e r i d i a n  s y s t e m  i n  d e c l i n a t i o n  by appropr ia te  modi f ica t ions  
of Ap f o r  b r i g h t e r  stars, and Aa. 
The r e s u l t a n t  r . m . s .  values of Aa and Ab represent ave rage  loca l  dev ia t ions  
between the photographic  and meridian systems a t  the center  of  a p l a t e ,  and were 
found t o  b e  0!'20. Typical ly ,   such  differences  remained  s teady  over  arcs of 
10" - 20". There are th ree  sou rces  of e r r o r  c o n t r i b u t i n g  t o  t h i s  d i s c r e p a n c y  
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such  tha t  
x2 I- y2 + 22 = (0!'20)2 
where  the  accuracy  of  t i e - in  of a s i n g l e  p h o t o g r a p h i c  p l a t e  t o  the meridian sys-  
t e m  x = { (E; + "cH) /nMIJ j2,  the accuracy of a s ingle  photographic  over lap  
y = + ~ $ ~ ) / n ~ } 1 / ~ ~  and z is  t h e  r - m - s -  d i f ference  between  photographic  
and meridian systems (E i s  the s t anda rd  e r ro r  of  meridian c i rc le  observa t ions ,  
E t he   s t anda rd   e r ro r   o f  a photographic   pos i t ion ,   the   average  number of 
mer id ian  re ference  stars per  p la te ,  and  n the  ave rage  number o f  f a in t  ove r -  
lapped stars on each  ha l f -p l a t e ) .  
M 
. PH 
F 
Extrac t ing  the  fo l lowing  va lues  f rom the  Cape Catalogue 
E = 0'!30 M E = 0'!35 PH 
"M = 10  n = 100 F 
w e  d e r i v e  
z p\r 0!'13 
Thus,  unless  there  is  some unsuspec ted  co r re l a t ion  between the photographic  and 
mer id ian  sys tems,  th i s  f igure  represents  an  upper  l i m i t  t o  t h e  a b s o l u t e  a c c u r a -  
cy of  the photographic  system. Since there  i s  eve ry  r eason  to  be l i eve  tha t  a 
s u b s t a n t i a l  p a r t  o f  t h i s  f i g u r e  may b e  a t t r i b u t e d  t o  f l e x u r e  e r r o r s  and t h e  l i k e  
i n  t h e  a b s o l u t e  m e r i d i a n  s y s t e m  ( s a y  O'!lO>, and s ince  a l so ,  the  photographic  
over lap  has ,  by modern s tandards,  been performed with crude measuring faci l i t ies ,  
u n s a t i s f a c t o r y  star images, and an overly simple model, Hough's work sugges ts  
t h a t  a good qual i ty  photographic  system i s  q u i t e  f e a s i b l e .  
THE CAPE PHOTOGRAPHIC CATALOGE FOR 1950 
The more recent CPC50 has been formed by us ing  l i nea r  p l a t e  cons t an t  t heo ry  
and s t ra ight forward  averages  f rom par t ia l ly  over lapping  p la tes ,  no at tempt  being 
made t o  improve t h e  t r a n s i t  c i rc le  sys tem wi th  the  photographic  pos i t ions .  Es- 
s e n t i a l l y  t h e r e f o r e ,  e a c h  star p o s i t i o n  is t ied  to  the  sys tem only  through the  
meridian stars on  those  p l a t e s  on  which i t  appears  - t h a t  is through about 30 
stars wl th  a t y p i c a l  T.L. s t a n d a r d  e r r o r  of 01'24 and photographic error of 0'.'15. 
It is  to  be  expec ted  then ,  t ha t  t he  sys t em o f  star p o s i t i o n s  i n  t h i s  c a t a l o g u e  
h a s  l o c a l i z e d  d e v i a t i o n s  of % 0'!05 from t h e  T.C. system over areas on the  sky  of  
203 
"""" 
1 
a p l a t e  w i d t h  o r  so  ac ross .  Had t h e  improved photographic  posi t ions been used in  
d e t e r m i n i n g  r e v i s e d  p l a t e  c o n s t a n t s ,  s u c c e s s i v e  i t e r a t i o n s  would have smoothed 
o u t  t h e  t r a n s i t  circle system over wider areas of the  sky .  The p r o h i b i t i v e  a- 
mount of  computing  involved  however made such a s t ep  imposs ib l e .  Nevertheless, 
a s tudy  was made of the  res idua ls  be tween the T.C. and photographic star posi-  
t i o n s  on each plate ,  and these showed a reassur ing  cons is tency  over  a long  pe r i -  
od of time. 
Tha t  pa r t  o f  each  r e s idua l  A which depended on posit ion alone was r e p r e s e n t -  
ed by the formula 
A = Ax + By + C + Dx2 + Exy -I- Fy2 + Gx2y + Hxy2 + Lx3 + My3 
and the  va lues  o f  t he  coe f f i c i en t s  found  fo r  each  dec l ina t ion  zone .  These  are 
g iven  in  Table  I. Since  the  p la te -average  of  A i s  ze ro ,  t he  zona l  va lues  of A ,  
B y  C r ep resen t  compensa t ing  co r rec t ions  to  the  l i nea r  p l a t e  c o n s t a n t s  a r i s i n g  
from the  in t roduc t ion  o f  t he  h ighe r  o rde r  terms. 
+.028 
r.097 
r.022 . "  -~ - 
." . - .. 
L. nx 
L n 
Y 
+ ,040 .mo *.020 .OM 
*.OS8 -.m2 
-.018 r.042 
*.I63 
-.013 
*.w6 
+.we 
*.170 *a13 
+.ma + .137 
The g e n e r a l  e q u a l i t y  (DX, Ex):(E , F ) i n d i c a t e s  a pe r s i s t en t  bu t  s t eady  d i sp lace -  
ment of the tangent  point  f rom tKe measuring center  by 1.2mm = 2 '  w h i l e  t h e  v a l -  
ues  of F, and D are sugges t ive  of a cons t an t  pe r iod ic  screw er ror .  This  sugges-  
t i o n  is confirmed by t h e  d i f f e r e n t  v a l u e s  f o r  Fx and Dy (approximate ly  zero)  in  
t h e   f i r s t  two zones where an attempt was made t o  e l i m i n a t e  t h e  p r o g r e s s i v e  s c r e w  
error   empir ical ly .   Al though a t  f i rs t  s i g h t ,  the v a r i a t i o n  o f  t h e  t h i r d  o r d e r  
terms w i t h  d e c l i n a t i o n  m i g h t  b e  a t t r i b u t e d  t o  r e f r a c t i o n ,  t h e  e f f e c t  i s  too  l a rge .  
It p r o b a b l y  r e s u l t s  from t h e  f a c t  t h a t  t h e  e f f e c t i v e  area o f  p l a t e  i n  which t h e  
r e s i d u a l s  were examined  diminshes as t h e  s o u t h  p o l e  i s  approached. However, i n  
Table I1 are g iven  the  d i f fe rences  be tween the s c a l e  p l a t e  c o n s t a n t s  i n  y and x 
t o g e t h e r  w i t h  t h e  z e n i t h  d i s t a n c e .  
Y 
Y 
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TABLE I1 I 
5 by - ax  
28" 
+3.21 48" 
+2.38 44" 
+l. 7 4  40" 
+l. 25 36" 
+O. 87  32 " 
+o. 57 ~ 1 0 " ~  
+5.74 56" 
+4.95 54 " 
+3.99 51" 
These correspond to  
A(by - ax> 
A ( t an2  5) 
53" f 2 
i n  t o l e rab ly  c lose  ag reemen t  wi th  the  va lue  of 59" pred ic t ed  by s imple  re f rac-  
t i on  theo ry .  
Ne i the r  t h i s  su rvey  no r  the  earlier one give a sugges t ion  of any obvious in- 
adequacy in  the  s imple  geomet r i ca l  t heo ry  of p l a t e  cons t an t s  coup led  wi th  con- 
s t a n t  h i g h e r  o r d e r  terms ( inc luding  co lor -magni tude  dependencies )  charac te r i s t ic  
of t he  t e l e scope .  It is t h i s  f a c t  which  gives us  some conf idence  in  embarking 
on a more ambitious program to produce an entirely photographic system with the 
new a s t r o m e t r i c  camera. 
THE NEW CAPE PHOTOGRAPHIC SURVEY 
The p resen t  Cape photographic survey i s  be ing  ca r r i ed  ou t  concur ren t ly  wi th  
t h e  S.R.S. t r a n s i t  c i r c l e  program.  The a n a l y t i c a l  t e c h n i q u e  which is a p p l i e d  t o  
the photographic  survey may be summarized b r i e f l y .  We denote  star d i r e c t i o n  co- 
s i n e s  by 
- T E (coscrcosb, sincrcosb, s inb )  E (a,&) 
and plate-star coord ina te s  co r rec t ed  fo r  abe r ra t ion  and  r e f r ac t ion  by 
Then, i n  g e n e r a l  
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where { 1 denotes  a set  p e r t a i n i n g  t o  stars on  one p l a t e ,  and M is  a 3 x 3 
g e o m e t r i c a l  t r a n s f o r m a t i o n  m a t r i x  p e c u l i a r  t o  t h i s  p l a t e .  A t  f i r s t ,  w e  adopt 
a l i m i t e d  number of  provis iona l  mer id ian  star coord ina tes  [LO] where [ ] de- 
no te s  a set taken  over  the  area of  sky  examined.  The f i r s t  estimates of M 
are then  r igorous ly  der ived  f rom {M-lr} = {LO) and  followed by de termina t ions  
of coord ina tes  2' fo r  each  p l a t e - s t a r  f rom [{L' } ]  = [{M-lr}]. These values of 
- T '  are then averaged over  a l l  t he   ove r l app ing   p l a t e s   t o   fo rm a weighted means 
- T" fo r  each  star: thus  [TI'] = [ I T '  13. These values of L" are then adopted as 
a new set of p r o v i s i o n a l v a l u e s   o f  2 and the whole process  repeated i terative- 
l y  u n t i l  t h e  c h a n g e s  i n  2 - z" th rough each  i te ra t ion  are smaller than some 
chosen l i m i t  . 
Although it is a n a l y t i c a l l y  r a t h e r  cumbersome, th i s  procedure  has  an  opera-  
t i o n a l  a d v a n t a g e  i n  t h a t  t h e  p l a t e - s t a r  r e s i d u a l s  {T' - r"} can be examined a t  
each i t e r a t i o n ,  and some view  formed as t o  t h e  s u i t a b i l i t y  o f  t h e  g e o m e t r i c a l  
model  adopted. Smoothed formulat ions  of   any  general   systematic   deviat ions  (a t -  
t r i b u t a b l e  t o  t h e  t e l e s c o p e - f i l t e r  c o m b i n a t i o n  f o r  example) may be  nega t ive ly  
appl ied  to  the  measured  { ~ l  a t  each i terat ion and the convergence process  judged 
by t h e  e x i s t e n c e  o r  n o t  of any s i g n i f i c a n t  non-random dev ia t ions  amongst t h e  
r e s i d u a l s .  
The minimum number of necessa ry  i t e r a t ions  to  secu re  pho tograph ic  smoo th ing  
over  the  whole  sky may be  es t imated  as f o l l o w s :  t h e  f i r s t  i t e r a t i o n  l i n k s  4 o- 
ver lapping  plates ,  the second 4 x 9 , t h e  t h i r d  4 x 9 x 9 and so on.  Each c e n t e r  
has  one degree square of  sky associated with i t ,  and t h e r e f o r e ,  t h e  number of 
i t e r a t i o n s  N requi red  to  l ink  the  whole  sky  is s u c h  t h a t  
It is  i m p o r t a n t  t o  r e a l i z e  t h a t  a basic weakness of the overlap technique 
which Eichhorn e t  a l .  have discussed,  namely t h e  propagation of photographic er- 
ro r s  (1967) ,  t o  some exten t  d i sappears  when a whole sky coverage is considered.  
Thus,  any c los ing  e r ro r  r e su l t i ng  f rom a constant source  of sys temat ic  devia t ion ,  
o therwise  undetec tab le ,  over  each  p la te  area (equal  weights  assumed fo r  each  
p l a t e )  w i l l  be  un i fo rmly  r ed i s t r ibu ted  amongst each p l a t e ,  t he reby  r ende r ing  the  
error non-cumulative.  Sources of e r r o r  which are l ike ly  to  be  t roub le some  are 
the re fo re  the  pe r iod ic  ones  such  as s e a s o n a l  v a r i a t i o n s  i n  r e f r a c t i o n  a n d  t h e  
op t i ca l  pa rame te r s  of t he  t e l e scope .  Neve r the l e s s ,  t he  method  of s o l u t i o n  i s  
des igned  to  reveal any p e r i o d i c i t y  i n  t h e  p h o t o g r a p h i c  s y s t e m  n o t  p r e s e n t  i n  t h e  
meridian system. By i t s e l f ,  o f  c o u r s e ,  t h e  Cape cannot  hope to  obtain an a l l -  
sky  coverage ,  and  the  f ina l  photographic  pos i t ions  w i l l  s u f f e r  t o  some ex ten t  
f rom errors  of  the kind discussed here .  It may be  hoped,  however, t h a t  some 
l i n k  w i l l  b e  e s t a b l i s h e d  i n  the equator ia l  zone with similar su rveys  in  the  n 
northern hemisphere.  
P re l imina ry  inves t iga t ions  o f  ove r l ap  so lu t ions  wi th  the  new Cape camera 
i n d i c a t e  t h a t  s tar pos i t i ons  on  ove r l app ing  p l a t e s  can  b e  e s t ima ted  to  wi th in  
1 . 5 ~  E 0!'15 ( s tandard  e r ror )  though no sys temat ic  devia t ions  f rom th is  s imple  
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geometr ical  model have as ye t  been  s tudied .  This  means t h a t  w i . t h  an average of 
150 measurable stars p e r  p l a t e ,  t h e  s t a n d a r d  e r r o r  in the relative system of two 
ove r l app ing  p l a t e s  may b e  as low as 0!'015 . An argument has been presented else- 
where (Clube,  1967)  for  supposing that  this f i g u r e  is an upper l i m i t  t o  t h e  a l l  
sky accuracy of  the system of photographic  places .  Even i f  it p r o v e s  i n  t h e  
long  run ,  imposs ib le  to  eva lua te  a l l  t h e  s o u r c e s  o f  sys t ema t i c  e r ro r  i n  the  pho- 
tographic  star p o s i t i o n s ,  it is v e r y  l i k e l y  t h a t  s u c h  a n  a c c u r a c y  c a n  b e  main- 
ta ined  over  wide  areas of the s k y .  I n  t h i s  case, t h e  o v e r l a p  method w i l l  be  ex- 
t r e m e l y  u s e f u l  i n  e s t a b l i s h i n g  a n  a b s o l u t e  framework fo r  p rope r  mot ions  fo r  it 
is  necessa ry  on ly  to  anchor  star p o s i t i o n s  w i t h  r e s p e c t  t o  e x t r a g a l a c t i c  nebu- 
lae a t  convenient  separa t ions  across  the  sky  (e .g . ,  across  the  zone  of  avoidance)  
a t  two d i f fe ren t  epochs .  It is therefore  p lanned  t o  t i e  the  sys t em of p l aces  
ob ta ined  f rom the  cu r ren t  Cape program with appropr i a t e  deep  p l a t e s  t o  ex t r a -  
g a l a c t i c  n e b u l a e  a t  s u i t a b l e  p o i n t s  o v e r  t h e  sky thereby  making it  p o s s i b l e  for 
a r e p e t i t i o n  of t h i s  program i n  1 0  y e a r s ,  s a y ,  t o  e s t a b l i s h  a n  a b s o l u t e  f r a m e  
o f  r e fe rence  to  Q, .OO2"/y. 
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PHOTOGRAPHIC  ASTROMETRY 
AND  OVERLAP  REDUCTION  TECHNIQUES 
William D. Googe 
and 
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ABSTRACT 
Rigorous adjustment algorithms are discussed 
which extract hidden information contained in over- 
lapping photogmphs of star f i e l d s .  
In particular, the development of adequate phys- 
i c a l  and s t a t i s t i c a l  models is emphasized. 
INTRODUCTION 
The des ign  of  the  process  for  the  reduct ion  of  any series of s t e l l a r  photo- 
graphs can be separated into several d i s t i n c t  b u t  r e l a t e d  p h a s e s .  The f i r s t  
(the development of t h e  p h y s i c a l  model  of the imagery)  probably requires  the 
g r e a t e s t  knowledge  and i n s i g h t  o n  t h e  p a r t  of the ast ronomer.  Next ,  the refer-  
ence system (or  systems)  requires  considerat ion,  for  only through the observa-  
t i ons  o f  the re fe rence  stars does  absolu te  informat ion  en ter  the  sys tem.  Then 
a s t a t i s t i c a l  model i s  chosen.  This  amounts  to a series of  assumptions  about 
t h e  n a t u r e  of t h e  e r r o r s  i n  t h e  measurements and i n  o t h e r  p a r a m e t e r s  t h a t  are 
in t roduced  in to  the  r educ t ion .  F ina l ly  there is the  cho ice  of t h e  r e d u c t i o n  
methods  themselves.   Before  large  electronic  computers were a v a i l a b l e ,  t h e  phys- 
i ca l  labor  of  accomplishing the adjustment  imposed s e v e r e  l i m i t a t i o n s  upon t h e  
choices  a t  each of  these s teps .  These l imitat ions are now disappear ing .  
The o v e r l a p  a l g o r i t h m  f o r  p l a t e  r e d u c t i o n  i s  a d i r e c t  r e s u l t ;  it is  now 
f e a s i b l e  t o  b e t t e r  c h a r a c t e r i z e  t h e  r e l a t i o n s h i p s  of t h e  measurements t o  t h e  
celestial coord ina tes  of  the  stars by making f u l l  u s e  of t h e  redundancy implicit  
i n  t h e  a p p e a r a n c e  of one star on  more than one photograph. This is  merely one 
*Present Address: U.S. Naval Observatory,  Washington, D.C. 
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of the advances that modern computers have allowed i n  t h e  r e d u c t i o n  p r o c e s s .  I n  
addi t ion ,  be t te r  models  can  now be developed by sys temat ic  exper imenta t ion .  Ex- 
pe r i ences  wi th  the  ove r l ap  method show that  adequate  models  are not  on ly  des i r -  
able but mandatory.  
This paper w i l l  d i s c u s s  t h e  v a r i o u s  s t e p s  i n  the cons t ruc t ion  of  a p l a t e  
r educ t ion  method. It a l s o  relates some of the r e s u l t s  a n d  d i f f i c u l t i e s  encoun- 
t e r e d  a t  t h e  Army  Map Se rv ice  (AMs; now t h e  U.S. Army Topographic Command) whi le  
implementing the  ove r l app ing  p l a t e  ad jus tmen t  t echn ique .  
THE PHYSICAL MODEL 
Extensive invest igat ions have produced a g r e a t  d e a l  o f  knowledge about the 
va r ious  phenomena t h a t  e f f e c t  t h e  f o r m a t i o n  o f  a stellar image on a photographic 
plate.  With t h e  u s e  of t h i s  i n f o r m a t i o n ,  c o r r e c t i o n s  c a n  b e  a p p l i e d  t o  t h e  mea- 
s u r e m e n t s  i n  o r d e r  t o  s i m p l i f y  t h e i r  r e l a t i o n s h i p  w i t h  t h e  c e l e s t i a l  c o o r d i n a t e s .  
Unfortunately,  some of  the  parameters  which  spec i fy  these  cor rec t ions  vary  ran-  
domly wi th  t i m e ,  f o r  example ,  t he  coe f f i c i en t s  i n  the  expans ion  o f  r e f r ac t ion  as 
a func t ion  o f  zen i th  d i s t ance .  Such parameters  must  be t reated as unknown i n  
the adjustment .  
With t h e  u s e  of a l l  t h e  knowledge one can gather  about  the s ignif icant  im- 
ag ing  e f f ec t s  p re sen t ,  t he  phys ica l  model is formulated.  A t  AMs t he  so -ca l l ed  
astrornetric ' '  method has been used. The  measured coord ina te s  are assumed to  be  
polynomial functions of the standard coordinates (<,n>, magnitude (m) and color 
index (c)  ; t h a t  is  
1 1  
x = Caijk15 rl m c i j  k l  
= C a ~  i j k 1 ijklS rl m c 
These equat ions,  together  with the w e l l  known e x p r e s s i o n s  f o r  < and rl as func- 
t i o n s  o f  t h e  r i g h t  a s c e n s i o n  (a) and d e c l i n a t i o n  ( 6 )  form t h e  b a s i s  of t h e  mea- 
surement  observat ion equat ions - t h e y  r e l a t e  t h e  o b s e r v a t i o n s  ( x , y )  t o  t h e  un- 
knowns (a, 6,  a i jk l ,  a j j k l )  o 
I n  a d d i t i o n  t o  the bas ic  observa t ion  equat ions ,  the model may inc lude  addi -  
t i o n a l  c o n d i t i o n s  r e l a t i n g  the p la t e  cons t an t s .  Fo r  example, f o r  p l a t e s  exposed 
wi th  the same t e l e scope  i t  may b e  f e l t  t h a t  l e n s  d i s t o r t i o n  w i l l  not vary from 
p l a t e  t o  p l a t e ;  t h a t  is, t h e  p a r a m e t e r s  f o r  r a d i a l  d i s t o r t i o n  are not  "p la te"  but  
" te lescope"   cons tan ts .   Thus ,   there  my be   cond i t ion   equa t ions  
These  can  be  handled i n  two ways. Equation (2) could be solved for  one of  the 
q ' s  and then a s u b s t i t u t i o n  made i n  t h e  b a s i c  measurement observation equation to 
e l imina te  one  unknown, o r  (2) c o u l d  b e  c a r r i e d  e x p l i c i t l y  as a condi t ion  equat ion  
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us ing  the method of Lagrange  mul t ip l ie rs .  
Ano the r  s i t ua t ion  tha t  can  occur  is that cer ta in  condi t ions  hold  but  on ly  
t o  a spec i f i ed  accu racy .  Thus, there is a cond i t ion  
which is v a l i d  o n l y  w i t h  a ce r t a in  we igh t .  This is enforced merely by t r e a t i n g  
(3) as an extra observat ion equat ion which is weighted and combined with t h e  
o the r s .  Th i s  method w a s  used  by  Eichhorn  and Gatewood (1967) t o  c o n s t r a i n  t h e  
coma c o e f f i c i e n t  o n  i n d i v i d u a l  p l a t e s  t o  l i e  n e a r  t h e  mean va lue  over  a l l  p l a t e s .  
By giving such a pseudo observation equation a la rge  weight  it can be made 
t o  serve as a condi t ion  equat ion .  This  t r ick  has  been  used  a t  AMs i n  t h e  re- 
duct ion  of  zone  ca ta logues .  In  par t icu lar ,  x coma has been .forced to equal y 
coma on a g i v e n  p l a t e  and d i s to r t ion  coe f f i c i en t s  have  been  cons t r a ined  to  the  
same va lue  on  a l l  p l a t e s  by wr i t i ng  s imple  equa t ions  r e l a t ing  these  terms and 
enforc ing  them wi th  la rge  weight .  
THE REFERENCE STAR MODELS 
The b a s i c  aim of  any p l a t e  r e d u c t i o n  i s  t o  r e l a t e  t h e  measurement coordin- 
a t e  sys t em to  a c e l e s t i a l  s y s t e m .  To a c h i e v e  t h i s  r e q u i r e s  some information a- 
bout  the celest ia l  system, information which the reference star observa t ions  
supply 
One method  of u t i l i z i n g  t h i s  i n f o r m a t i o n  is  to  a l low the  ove r l ap  conf igu ra -  
t i o n  t o  form a s ing le  sys t em,  tha t  i s ,  t i e  t h e  plates i n t o  what i s  e f f e c t i v e l y  
o n e  l a r g e  p l a t e .  The r e fe rence  s t a r  observa t ions  are then  used  to  relate t h i s  
s ing le  sys t em to  the  sys t em of t h e  r e f e r e n c e  stars i n  what  amounts t o  a super  
p l a t e  r educ t ion .  Th i s  i s  t h e  method  employed by Lacroute  (1964,  1967).  The ma- 
j o r  d i f f i c u l t y  w i t h  t h i s  a p p r o a c h  arises from t h e  ambiguous n a t u r e  o f  t h e  u n i f i -  
ed  plate  system.  Undoubtedly,  some of t h e  d i s t o r t i o n s  i n  t h e  s y s t e m s  of t he  in -  
d iv idua l  plates w i l l  c ance l  ou t  bu t  o the r s  w i l l  perhaps magnify i n  v e r y  s u r p r i s -  
i ng  ways.  The lat ter e f f e c t  i s  more a p t  t o  o c c u r  i f  care is n o t  t a k e n  t o  i n s u r e  
the nonsingular i ty  of  the normal  equat ions of  the adjustment .  
Inadvertent ly  such an adjustment  w a s  per formed us ing  the  P le iades  material 
(Eichhorn, Googe, Lukac  and Murphy, 1970)  by introducing the reference observa-  
t i ons  wi th  neg l ig ib l e  we igh t s .  The r e s i d u a l s  were na tu ra l ly  ve ry  small. But the 
c o e f f i c i e n t s  o f  t h e  n2 term i n  the x equat ions turned out  twice as l a r g e  as t hose  
of E 2  and En. Thus, t he  ad jus tmen t  un i f i ed  the p l a t e s  i n t o  a s ing le  sys t em bu t  
it was a sys tem tha t  was connec ted  to  that of the re fe rence  stars i n  a completely 
unexpected and unnatural manner. 
The approach used a t  AMs is t o  a d j u s t  the p l a t e s  t o  o n e  a n o t h e r  w h i l e  simul- 
taneously reducing the complex  of p l a t e s  t o  the re fe rence  stars. A model is then  
r e q u i r e d  f o r  t h e  r e f e r e n c e  star observat ions.  Normally,  this  w i l l  be  given by 
the  cond i t ion  that the  obse rved  pos i t i on  o f  t he  r e fe rence  star is i ts  a c t u a l  po- 
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s i t i o n  e x c e p t  f o r  t h e  e r r o r  o f  t h e  o b s e r v a t i o n .  I f  several ca t a logues  o f  r e fe r -  
ence stars are used, more complicated models may be needed to  account  for  sys-  
tematic d i f f e r e n c e s .  
Other s i t u a t i o n s  c o u l d  ca l l  f o r  more elaborate  models.   For  example,  Sup- 
pose the plates to be reduced had been exposed with a d i f f r a c t i o n  g r a t i n g .  Then 
i n  a preprocess ing  s tep ,  magni tude  e f fec ts  could  be  removed by a comparison of 
c e n t r a l  images to   averaged  spectral   images.   Thus,  che system  of   coordinates  
measured on the p l a t e  might w e l l  b e  more f r e e  of  magni tude dependent  dis tor t ions 
t h a n  t h a t  of  t h e  r e f e r e n c e  stars. I f  t h i s  were t rue  one  could  use  a model  such 
as 
where 
a. is the  obse rved  r igh t  a scens ion  of t h e  star 
a is t h e  unknown a c t u a l  v a l u e  
a is an unknown magnitude  error  ra te ,  and 
m is t h e  s te l lar  magnitude. 
The e f f e c t  would be  to  co r rec t  t he  sys t em o f  the  r e fe rence  stars. 
STATISTICAL MODELS 
Af te r  s e l ec t ing  phys ica l  mode l s  fo r  t he  r e l a t ionsh ips  be tween  the  obse rved  
v a r i a b l e s  and t h e  unknowns, assumptions must be made a b o u t  t h e  d i s t r i b u t i o n  of 
e r ro r s .  Th i s  i s  u s u a l l y  a s t r a igh t fo rward  matter un le s s  many r e fe rence  star 
sources  are t o  b e  u s e d ,  o r  u n l c s s ,  f o r  some reason, photographic images of a 
wide range of q u a l i t y  were measured. 
The la t te r  cond i t ion  ob ta ins  wi th  r e spec t  t o  the  P le i ades  da t a  now being 
reduced a t  t h e  Army Map Service.  Rather  e laborate  procedures  have been employed 
to  express  the  var iance  of  an  ind iv idua l  measurement  as a func t ion  o f  t he  magni- 
tude  of t h e  star,  t h e  s p e c t r a l  t y p e  of  t h e  image, etc.  
Normally, t h e  s p e c i f i c a t i o n s  o f  the observation and mensuration programs 
w i l l  i n s u r e  that  the q u a l i t y  of the measurements is uniform. 
I f  c o n s t r a i n t s  are t o  b e  employed, their weights must be chosen but needn't  
b e  s t a t i s t i c a l l y  v a l i d .  They are es sen t i a l ly  pa rame te r s  o f  t he  model  and, as 
such, may b e  e m p i r i c a l l y  o r  a r b i t r a r i l y  e s t a b l i s h e d .  
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ADJUSTMENT.  METHODS 
Once phys ica l  and s ta t is t ical  models have been chosen,  the adjustment  of  the 
da t a   fo l lows  the s t anda rd  least squares   a lgor i thm.   I f   the   formula t ion  is  i n  
terms of observa t ion  equat ions ,  then  a system of weighted and l inearized observa- 
t i o n  e q u a t i o n s  are formed, 
AX = K, 
normal equations are generated,  
ATAX = ATK, 
and so lved .  ( I f  cond i t ion  equa t ions  are used, then minor modifications are neces- 
sary:) T h e o r e t i c a l l y ,   t h i s  is a l l  very  s imple.  
Unfo r tuna te ly ,  t he  l a rge  number of equations and unknowns u s u a l l y  f o r c e s  t h e  
use of  some i n g e n u i t y  t o  a c t u a l l y  c a r r y  o u t  t h e s e  s t e p s .  
For  the Pleiades adjustment  each of t h e  steps was done exp l i c i t l y  because  
working  computer  programs were a v a i l a b l e .  But t he   s i ze   ( fo r ty   t housand   equa t ions  
in  s ix t een  hundred  unknowns) w a s  j u s t  a b o u t  t h e  l i m i t  f o r  t h i s  approach  wi thou t  
incurr ing great  expense in  computer  time. 
It is much more e f f i c i e n t  t o  t a k e  a d v a n t a g e  of t h e  special n a t u r e  of t h e  ma- 
t r ices  to  op t imize  the  da t a  f low.  The  normal  equations  can  be  formed as t h e  ob- 
se rva t ion  equa t ions  are generated, and a t  t h e  same t i m e  t h e  star unknowns el imin-  
a t ed .  
I 
When t h i s  is done a pa t t e rned  matrix emerges.  Each row i n  t h e  p a r t i t i o n e d  
, normal   equat ion  matr ix   represents  a p l a t e  as  does  each  column.  The r u l e  is t h a t  
a t  t h e  i n t e r s e c t i o n  of  t h e  ith row and jth column, a nonzero element occurs when- 
ever  a star appears  on t h e  ith and j th p l a t e  s imul t aneous ly .  Thus ,  fo r  a zone 
w i t h  t h e  p l a t e s  numbered consecut ive ly ,  w e  have  the  fo l lowing  pa t te rn :  
I 
l x  
X 
X 
X 
x x  
x -  
X X 
x .J 
213 
I n  the case of three zones the p i c t u r e  is 
[ A  B 
( B T A  B 
where 
[x x x 
and 
* 
B 
A B  
BT A - 
B =  
X X 
x x x  
X X 
I 
This  pa t t e rn  i s  p red ica t ed  upon having corner  to  center  overlap between zones,  
some overlap in  r ight  ascension within each zone,  and the fol lowing numbering 
system 
n- 2 1 4 7 10  
. . . n  2 5 8 1 1 . .  . 
n-1 3 6 9 12  
I f ,  on the  o the r  hand ,  t he  p l a t e s  are ordered 
m 1 2 3 
. . .  2m m + l  mi-2 m i - 3 . . .  
3m 2mt-1 2d-2 2mt-3 
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the matrix takes the form 
with 
X 
X 
X 
X 
X 
X 
and 
B =  
X 
X X 
X X 
X 
I f  "telescope" constants are present, o r  i f  there  a re  parameters for system- 
atic reference star differences,  these can be inserted after the plate unknowns. 
For the zonal adjustment, the matrix appears as 
X 
X 
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But as these examples show, cons iderable  change  occurs  in  the  mosa ic  of  t h e  
normal  equat ion matr ix  w i t h  even a s i m p l e  renumbering of the plate.  Advantage 
should be taken of this t o  a c h i e v e  t h e  optimum form for  computer  eff ic iency.  
EXPERIMENTS WITH ZONAL REDUCTIONS 
Work i s  now i n  p r o g r e s s  a t  AMs on several photographic  star c a t a l o g u e s .  I n  
p a r t i c u l a r ,  f o r  t h e  r e g i o n  - 48" t o  - 54", a series o f  p l a t e s  were exposed f o r  
AMs by H. Wood a t  t h e  Sydney Observatory.  These plates  were measured a t  t h e  
University of South Florida and are now being reduced a t  AMs. S i m i l a r l y ,  t h e  
measurements f o r  t h e  Yale Zone (- 60" t o  - 70") are be ing  prepared  for  reduct ion  
by AMs. 
The over lap  method w i l l  be used for these zones and computer programs have 
been  p repa red  in  an t i c ipa t ion  of t h e s e  a d j u s t m e n t s .  I n  o r d e r  t o  test the  coding ,  
as well as t h e  method i t s e l f ,  real data  has  been obtained.  D r .  Stoy  of  the Cape 
Observatory kindly al lowed access  to  the or iginal  measurements  used to  produce 
t h e  Cape Photographic  Catalogue for  the zone - 52" t o  - 56". 
Several   over lap  reduct ions  of   this   data   have  been  carr ied o u t .  The statis-  
t i c a l  model i n  e a c h  of these has been based on the  assumpt ion  tha t  a l l  p l a t e  
mensura t ion  e r rors  have  equal  var iance ,  tha t  a l l  r e fe rence  star observa t ions  
have  var iances  four  t imes  as l a r g e ,  and t h a t  t h e r e  is no correlation between any 
of  the  observa t ions .  What has  va r i ed  i s  t h e  imaging  model. 
One model which gave i n t e r e s t i n g  r e s u l t s  u s e d  t h e  terms 
in  the  x -equa t ion  and  symmetric terms in  the  y -equa t ion .  Th i s  cho ice  was r a t h e r  
unfortunate .  For  example,  the var iance of  the constant  term on a t y p i c a l  p l a t e  
was a t e n t h  of a second .of a r c  - i m p l y i n g  t h a t  t h e  s y s t e m a t i c  e r r o r  d u e  t o  t h e  
e r r o r  i n  t h e  p l a t e  c o n s t a n t  is almost as l a r g e  as t h e  random e r r o r .  T h i s  l a r g e  
e r r o r  i s  due i n  p a r t  t o  t h e  r a t h e r  n a r r o w  r a n g e  o f  m a g n i t u d e  of t h e  r e f e r e n c e  
stars. The t o t a l  r a n g e  is  pe rhaps  seven  to  e l even  bu t  fo r  the re fe rence  stars 
it is only   abvut   e igh t   to   t en .   This   resu l t   aga in   demonst ra tes   tha t   the   over lap  
a lgo r i thm canno t  f ind  abso lu te  in fo rma t ion  tha t  i s  n o t  a c t u a l l y  p r e s e n t .  
A n o t h e r  i n t e r e s t i n g  r e s u l t  from th i s  ad jus tmen t  was tha t  t he  co lo r  magn i f i -  
c a t i o n  term c5 remained remarkably constant from p l a t e  t o  p l a t e  d e s p i t e  t h e  h i g h  
c o r r e l a t i o n  of magni tude with color  and despi te  the o v e r a l l  weakness of the sol- 
u t ion .  
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I CONCLUSION 
The reduct ion  of overlapping stellar photographs is a s tandard  least 
squares adjustment problem - a l a r g e  problem w i t h  many unknowns and many equa- 
t i o n s ,  b u t  i n  no way fundamental ly  different  f rom other  least squares  ad jus t -  
ments.  Thus, t h e r e  are w e l l  known and much used algori thms for  accomplishing 
t h e  r e d u c t i o n  o n c e  t h e  s ta t is t ical  and physical models have been defined. The 
d e f i n i t i o n  of these models is the  ma jo r  d i f f i cu l ty  in  success fu l ly  imp lemen t ing  
a n  o v e r l a p  p l a t e  s o l u t i o n .  
The s i z e  of t h e  matrices, even a few yea r s  ,ago, appeared to  be  an  in su r -  
mountable   obstacle .  However, advances in  t echn iques  fo r  man ipu la t ing  l a rge  
s t r u c t u r e d  matrices have made s i z e  no  longe r  the  p r imary  cons ide ra t ion .  In  f ac t ,  
l a rge  ad jus tments  are  a l r eady  rou t ine  fo r  p rob lems  in  photogrammetry and satel- 
l i t e  geodesy. An overlap adjustment  of twenty  thousand star images  on n i n e t y  
p l a t e s  t a k e s  o n l y  a ha l f  hour  on a modern computer .  In  a few years ,  the  s imul-  
taneous adjustment of a c o l l e c t i o n  of p la tes  covering the whole sky seems en- 
t i r e l y  f e a s i b l e .  Of course,  i t  i s  ex t remely   doubt fu l   whether   suf f ic ien t ly  si- 
multaneous data w i l l  be  ava i lab le .  
A much more serious problem than mere s i z e  of t h e  matrices is  t h a t  of es- 
tabl ishing adequate  models .  Because of  the sheer  number of stars c o n s i d e r e d  i n  
catalogue work,  the overlap condi t ions are so s t r o n g  t h a t  t h e  r e f e r e n c e  stars 
can e a s i l y  b e  overwhelmed. T h i s  o c c u r s  i f  t h e  measurement  model is n o t  f l e x i b l e  
enough, t h a t  i s ,  i f  i t  does  not  account  for  a l l  d i s t o r t i o n s  p r e s e n t .  
I n  a classical s o l u t i o n  t h e  same cause w i l l  on ly  produce  loca l  e f fec ts  and 
l o c a l  e r r o r s  s i n c e  t h e r e  is  no c o r r e l a t i o n  between r e s u l t s  from two plates t h a t  
do not  over lap .  There  i s ,  of  course ,  no  genera l  a lgor i thm for  ob ta in ing  a 
complete model. The model must uniquely reflect the whole spectrum of observa- 
t iona l  ins t rumenta t ion  and  of mensuration procedures,  and  must b e  s o l v a b l e  i n  
terms of t h e  amount  of r e fe rence  material a v a i l a b l e .  
Wi th  an  adequate  model  the  over lap  a lgor i thm yie lds  resu l t s  which  are sys- 
t ema t i ca l ly  more accu ra t e  than  those  ob ta ined  us ing  c l a s s i ca l  t echn iques .  More- 
over,  i t  can do t h i s  w i t h  f e w e r  r e f e r e n c e  star obse rva t ions  than  the  classical 
method requi res  and  wi thout  inord ina te  computa t iona l  demands. 
REFERENCES 
Clube, D.: 1967. Private  Communication. 
Eichhorn, H.: 1960. Astron.  Nachr. 285, 233. 
Eichhorn, H.: 1963.  Unpublished  manuscript. 
2 1.7 
Eichhorn,  H.  and  Gatewood,  G.:  1967.  New  Plate  Constants  for  the  Northern  Hyderbad  Zone (+35" to + 40°) 
of  the  Astrographic  Catalogue.  Astron. J. 84, 835. 
Eichhorn, H . ,  Googe, W.D.,  and  Gatewood,  G.:  1967.  Concerning  the  Plate  Overlap  Method.  Astron. J. 
- 72, 626. 
Eichhorn, H., Googe, W.D., Lukac, C.F.,  and  Murphy, J.K.: 1970.  Mem.  R.A.S. 73, 125-156. 
Henriksen,  S.W.:  1967.  Astron. J. 72, 603. 
Lacroute,  P.:1964.  Amelioration  des  constantes  de  cliches  en  utilisant  leur  recrouvrement.  Ann. Obs
Strasbourg, VI. 
Lacroute, P.:  1967.  Etudes  sur  l'emploi  de  reiraovrements de plaques  pour  l'elablissement  de  catalo- 
gues  photographiques.  (Private  Communication) 
Lukac, C.F.: 1967.  Astron. J. 72, 620. 
DISCUSSION 
See page 2 3 9 .  
218 
THE OVERLAP METHODS 
P i e r r e  L a c r o u t e  
1 'Observatoire   de  Strasbourg 
ABSTRACT 
In the f i r s t  part  the di f ferent  methods of re- 
ducing measurements on photographic pZate by  the o- 
verlap methods are compared. O u r  p r ine ipaz  objec- 
t i v e  is the  practicaZ  opp2ication.s. We attempt to 
distinguish the methods accepted b y  most astronomers 
from those not generaZZy agreed upon and from those 
tha t  are s t i  Z Z  being  studied. 
In the second p a r t  some questions are examined: 
organization of  future works, improvement of  AGK2 and 
AGK3, and soZutions for the Astrographic CataZogue, 
as we22 as considerations of some empiricaZ methods. 
INTRODUCTION 
For many yea r s ,  some astronomers thought that i t  would b e  h e l p f u l  t o  u s e  
the  informat ion  g iven  by the  over lapping  of p l a t e s  t o  s t u d y  t h e  f i e l d  c o o r e c t i o n s  
and  sometimes t o  improve the  p l a t e  cons t an t s .  A l though  some experiments were 
made i n  t h e  p a s t ,  it is only  s ince  the  in t roduct ion  of  e lec t ronic  computers  tha t  
Eichhorn (1960) proposed t o  u t i l i z e  this i n f o r m a t i o n  i n  a broad sense.  
Since then,  a l a r g e  number of research  workers  s tud ied  the  over lap  methods ,  
t h e o r e t i c a l l y  and p r a c t i c a l l y ,  namely, in   chronological   order :   Eichhorn  (1960) ,  
Dieckvoss  (1962),  Eichhorn  and Wiliams (1963),  Jefferys  (1963) ,  Lacroute  (1964, 
1964a),  Lacroufe  and  Bacchus  (1964,  1964a,  1964b),  Henriksen  (1967),  Lukac  and 
Baligowski (1967) , Lukac(1967), Googe (1967), Eichhorn, Googe and Gatewood (1967), 
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Herget (1967), de Vegt (1967) , Lacroute (1967) , Clube (1967) , de  Vegt (1967a) Y 
Dieckvoss and de Vegt (1967) and finally, Eichhorn and Gatewood (1967). 
The g r e a t  number of papers shows t h e  g e n e r a l  i n t e r e s t  i n  t h i s  problem. 
Some p o i n t s  seem t o  b e  w e l l  e s t ab l i shed ,  o the r s  are n o t  y e t  clear, o r  q u e s t i o n -  
ab le .  
We w i l l  t r y  t o  make a d i s t i n c t i o n  between the problems resolved and the 
problems in  doubt ,  and  draw a t t en t ion  to  the  p rob lems  no t  ye t  cons ide red .  
SUPERIORITY OF OVERLAP  METHODS 
Improvements  of the  Cons tan ts  
A l l  t h e  a u t h o r s  a g r e e  t h a t  i t  is p o s s i b l e  t o  o b t a i n  much b e t t e r  p l a t e  con- 
s t a n t s ,  f o r  example,  Lacroute  and  Bacchus  (1964a),  Lukac  (1967), Lukac  and H a l i -  
gowski  (1967),  Eichhorn et a l .  (1967),  Lacroute  (1967). The r e s u l t s  of p r a c t i -  
c a l  computing  prove t h i s ,  c f .  L a c r o u t e  and  Bacchus  (1964a),  Lukac  (1967), Googe 
(1967),  Eichhorn et a l .  (1967) , de  Vegt  (1967),  and  Lacroute  (1967). 
However sys t ema t i c  s tud ie s  of t h e  i n c r e a s e  of the  weight  of  the  cons tan ts  
are  more rare. Ecihhorn  (1960)  gave some p r i n c i p l e s  of t heo re t i ca l   fo rmula t ion .  
Eichhorn and Gatewood (1967) showed i n  a p r a c t i c a l  c a s e  t h e  b e n e f i t  on t h e  re- 
s u l t s ,  and   espec ia l ly   on   the   cons tan ts .  D e  Vegt  (1967a)  gave.  on  an a r t i f i c i a l  
f i e l d ,  some at t ract ive r e s u l t s ,  b u t  m a i n t a i n s  t h a t  t h e  c a l c u l a t i o n s  o n l y  o n  a n  
a r t i f i c i a l  f i e l d  a l l o w  o n e  t o  s t u d y  t h e  b e n e f i t  of the  overlap methods,  because 
o n l y  i n  t h i s  case do w e  know the  exac t  va lues  which  w e  want to  approach .  
I have systematical ly  s tudied (Lacroute ,  1967)  the possible  increase of  the 
weights .   Evaluat ions  have  been made assuming t h a t  c o r r e c t i o n s  t o  t h e  c o n s t a n t s  
o b t a i n e d  i n  t h e  f i r s t  a p p r o x i m a t i o n  are determined.If  the type of relation between 
s tandard  coord ina tes  and measured coordinates were c o r r e c t ,  i f  w e  had  no e r r o r s  
i n  t h e  c o o r d i n a t e s  of t h e  r e f e r e n c e  stars, no e r r o r s  i n  t h e  t a n g e n t i a l  p o i n t ,  and 
no e r r o r s  i n  t h e  measurements  of  images  on  the  p la tes ,  the  resu l t s  of  the  f i r s t  
approximation  would b e  r i g o r o u s l y  c o r r e c t  f o r  a l l  stars. Then the system of least 
squares  normal  equat ions  for  the  de te rmina t ion  of  cor rec t ions  to  the  cons tan ts  
would  have a z e r o  r i g h t  hand s i d e .  The c o r r e c t i o n s  c a l c u l a t e d  would be  ze ro  a l so .  
From the above mentioned least squa res  so lu t ion ,  t he  e f f ec t  o f  i n t roduc ing  e r ro r s  
i n  t h e  r e f e r e n c e  star coordinates  and in  the measurements  i s  ca lcu la ted .  This  
method i s  as c o r r e c t  as t h a t  o f  u s i n g  a n  a r t i f i c i a l  f i e l d ,  more conven ien t  fo r  t he  
sys temat ic  s tudy  of  in f luenc ing  fac tors ,  bu t  a t  the  cos t  o f  some schematic hypo- 
t h e s i s  as t o  which e f f ec t s  shou ld  be  s tud ied .  
For example,  with the tables in (Lacroute,  1967) it i s  p o s s i b l e  t o  e v a l u a t e  
the  decrease  of  the d i f f e r e n c e s  c a l c u l a t e d  by d e  Vegt  (1967a).  With t h e  mean 
v a l u e s  f o r  t h e  star numbers, a f a c t o r  0 . 9 1  i s  computed; de  Vegt  found  0.87. The 
d i f f e r e n c e  comes from my schemat ic  t rea tment ;  wi th  a un i fo rm dens i ty  in  stars t h e  
f i r s t  app rox ima t ion  i s  too good and t h e  computed b e n e f i t  i s  smaller than with a 
random star dens i ty .  
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I n  my theory  (Lacroute ,  1967)  e r rors  in  the  ca lcu la ted  coord ina tes  are pu t  
i n  l i n e a r  f o r m  as func t ion  o f  e r ro r s  i n  the  r e fe rence  ca t a logue ,  and  o r  e r ro r s  
i n  t h e  measurements  on t h e  p l a t e s .  U n t i l  now I have omi t t ed  the  e f f ec t  o f  er- 
r o r s   i n  the measurements of t he  ca t a logue  stars, which are n o t  r e f e r e n c e  stars, 
e x c e p t  i n  t h e  c a l c u l a t e d  stars. The e f f e c t s  a re  c e r t a i n l y  small, bu t  it is nec- 
e s s a r y  t o  e v a l u a t e  them i f  w e  want t o  u s e  the overlap method a t  t h e  l i m i t .  (see 
Appendix with A.  Valbousquet) . 
DECREASE  OF THE REFERENCE  STAR  NUMBER 
A l l  the workers  th ink  tha t  i t  is p o s s i b l e  t o  o b t a i n  s u c h  good cons t an t s  
wi th  less r e fe rence  stars; namely,  Lacroute  and  Bacchus  (1964a), Lukac  and Hali- 
gowski  (1967),  de  Vegt  (1967),  Eichhorn et a l .  (1967),  and  Lacroute  (1967). How- 
ever ,  the  reduct ion  number of t h e  r e f e r e n c e  stars can  dec rease  the  qua l i t y  of 
t h e  f i n a l  s y s t e m ;  t h a t  i s  s a i d  i n  L a c r o u t e  and  Bacchus  (1964a),  de  Vegt  (19671, 
and  Lacroute  (1967).  Henriksen  (1967, p .  607) r i g h t l y  shows t h a t  by reducing 
t h e  plates sepa ra t e ly ,  w e  canno t  s ay  tha t  t he  r e su l t s  are on the system of  the 
re ference   ca ta logue .  D e  Vegt  (1967) p o i n t s  o u t  t h a t  t h e  number of r e fe rence  
stars shou ld  be  su f f i c i en t  t o  accompl i sh  a meaningfu l  re la t ion  to  an  absolu te  
system. I s t u d i e d ,  i n  d e t a i l ,  t h e  problem  of   the   sys tems;   f i r s t   fo r   mer id ian  
observa t ions  in  (Lacroute ,  1964) ,  then  for  photographic  ca ta logues  in  Lacroute  
and  Bacchus  (1964b)  and  Lacroute  (1967). 
With  Bacchus, I s tudied the problem of  es tabl ishing a r e l a t i o n ,  by  means 
of a photographic catalogue, between a fundamental  catalogue of b r i g h t  stars, 
and t h e  f a i n t  stars or  nebulae .  This  s tudy  shows  what is t o  b e  done  and t h e  
b e n e f i t  of t he  ove r l ap  method. 
Moreover, w e  show (Lacroute ,  1967)  the  re la t ions  be tween the  ca lcu la ted  
photographic system and the reference system which has been used. The study 
on the  systems i s  no t  f in i shed .  More computing is r e q u i r e d  t o  f i n d  t h e  r e l a t i o n s  
between the  sys tems when t h e  s t a r  d e n s i t i e s  are not uniform. 
EFFECTS OF MAGNITUDE 
Those systematic  errors  in  photographic  catalogues,  which are func t ions  of  
magnitude, posed a problem t h a t  seemed insurmountable and induced the astronomers 
of t h e  USSR t o  e s t a b l i s h  a fundamenta l  ca ta logue  of  fa in t  stars by meridian ob- 
se rva t ions .  
The overlap methods and the u s e  of g r a t i n g  are  p a r t i c u l a r l y  b e n e f i c i a l  t o  
r e v e a l  and t o  c o r r e c t  these systematic  errors .  For  example,  the work  on t h e  
P le i ades  wi th  many p l a t e s  p r o v e s  t h i s  (Lukac,  1967;  Lukac  and  Haligowski,  1967). 
My computations on the AGK2 (Lacroute and Bacchus,  1964a) and then especially in 
(Lacroute  and Bacchus,  1964)  indicate  the eff icacy of  these correct ions based 
on a l a r g e  number o f  p l a t e s .  Lukac  (1967), Lukac  and Haligowski  (1967),  and 
Lacroute  (1967)  agreed that  the magnitude correct ion funct ions are b e t t e r  d e t e r -  
mined  by the  ove r l ap  method f o r  two r easons .  F i r s t  because  as f o r  t h e  o t h e r  
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cons tan t s ,  t he  number of stars used i s  l a rge r ;  s econd ,  because  o f t en  the  r ange  
of the magnitude values  i s  more important. 
However, the  use  of  over lapping  i s  n o t  a l w a y s  s u f f i c i e n t  t o  r e s o l v e  t h i s  
problem s a t i s f a c t o r i l y ,  cf. Eichhorn  and Gatewood (1967).   The  effects  of mag- 
n i t u d e  are modeled by a l inea r  o r  ve ry  s imple  func t ion  because  i t  is  n o t  possi- 
b l e  t o  d e t e r m i n e  many parameters .  But Lacroute  and  Bacchus,  (1964a),  and La- 
c rou te  (1967) n o t e  t h a t  t h e  e f f e c t s  of magnitude may be  non  l i nea r  and ,  fo r  ex- 
ample, may appear only from a cer ta in  magni tude  on  down. The observed effects 
sugges t  t ha t  more caut ion  be  used  in  guid ing  the p l a t e s  more c a r e f u l l y .  
I t h i n k  a r icher  documentat ion could be obtained by a g r a t i n g  and several 
exposures.  But i t  would be  necessa ry  tha t  t he  magn i tude  d i f f e rences  by t h e  
g r a t i n g  as w e l l  as by the exposures  be lower than 2.5 magnitudes. 
COMPUTATIONAL METHODS 
Linear  Rela t ions  
Almost a l l  t he  au tho r s  f avor  pu t t ing  the  p rob lem in  a l i n e a r  form a f t e r  a 
f irst  approximate  solut ion.  However, no t  Clube  (1967);   he   intends  to   es tabl ish 
a sphere  by us ing  the  bes t  va lues  of angles  be tween p la te  pa i r s  based  on t h e  
ove r l app ing .   In   o the r   r e spec t s ,   de  Vegt   (1967,   1967a)   gives   exact   re la t ions 
be tween the  p la te  cons tan ts  of  ne ighbor ing  p la tes .  
However, though his  form is n o t  l i n e a r ,  h e  d r a w s  a t t e n t i o n  t o  t h e  fact  t h a t  
o t h e r  methods f o r  t h e  s o l u t i o n  of the system might  exis t .  
It seems t o  m e  t h a t  f o r  t h e  work  on an  impor tan t  ca ta logue ,  the  easiest way 
would b e  t o  l i n e a r i z e  t h e  problem. We can always obtain a f irst  solut ion which 
i s  accura t e  enough fo r  t he  pu rposes  o f  l i nea r i za t ion  (Googe, 1967).  
CHOICE OF THE UNKNOWNS 
Cer t a in ly ,  a l l  star coord ina tes  a,6 and p l a t e  c o n s t a n t s  are t o  b e  unknowns; 
t h a t  was demonstrated by Eichhorn (19601, Lukac and Haligowski (1967), and Googe 
(1967). However, f o r  t h e  s a k e  of s i m p l i c i t y ,  I had  (Lacroute  and  Bacchus,  1964a) 
wrongly considered only the constants as unknowns.  The problem therefore  was 
formulated more  s imply ,  bu t  no t  absolu te ly  cor rec t ly .  This  s impl i f ica t ion  is 
now useless  because Googe (1967) showed t h a t  i t  was easy  to  r educe  the e n t i r e  
m a t r i x  t o  a m a t r i x p e r t a i n i n g  t o  t h e  p l a t e  c o n s t a n t s  o n l y .  A t  the  Prague I A U  
meeting, (Lacroute, 1967) I i n d i c a t e d  t h a t  i t  was p o s s i b l e  t o  o b t a i n  t h e  re- 
duced  mat r ix  d i rec t ly  by comparing s imultaneously the f i rs t  approximation coordi-  
n a t e s  of each star.  We could  even  obta in  the  reduced  mat r ix  d i rec t ly  by consid- 
er ing proper  motion unknowns f o r  a l l  t h e  stars, a l s o .  
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EQUATIONS 
I n  o r d e r  t o  s a t i s f y  the p r i n c i p l e  of least squares ,  w e  must f i n d  t h a t  s e t o f  
unknowns whichproduces  the  lowes t  va lue  of the sum of the squares  of d i f f e r -  
ences between calculated values and measured data.  The  measurements a r e  mea- 
su res  o f  x and y on the p l a t e s ,  as w a s  amply emphasized by Lukac (1967), and by 
Googe (1967). The x and y were used in the computat ions by Eichhorn and Gate- 
wood (1967).   Henriksen  (1967)  also shows t h a t  t o  b e  a b s o l u t e l y  c o r r e c t ,  w e  
shou ld  no t  cons ide r  t he  coord ina te s  a,B i n  t h e  r e f e r e n c e  star ca ta logue  as mea- 
sured  da ta ,  bu t  w e  should  use  them w i t h  t h e  a p p r o p r i a t e  w e i g h t  m a t r i x  i n  t h e  e- 
q u a t i o n s  t h a t  u t i l i z e  t h e  p o s i t i o n s  i n  t h e  r e f e r e n c e  star catalogue.  
A 1 1  t hese  cons ide ra t ions  are p e r f e c t l y  c o r r e c t .  But i t  is more d i f f i c u l t  
t o  e s t a b l i s h  t h e  e q u a t i o n s  s o l v e d  w i t h  r e s p e c t  t o  x and Y r a t h e r  t h a n  w i t h  re- 
s p e c t  t o  a and 6 ,  and the problem is  t o  know when t h e  e x t r a  work incur red  by re- 
ga rd ing  the  x and y as t h e  measurements t o  b e  a d j u s t e d  is r e a l l y  j u s t i f i e d  i n  
terms of t h e  r e t u r n s .  
When w e  check the calculated values  of  x and y aga ins t  the  measured  va lues ,  
w e  must express x and y as func t ions  of  the  s tandard  coord ina tes  and  not  the  
o t h e r  way around as usua l ly .   This  is of   no  importance.   After   the   f i rs t   approx-  
ima t ion  wi th  the  r e fe rence  stars, w e  o b t a i n  v a l u e s  f o r  c o n s t a n t s  f o r  e a c h  p l a t e  
and fo r  each  star, f i r s t  a p p r o x i m a t i o n  v a l u e s  of i t s  e q u a t o r i a l  c o o r d i n a t e s ,  f o r  
example al and 6,. The,   the  values  x and y c o r r e s p o n d i n g  t o  t h i s  a1 and 6 ,  are 
computed  and a l s o  t h e  p a r t i a l  d e r i v a t i v e s  o f  x ,  y w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  
and  the  coord ina tes  a1 and 6 , .  Therea f t e r  we e s t a b l i s h  a system whose solution 
g i v e s  c o r r e c t i o n s  t o  t h e  i n i t i a l  v a l u e s  o f  t h e  c o n s t a n t s  and t h e  e q u a t o r i a l  co- 
o r d i n a t e s  a l  and 61; these  cor rec t ions  produce  the  smallest va lue  of t h e  sum of 
t h e  s q u a r e s  of the  d i f fe rences  be tween the  ca lcu la ted  and measured x and y. 
I f  w e  want t o  compare a and 6 ,  i t  is b e t t e r  t o  e x p r e s s  t h e  s t a n d a r d  c o o r d i -  
n a t e s  as func t ion  of t h e  x and y ,  as a s t r o m e t r i s t s  u s u a l l y  d o .  A f t e r  t h e  f i r s t  
approximation, it i s  s u f f i c i e n t  t o  compute t h e  p a r t i a l  d e r i v a t i v e s  o f  a and 6 
w i t h  r e s p e c t  t o  t h e  c o n s t a n t s .  Then w e  e s t a b l i s h  a sys tem giv ing  the  cor rec t ions  
t o  t h e  i n t i a l  v a l u e s  o f  t h e  c o n s t a n t s  and the  equa to r i a l  coo rd ina te s ;  t hese  co r -  
r e c t i o n s  g i v e  t h e  smallest v a l u e  f o r  t h e  sum of  squares  of  differences between 
t h e  f i n a l  a and B and the values  obtained from each plate .  
The computation of ~1 and 6 i s  easier t h a n  f o r  x and y ; w e  do n o t  h a v e  t o  
go back from the a and 6 t o  t h e  x and y, and the number o f  p a r t i a l  d e r i v a t i v e s  
t o  compute is smaller. Most important is probably  that   for   extended  work,  it is 
easier t o  d e t e c t  t h e  clerical  e r r o r s  by the comparisons i n  a and 6 .  
I a g r e e  t h a t  t h i s  p r i n c i p l e  i s  no t  abso lu t e ly  co r rec t ,  bu t  cons ide r ing  that 
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are n e a r  t o  1 ( i n  a p p r o p r i a t e  u n i t s )  and that the o t h e r  p a r t i a l  d e r i v a t i v e s  
are small, it is  q u i t e  a l l  r i g h t  t o  r e g a r d  the e r r o r s  i n  01cos6 and 6 and the 
e r r o r s  i n  x and y as equ iva len t .  
I n  o r d e r  t o  r i g o r o u s l y  a d h e r e  t o  t h e  p r i n c i p l e s  and t o  p r e s e r v e  t h e  compar- 
i s o n  i n  01 and 6 ,  w e  cou ld  g ive  to  equa t ions  w i t h  t h e  c o o r d i n a t e s  01 and 6 weights  
i n  i n v e r s e  r a t i o  t o :  
I n  t h e  case of AGK2,  AGK3, o r  i n  t h e  case of the Astrographic  Catalogue i t  
seems t o  m e  t h a t  t h i s  would b e  u s e l e s s  s i n c e  a l l  t he  we igh t s  would be  ve ry  c lose  
t o  1. Surely i t  would be  more impor t an t  t o  t ake  in to  accoun t  t he  d i f f e rences  in  
qual i ty  of  the images depending on the posi t ions on the plates  and special ly  the 
d i f f e r e n c e s  i n  q u a l i t y  o f  t h e  p l a t e s  ( s e e  f u r t h e r  c a l c u l a t i o n s  on the  AGK2). 
However, n e x t  t o  p r a c t i c a l  c o n s i d e r a t i o n s ,  it is ev iden t ly  necessa ry  to  pay 
c l o s e  a t t e n t i o n  t o  t h e  c o r r e c t  a p p l i c a t i o n s  of the  fundamenta l  p r inc ip les  and t o  
inves t iga t e  each  case  and f i n d  o u t  i f  s i m p l i f i c a t i o n s  a re  valid.  For  example, 
i n  t h e  case of t h e  b i g  f i e l d  p l a t e s  t a k e n  w i t h  a Schmidt telescope, where the 
images are good even a t  the  edges ,  i t  w i l l  p robably  be  necessary  to  work i n  x 
and y o r  a s s i g n  w e i g h t s  i n  c1 and 6 .  
MATHEMATICAL MODELS 
The r e l a t ionsh ips  be tween  the  equa to r i a l  co r rd ina te s  and the  s t anda rd  co- 
o rd ina te s  a re  geometr ica l ly   r igorous ly   def ined .  The choice   o f   re la t ionships  be- 
tween  measured  coordinates  (x,y)  and  standard  coordinates (X,Y) r ega rd le s s  of 
whether w e  consider X(x,y) and Y(x,y) or x(X,Y)  and  y(X,Y) is d i f f i c u l t .  
The introduct ion of  superf luous constants  must  be avoided.  That  w a s  well 
e s t ab l i shed  and i s  demonstrated by Eichhorn, Googe, and Gatewood (1967,  p.626). 
The problem has  been  s tudied  in  de ta i l  by Eiahhorn and Williams (1963) f o r  s o l u -  
t ions   on   separa ted   p la tes   and  by Lacroute   (1967)   for   overlap  solut ions.   Eichhorn 
and Williams (1963)  on p .  230 g ive  a c r i t e r i o n  f o r  a choice between different  
forms  of  relations.   Eichhorn, Googe, and Gatewood (1967)  on  p.  629, recommend 
the  use  of  re ference  star r e s i d u a l s  t o  i n v e s t i g a t e  which modifications would 
produce  more  adequate  relationships.  These  problems are s t u d i e d  a g a i n  i n  d e t a i l  
by Eichhorn and Gatewood (1967). 
Lacroute (1967) has made many ca l cu la t ions  to  eva lua te  the  advan tages  of a 
d e c r e a s e  i n  t h e  number o f  c o n s t a n t s  t o  i n c r e a s e  t h e  e f f i c i e n t y  o f  t h e  o v e r l a p  
methods. 
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I n  o r d e r  t o  s i m p l i f y  t h e  r e l a t i o n s h i p s  i t  is  h e l p f u l  t o  c o r r e c t  x ,  y f i r s t  
f o r  t h e  e f f e c t s  o f  t h o s e  phenomena which can  be  exac t ly  p red ic t ed ;  fo r  example, 
r e f r a c t i o n ,  f i e l d  c o r r e c t i o n s  and abe r ra t ion .  
However, i t  is necessa ry  to  remember tha t  t he  app l i ca t ion  o f  t hese  co r rec -  
t i ons  improves  the  r e su l t s  on ly  i f  t hey  pe rmi t  a r e d u c t i o n  i n  t h e  number of  con- 
s t a n t s  t o  b e  d e t e r m i n e d  by t h e  least squares method, otherwise they are use l e s s .  
I n  o r d e r  t o  r e d u c e  t h e  number o f  c o n s t a n t s  i n  t h e  least square  method i n  
f u t u r e  work, ca re fu l  p recau t ions  shou ld  be  t aken  in  des ign ing  a s t rog raphs ,  and 
d u r i n g  t h e  e x p o s u r e s  i n  o r d e r  t h a t  t h e  f i e l d  d e f e c t s  are w e l l  defined and known 
and can be corrected.  
Dieckvoss  has  carefu l ly  inves t iga ted  the  sys temat ic  cor rec t ions  for  the  AGK2 
and AGK3 p l a t e s .  T h e r e f o r e  t h i s  c a t a l o g u e  is  ve ry  appropr i a t e  fo r  t he  app l i ca -  
t ion of  overlap methods.  
On the Astrographic Catalogue, Gunther and Cox have thoroughly s tudied the 
sys temat ic  e r rors  in  the  Catan ia  zone ,  Eichhorn  and  Gatewood (1967) t h e  e r r o r s  
i n  t h e  Hyderbad  zone. A t  t he  F rench  obse rva to r i e s ,  an  inves t iga t ion  of the zones 
wi th  6 ~ + 3 2 O  is b e i n g  s t a r t e d .  
SOLUTIONS 
We h a v e  t o  i n v e r t  a l a r g e  least  squares  matrix.   Jefferys  (1963)  proved  the 
eventual  convergence of i t e r a t i v e  s o l u t i o n s .  However, Googe (1967,  p. 624)  would 
p r e f e r  a t  least temporar i ly ,  d i rec t  so lu t ions  fear ing  tha t  the  convergence  is  too  
slow.  Henriksen  (1967)  believes  that  a d i r e c t  s o l u t i o n  wou ld  be  too  d i f f i cu l t  
t o  ca r ry  ou t  and estimates the  comput ing  l abor  in  the  case  o f  i t e r a t ive  so lu t ions  
t o  b e  much smaller. I n  f a c t ,  d i r e c t  s o l u t i o n  i s  convenient   for   s imple   cases , ( see  
f o r  example  Eichhorn  and Gatewood (1967) ),  b u t  f o r  a l a r g e  number of plates ,  only 
t h e  i t e r a t i v e  s o l u t i o n s  are  poss ib l e .  In  the  case  of AGK2-AGK3 the  convergence 
i s  exce l len t   (Lacroute ,   1967) .  I have   a l so   sys t ema t i ca l ly   s tud ied   t he   va r i a t ions  
in  the speed of  convergence as i t  depends  on t h e  r e l a t i o n s  u s e d  and t h e  r e l a t i v e  
we igh t s  a s s igned  to  the  f i e ld  stars and t h e  r e f e r e n c e  star equa t ions .  In  the  i- 
t e r a t i v e  p r o c e s s  a d o p t e d ,  t h e  c o n s t a n t s  f o r  e a c h  p l a t e  are a r r anged  in  g roups  fo r  
t he  e s t ima t ion  o f  co r rec t ions  a t  each  s tep .  The convergence is slow when w e  
" load" the overlap method "heavily", namely when t h e  number of r e fe rence  stars 
becomes very low  and t h e  number o f  f i e l d  stars inc reases .  The  convergence i s  
then slow because i t  i s  n e c e s s a r y  t o  t a k e  i n t o  c o n s i d e r a t i o n  t h e  i n d i r e c t  rela- 
t i o n s  be tween the  d is tan t  p la tes  and  because  at each  s t ep ,  t he  method ex tends  the  
r e l a t i o n s  o n l y  by t h e  l e n g t h  of h a l f  a p l a t e  d i a m e t e r .  
It would be necessary to  improve the convergence by adding small groups of 
( 4  o r  5, o r  more) p l a t e s  a t  a t i m e  t o  t h e  l a r g e  m a t r i x  of t h e  c o n s t a n t s .  The 
p a r t i a l  m a t r i x  o f  t h i s  g r o u p  would aga in  be  easy  to  inve r t .  
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CONCLUSION 
A l l  t h a t  was said above proves the f e a s i b i l i t y ,  and indeed the e f f i c i e n c y  
of the overlap methods.  We now know how t o  u s e  them and al though some p o i n t s  
must s t i l l  b e  s t u d i e d ,  w e  know q u i t e  well w h a t  w e  may expect from these me- 
thods.  We must then use them t o  r e d u c e  t h e  p l a t e s  i n  o u r  p o s s e s s i o n ,  b u t  w e  
must a l so  cons ide r  them f o r  t h e  o r g a n i z a t i o n  o f  o u r  f u t u r e  work. I have giv- 
en (Lacroute  and Bacchus, 1964a) the elements of this problem and later I went 
i n t o  more de t a i l  (Lac rou te ,  1967) .  
PLANS FOR FUTURE WORK 
Lacroute  (1967) gave a fo rmula  tha t  desc r ibes  the random e r r o r  E '  of t h e  
pnotograpnic system as a func t ion  of  E ~ ;  t h e  random e r ro r  o f  t he  r e fe rence  ca- 
ta logue  coord ina tes ,  €2; t h e  random er ror  of  the  measurements  on  the  p la tes ,  s; 
t h e  area of t h e  p l a t e s ,  m; t h e  number o f  t he  cons t an t s  pe r  p l a t e ,  a ;  and the 
d e n s i t i e s  of r e fe rence  stars and t o t a l  number of measured stars, E; respec t ive-  
1 Y  * 
" 
E 2  
T h i s  r e l a t i o n  was used  to  d iscuss  the  choice  of  as t rographs  and  the  num- 
b e r  of r e fe rence  stars n e c e s s a r y  t o  o b t a i n  a d e s i r e d  r e s u l t .  
With t h e  i n t r o d u c t i o n  of K, t h e  r a t i o  of t h e  t o t a l  number of t h e  stars t o  
t h e  number of  re ference  stars, t h i s  becomes: 
m 1 / 3  + iE1l 
I n  t h i s  form w e  see that f o r  any given a and €1, which  cha rac t e r i ze  the  
re ference  ca ta logue ,  E '  decreases  only s lowly with a corresponding increase 
i n  K d u e  t o  a n  i n c r e a s e  i n  t h e  number of  measured stars. This  cons idera t ion  
i s  not  important  i n  t h e  c a s e s  of the AGK2 and the A G U  or  o f  t he  As t rog raph ic  
Catalogue because w e  are in t e re s t ed  in  the  coord ina te s  o f  the stars themselves. 
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But t h i s  r e l a t i o n s h i p  w i l l  b e  u s e f u l  f o r  e s t a b l i s h i n g  a photographic ca- 
t a l o g u e  t o  serve as a connection between the b r i g h t  stars, and the nebulae and 
q u a s a r s .  I n  t h i s  case it w i l l  be  jud ic ious  to  measu re  on ly  the minimum number 
of weak stars n e c e s s a r y  t o  o b t a i n  the d e s i r e d  q u a l i t y  of the sys t em.  I f  t he  
measuring labor is n o t  n e g l i g i b l e  compared to  the  observa t ion  work  of  the  re- 
ference catalogue,  perhaps w e  w i l l  be encouraged to spend a l i t t l e  more time 
on the re fe rence  ca t a logue  to  avo id  too  b ig  a measuring job. Indeed, E ' 2  
grows i n  inverse p r o p o r t i o n  t o  the work on the reference catalogue,  through 
U, b u t  the actual  measuring work is  p r o p o r t i o n a l  t o  uK, and E ' 2  varies only 
i n  i n v e r s e  p r o p o r t i o n  t o  uK1/3 .  
COMPUTATIONS OF THE  AGK2 AND THE  AGK3 
D r .  Dieckvoss  has  a l ready reported on the AGK2 and the AGK3. However, I 
can  a l so  r epor t  on  some r e s u l t s  which I have  recent ly  obta ined  'dur ing  the  s tud-  
ies o n  t h e  p o s s i b i l i t i e s  f o r  r e f i n i n g  t h e s e  c a t a l o g u e s .  
TEST OF THE WEIGHT  INCREASE 
Some tests were g iven  (Lacroute ,  1967) ,  par t icu lar ly  on t h e  e f f e c t s  o f  
cons tan ts  descr ib ing  the  magni tude  cor rec t ion  func t ion .  I have made a c l o s e  
s tudy of  the polar  zone.  
I c a l c u l a t e d  t h e  mean q u a d r a t i c  v a l u e s  A 2  of the  d i f fe rences  be tween the  
equa to r i a l  coo rd ina te s  deduced  f rom d i f f e ren t  p l a t e s  i n  the  case of classical  
sepa ra t ed  so lu t ions  (AGK2,  given by Dieckvoss) and i n  t h e  case of overlap me- 
thod.  These  values A 2  are c a l c u l a t e d  i n  u n i t s  of (0!'01) a f t e r   e l i m i n a t i o n   o f  
t h e  A>l!'OO. 
With the  ove r l ap  method, t h e  number n of t h e  a v a i l a b l e  d i f f e r e n c e s  is  lar- 
g e r  t h a n  i n  t h e  c lass ical  method  (by s e p a r a t e d  p l a t e s ) ,  and t h e  v a l u e s  of 
are smaller. 
I n  t h i s  case of t h e  AGK3, t h e  same c a l c u l a t i o n  g i v e s  r e s u l t s  o f  i n f e r i o r  
q u a l i t y .  The f i r s t  s o l u t i o n s  were only  rough estimates. However, t h i s  is no t  
the  reason ,  because  the ca lcu la t ed  co r rec t ions ,  were s u f f i c i e n t l y  s m a l l  t o  b e  
s u r e  t h a t  t h e  u s e  o f  a l i n e a r  scheme was v a l i d .  The i n f e r i o r  r e s u l t s  c e r t a i n l y  
come from i n f e r i o r  p r e c i s i o n  o f  t h e  i n i t i a l  measurements.  The r e s u l t s  are con- 
t a ined  i n  Table  I. 
For tuna te ly ,  t he  new measurements executed by Dieckvoss w i l l  make it pos- 
s i b l e  now t o  h a v e  b e t t e r  m e a s u r e s  f o r  t h e  d e f i n i t i v e  work. 
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Table  I. - The Imrpovement of P o s i t i o n a l  Agreement Due t o  P l a t e  
Overlapping. 
AGK2 AGK2 AGK3 
n ~ ( O ! I O I ) '  improved A 2  n improved A 
- 7 
P l a t e  Zone 
90"  and  87"  14460670  149307   14 025 
85 O 7755 1286 7790  945  7633  1325 
82" 7854 1205 7929 947  7712  1410 
80' ( p a r t i a l )  5416 1018 5427  889  5344 1341 
The b e n e f i t  i s  e s p e c i a l l y  g r e a t  v e r y  near the  po le .  Th i s  i s ,  perhaps so 
because  the  coord ina te s  o f  t he  r e fe rence  stars n e a r  t h e  p o l e  are a f f ec t ed  by  
rap id ly  var iab le  sys temat ic  e r rors .  The  "p la te  sys tems"  obta ined  by  the  sep-  
a r a t e d  s o l u t i o n s  are t h u s  n o t  v e r y  c o n s i s t e n t .  With  overlapging,   especial ly  
generous  near  the  pole ,  w e  o b t a i n  a consis tent  photographic  system. Thus i t  
i s  poss ib l e  to  ob ta in  in fo rma t ion  on  the  re la t ive s y s t e m a t i c  e r r o r s  of t h e  
r e f e r e n c e  c a t a l o g u e ,  n e a r  t h e  p o l e .  
Table  I1 below gives  the  average  d i f fe rence  be tween the  ca lcu la ted  coord i -  
na t e s  and  the  in t roduced  coord ina te s  fo r  t he  reference stars f o r  t h e  epoch 
1930.0. i . e . ,  t h a t  of t h e  AGK2 , i n  u n i t s  of 0!'01. The averages of the  abso-  
l u t e  v a l u e s  are 0!'12 f o r  Aacosd and 0'!17 f o r  A6. 
Table 11. - Systemat ic  Er rors  of Reference Star  System Near t h e  CNP. 
S t a r s  B.D. Number A(acos6) b( 6)  - 
84 " 24 -0'!05 +O .025 +0'!05 k0.04 
85 O 22 +0!'06 + O .  025 -0!'03 20.04 
86"  and  more 22 +0'!04 2 0.025 -0!'07 to. 04 
It seems t h a t  t h e  r e f e r e n c e  c a t a l o g u e  has some s y s t e m a t i c  e r r o r s  i n  C~COSS 
and 6 ,  and that  the photographic system using the overlapping method c o r r e c t s  
a p a r t  of these e r r o r s .  
POSITION ACCURACY AS A FUNCTION OF THE POSITIONS ON THE PLATES 
I n  t h e  p o l a r  z o n e  (6,85O), w i th  a star occurr ing on n p l a t e s  (1123) w e  cal- 
c u l a t e  (6i - S)2 and  the  same e x p r e s s i o n s  f o r  cxcosb. These  g ive  estimates of 
t h e  e r r o r s  o f  t h e  c a l c u l a t e d  c o o r d i n a t e s .  I n  these estimates, the weight of 
t h e  e r r o r  ci o f  t h e  d e t e r m i n a t i o n  o n  t h e  p l a t e  i is  overwhelming; i t  i s  n e a r l y  
an  es t imat ion  of  E?. 
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Table 111. - P o s i t i o n  E r r o r s  i n  Depenaence on the Distance from the P l a t e  
Center.  
Dis tances   f rom  p la te   cen ter  Number of E s t i m a t e s   ~ ~ ( 0 ! ' 0 1 ) ~  
0' *: p < 1P28 614  398 
1P29 d p s l:8l 60 2 507 
1482 2 p I 2:21 59 6 467 
2422 I p 1; 2455 650  569 
2P56 s p I 2P86 545  591 
2P86 I p 450 700 
- .  . " . . . ~ -~ ~ - " - . . 
Table I11 g i v e s  t h e  statistics of these  e s t ima t ions  as a func t ion  o f  t he  
d i s t a n c e  t o  t h e  c e n t e r  of t h e  p l a t e .  
It w i l l  b e  n o t e d  t h a t  t h e s e  r e s u l t s  were ob ta ined  wi th  the  hypo thes i s  t ha t  
t h e  measurements are o f  t he  same q u a l i t y  on a l l  p a r t s  of t h e  p l a t e s ;  however w e  
obse rve  tha t  t he  qua l i t y  dec reases  as w e  l e a v e  t h e  c e n t e r .  
I n  t h e  c a s e  of t h e  AGK2 and t h e  AGK3 i n  which w e  are working i n  a and 6, 
i t  w i l l  be more use fu l  t o  accoun t  fo r  t he  we igh t s  as a func t ion  of t h e  d i s t a n c e  
from t h e  p l a t e  c e n t e r  t h a n  t o  u s e  t h e  c a l c u l a t e d  pa r t i a l  d e r i v a t i v e s  
as weight  fac tors .  
DIFFERENT QUALITIES OF THE PLATES 
Af te r   app l i ca t ion   o f   t he   ca l cu la t ed  - cor rec t ions ,  w e  c a l c u l a t e d   i n   t h e  PO- 
Lar. zone t h e  mean q u a d r a t i c  v a l u e  A2 of the ca l cu la t ed  coord ina te  d i f f e rences  
between p l a t e  i and the  ne ighbor ing  p l a t e s .  i' 
If E?. is t h e  mean quadra t i c  va lue  of the e r ro r s  o f  t he  ca l cu la t ed  coord i -  
n a t e s  on the p l a t e  i, and € 2  is t h e  mean quadra t i c  va lue  of t h e  e r r o r s  of t h e  
ca lcu la ted  coord ina tes  on the  ne ighbor ing  p l a t e s ,  w e  have: 
- 
? =  € 2 + 7  
1 i 
- 
It i s  p o s s i b l e  t o  c o r r e c t  A? by 7 t o   o b t a i n   s i n c e   t h e  number of com- 
p a r i s o n s  i n  the polar zone (betwzen 600 and 1000) is b i g  enough t o  h a v e  v a l i d  
es t imat ions .  
i' 
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l o  f AGKP - POLAJZO-NE FREQUENCT~SO~~TQ ANDSZ. 
n 
Fig. 1 
Figure  1 shows the   f r equenc ie s  of t h e   d i f f e r e n t   v a l u e s   o f  A: and We 
have  to  remember t h a t  t h e s e  r e s u l t s  are obta ined  by-suppos ing  tha t  t n e  p l a t e s  
are of equa l  qua l i t y ,  dec reas ing  then  the  d i spe r s ion  o f  A i  and E: . 
i 
Then, w e  come t o  t h e  c o n c l u s i o n  t h a t  t h e  q u a l i t y  of t h e  p l a t e s  i s  ve ry  d i f -  
fe ren t .  Perhaps  i t  would b e  a d v i s a b l e  t o  c a l c u l a t e  a new s o l u t i o n  by us ing  the  
e s t ima ted  we igh t s  ob ta ined  a f t e r  t he  f i r s t  unwe igh ted  ca l cu la t ion .  It would be 
easy  and  usefu l  to  g ive  weights  to  the p l a t e s  a t  least f o r  t h e  c a l c u l a t i o n  o f  
the  publ i shed  mean va lues .  
WORK TO REDUCE THE AGK2 AND AGK3 
There i s  no p o i n t  i n  u s i n g  t h e  r e s u l t s  I have obtained s o  f a r ,  because  
they have been  ca l cu la t ed  wi th  r e l a t ions  that are no t  pe r fec t ly  r igo rous  and 
from a documentation which has since been improved by some i d e n t i f i c a t i o n  c o r -  
r e c t i o n s  and some new measurements by Dieckvoss. 
I cou ld  r e f ine  the  ove r l ap  method aga in  by u s i n g  t h e  d a t a  i n  t h e i r  latest  
a v a i l a b l e  form. I f  t h e y  were avai lable  on magnet ic  tape,  the whole work could 
be  f in i shed  wi th in  approximate ly  two months.  The r e s u l t s  would b e  b e t t e r  t h a n  
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than  the  ones  to  be  publ i shed ,  bu t  no t  very  much b e t t e r .  The w h o l e  d i f f i c u l t y  
lies i n  t h e  f a c t  that the d a t a  are ava i l ab le  on ly  on German magnet ic  tapes ,  
which i s  incompatible  w i t h  IBM tape.  
For this work, 1 b e l i e v e  it is use l e s s  t o  cons ide r  t he  p rope r  mot ions  a l so  
as unknowns.  Lndeed, the epochs of  the p l a t e s  scatter very  little about the 
mean of the group and are w i d e l y  d i f f e z e n t  f o r  the two groups, AGK2 and AGK3. 
I f  w e  cons ider  the proper motions as unknowns, we would o b t a i n  a f t e r  t h e i r  e- 
l imina t ion ,  a b i g  matrix, fou r  times bigger  than  wi thout  them, and the coupling 
between t h e  two epochs would not  be important  enough to  modify the resul ts  very 
much. However, i f  that does  no t  r equ i r e  too  much work, w e  w i l l  u s e  a l s o  t h e  
proper motions as unknowns. 
The d i f f e r e n c e  i n  p l a t e  q u a l i t y  and of image q u a l i t y  i n  dependence on the 
d i s t ance  f rom the  p l a t e  cen te r  are l a rge r  t han  the  ones  d i s r ega rded  by subs t i -  
t u t i n g  t h e  e q u a t i o n s  i n  a c o s 6  and 6 ,  f o r  t h e  e q u a t i o n s  i n  x and  y. I there-  
f o r e  b e l i e v e  w e  could work i n  ctcos6 and 6 .  I a l s o  b e l i e v e  t h a t  w e  whould g ive  
d i f f e r e n t  w e i g h t s  t o  t h e  d i f f e r e n t  p l a t e s  and compute weighted averages of the 
c o o r d i n a t e s  f o r  p u b l i c a t i o n .  
REFLECTIONS ON SOME EMPIRICAL METHODS 
I n  t h e  p a s t ,  some empirical methods have been used t o  improve t h e  r e s u l t s .  
For  example  (Lacroute,  1967) i n  t h e  case of  meridian observat ions,  I suggested 
t h e  "methode de synthZse".  After  a preliminary reduction on each series, t h e  
coord ina tes  are c a l c u l a t e d  f o r  a l l  t h e  stars. Then, w e  c a l c u l a t e d  t h e  con- 
s t a n t s  a g a i n ,  b u t  by us ing  a l l  the information given by t h e  r e s u l t s  of t h e  
f i r s t  c a l c u l a t i o n ,  on a l l  t h e  stars. We may r e p e a t  t h i s  p r o c e s s  s e v e r a l  times. 
This  method is ef f ic ien t  and  g ives  in te res t ing  resu l t s  (Lacroute  and  Bacchus ,  
1964) . 
Simi la r  methods can be used i n  t h e  c a s e  of over lapping  p la tes ;  Clube  
(1967)  proposes  such a method. They are not  mathematical ly  correct  because the 
problem is  no t  co r rec t ly  p re sen ted .  But t hese  methods  improve t h e  r e s u l t s  and 
they do n o t  r e q u i r e  a. powerful  computer. The c a l c u l a t i o n s  are s imply  the  same 
as i n  t h e  i n i t i a l  r e d u c t i o n .  Then, i t  i s  i n t e r e s t i n g  t o  compare the r e s u l t s  
obtained by these empirical  methods with the r e s u l t s  of a r igo rous  so lu t ion .  
I'examined  (Lacroute  and  Bacchus,  1964a,  p. 98) an  app l i ca t ion  o f  this 
type  of  method i n  the case of  over lapping  p la tes .  It is p o s s i b l e  t o  e s t a b l i s h  
the  l i nea r  r e l a t ionsh ip  be tween  the  e r ro r s  o f  the r e s u l t s  and the e r r o r s  of t h e  
reference coordinates ,  and of  the x and y measure  on  the  p la tes .  It is  possi-  
b l e  t o  f o l l o w  the changes of the l i n e a r  form a t  each  s tep .  Then w e  o b t a i n  the 
re la t ionships  be tween the  sys tem of  the re fe rence  stars and the r e s u l t a n t  pho- 
tographic  system. We a l s o  o b t a i n  t h e  random e r r o r s  on the system a t  one  pomt .  
The  above  method is e x a c t l y  t h e  same as I used afterwards (Lacroute,  1967) on 
the  cor rec t  so lu t ion  of  the  problem.  Some ca lcu la t ions  have  a l ready  been  made 
and o t h e r s  w i l l  be  ca r r i ed  ou t  be fo re  long .  
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I n  t h e  f i r s t  r e s u l t s ,  the "dependences", a f t e r  each s tep ,  spread  over  the 
area covered by t h e  p l a t e s ,  d e c r e a s i n g  a p p r o x i m a t e l y  l i n e a r l y  i n  r e l a t i o n  t o  the 
d i s t ance  f rom the  s tud ied  po in t ,  as i n   t h e  case o f  t h e  s o l u t i o n  by i t e r a t i o n  on 
a r igorous  matr ix   (Lacroute ,   1967) .  In t h e  f i r s t  i t e r a t i o n s ,  the spread is 
smaller i n  the empi r i ca l  method t h a n  i n  the r igo rous  method, b u t  t h e r e a f t e r ,  it 
becomes l a r g e r ,  s o  t h a t  t h e  s p r e a d  e x t e n d s  f a r t h e r  t h a n  t h e  limit obtained i n  
t h e  r i g o r o u s  method.  Therefore, it seems p o s s i b l e  t o  o b t a i n ,  w i t h  t h e  e m p i r i c a l  
method, almost exactly the same r e s u l t s  as wi th  the  r igo rous  method, i f  t h e  i- 
t e r a t i o n s  are judic ious ly  s topped;  bu t  that remains to  be confirmed and the pur-  
pose  o f  t he  ca l cu la t ions  in  p rogres s  i s  t o  e v a l u a t e  t h e  i n f l u e n c e  of some fac- 
t o r s  on t h e  number of i t e r a t i o n s .  
I f  t h e  "dependences" are t h e  same, t h e  random e r r o r s  on the system w i l l  be  
t h e  same too .  
If i t  can  be  conf i rmed tha t  the  empir ica l  methods  y ie ld  va l id  resu l t s  by 
choosing the number  of i t e r a t i o n s ,  t h e  r e d u c t i o n s  would become thereby less la- 
bor ious  because  ne i ther  the  invers ion  of  a l a rge  ma t r ix  no r  the  use  o f  a power- 
f u l  computer  would  be  necessary ,  bu t  to r  each  i te ra t ion  the  ca lcu la t ions  are  
more d i f f i c u l t  t h a n  f o r  t h e  i t e r a t i o n s  toward  the  so lu t ion  o f  t he  l a rge  ma t r ix .  
These empirical methods are  n o t  s p e c i a l l y  s u i t a b l e  i n  t h e  case of a l a r g e  
amount of  p la tes  because  the  es tab l i shment  and  the  so lu t ion  of the matr ix  could 
be  reduced by cons ide r ing  tha t  on ly  the  ne ighbor ing  p l a t e s  are  r e l a t e d .  B u t ,  i n  
t h e  case o f  r e so lu t ion  of a l a r g e  number of meridian series, wi th  w e l l  mixed 
stars on the  sphe re ,  t he  p ropor t ion  of n u l l  terms i n  t h e  l a r g e  m a t r i x  would be 
smaller. The l a r g e  m a t r i x  i s  more d i f f i c u l t  t o  handle  and that  i s  a p o i n t  i n  
favor of the empiric methods.  
In  conc lus ion ,  t he  empi r i ca l  me thods ,  a f t e r  j u s t i f i ca t ion  by comparison 
wi th  the  theo ry ,  would perhaps  be  usefu l  to  the  researchers  who must  work with- 
ou t  la rge  computers ,  o r  who do no t  wan t  t o  use  these  fo r  some o f  t he i r  expe r i -  
ment s . 
COMPUTATION OF  CONSTANTS  FOR THE ASTROGRAPHIC CATALOGUE 
In January,  1966, the astronomers of Hamburg Observatory and the astrono- 
mers of French  Observa tor ies  agreed  to  de te rmine  the cons t an t s  of the Astrogra-  
ph ic  Cata logue  in  the  nor thern  hemisphere  with the use  of  the AGK2 and t h e  AGK3. 
Messieurs Kox and GUnther of t h e  Hamburg Observatory w i l l  c a l c u l a t e  t h e  
c o n s t a n t s  f o r  t h e  p l a t e s  f o r  6>+32'. Already they have made a v e r y  i n t e r e s t i n g  
s tudy on t h e  f i e l d  c o r r e c t i o n s  i n  t h e  C a t a n i a  z o n e .  
A t  the beginning of 1968, the French "Centre National de l a  Recherche S c i -  
en t i f ique"  charged  m e  w i th  the  t a sk ,  w i th  the  co l l abora t ion  o f  t he  Obse rva to r i e s  
a t  P a r i s ,  Bordeaux and Toulouse, t o  de t e rmine  the  cons t an t s  fo r  t he  zones  
+32'>6>-2'. Now the  da ta  f rom the  Par i s  zone  and  par t  o f  the  da ta  f rom the  Ox- 
fo rd  and Toulouse zone are on computer cards. 
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The over lap  method w i l l  b e  u s e d  t o  o b t a i n  s u p e r i o r  r e s u l t s .  T h i s  i s  es- 
p e c i a l l y  u s e f u l  here because by the  ex t r apo la t ion  f rom the AGK2-AGK3 ca ta logues  
t h e  r e f e r e n c e  c o o r d i n a t e s  w i l l  be  on a good system bu t  have  l a rge  random er- 
r o r s .  We are p l a n n i n g  t o  c a l c u l a t e  a l l  t he  coord ina te s  a, 6 of a l l  t h e  stars 
because these old epoch coordinates (near 1900) on a w e l l  defined system, w i l l  
b e  v e r y  u s e f u l  f o r  f u t u r e  work on proper motion. Moreover, the comparison be- 
tween the a, 6 c a l c u l a t e d  from d i f f e r e n t  p l a t e s  w i l l  b e  u s e f u l  f o r  j u d g i n g  t h e  
v a l u e  of a coordinate  f rom the agreement  on the two p l a t e s .  
The r e s u l t s  o b t a i n e d  at t h e  Hamburg Observatory and the French Observator- 
ies should  increase  the  weights  of  the  proper  mot ions  of  AGK2-AGK3 by a f a c t o r  
of between 2 and 3, and fur thermore,  they w i l l  be  on the same system. 
PUBLICATION OF THE RESULTS 
The IAU Commission  23  examined a t  the  Prague  meet ing  in  1967,  the  ques t ion  
concern ing  the  form in  which  the  resu l t s  w i l l  be  r e l eased .  No dec i s ion  was 
made, because  ( the  most urgent  need being the calculat ions themselves)  with mo- 
dern  equipment i t  w i l l  be  easy  to  t r ans fo rm the  r e su l t s  i n to  any d e s i r e d  form. 
However, i t  w i l l  be  wor th  whi le  to  d iscuss  th i s  problem wherever  in te res ted  
astronomers are assembled. 
My personal  op in ion  is  as fol lows:  We have two cases .  
A. Only t h e  p l a t e  c o n s t a n t s  a n d  t h e  f i e l d  c o r r e c t i o n s  are  t o  b e  de- 
B.  The c o o r d i n a t e s  f o r  a l l  stars are a l so  to  be  de t e rmined .  
termined. 
On t h e  o t h e r  hand, t h e r e  are two po in t s  of view regarding the use of t h e  
Astrographic Catalogue: 
I .  To provide  re ference  coord ina tes  for  photographic  as t romet r ic  
work; t h i s  w a s  t h e  i n i t i a l  p u r p o s e  of the Astrographic  Catalogue.  
11. T o  ob ta in  precise o l d  p o s i t i o n s  f o r  t h e  p u r p o s e  of proper motions. 
The u s e  of the  Ast rographic  Cata logue  as a source of  reference coordinates  
fo r  t he  pu rpose  of ob ta in ing  accu ra t e  pos i t i ons  a t  r ecen t  and contemporary e- 
pochs loses  its in t e re s t  p rog res s ive ly  due  to  p rope r  mot ions .  
For  instance,  on the b a s i s  o f  s t a t i s t i c a l  d a t a  t a k e n  f r o m  t h e  p r o p e r  mo- 
t i o n s  of the Smithsonian Star  Catalogue w e  v e r i f y  t h a t  w i t h  t h e  A s t r o g r a p h i c  
Catalogue, m 5 1 1 . 5  - the average dispers ion of  the r e f e r e n c e  p o s i t i o n s  d u e  t o  
proper  motions for  a 70 y e a r  i n t e r v a l  would s t i l l  be 0!'5 i f  w e  t a k e  c a r e  of e- 
l imina t ing  half t h e  r e f e r e n c e  stars accord ing  to  the i r  d i sagreement  wi th  pos i -  
t i o n s  from contemp0rar.y p l a t e s .  
By a d d i n g  t o  t h i s  t h e  random e r r o r s  d u e  t o  the measurements on the old and 
t h e  new p l a t e s ,  w e  see t h a t  i t  is i m p o s s i b l e  t o  o b t a i n  v e r y  a c d u r a t e  p o s i t i o n s  
for contemporary epochs. 
On the  o ther  hand ,  the  use  of o ld  pos i t i ons  fo r  t he  computa t ion  o f  p rope r  
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motions becomes more and more useful. 
I n  case A, t h e  o n l y  r e a l l y  p r a c t i c a l  u s e  of r e s u l t s  w i l l  b e  t o  o b t a i n  r e f -  
e r ence  pos i t i ons  o f  i nd iv idua l ,  i so l a t ed  stars. 
E v i d e n t l y ,  i n  this case, w e  would have t o  pub l i sh  the  cons t an t s  and  the  
f i e l d  c o r r e c t i o n s  of a l l  t h e  p l a t e s .  The use  o f  t hese  so lu t ions  would be  
p r a c t i c a l  enough f o r  i n d i v i d u a l ,  i s o l a t e d  stars; but  ex t remely  badly  su i ted  
f o r  s ta t i s t ica l  purposes.  
I n  case B i t  would be easy enough t o  a l s o  p u b l i s h  t h e  c o n s t a n t s  and f i e l d  
cor rec t ions  which  would  be  usefu l  for  the  employment of  the  Ast rographic  Ca- 
t a logue  as a source  of  re ference  pos i t ions .  I do no t  t h ink  i t  would be  use fu l  
however, t o  p u b l i s h  a l l  t h e  a, 6 i n  p r i n t .  We s h o u l d  s t o r e  them  on  magnetic 
tapes i n  several formats:  each  format  would  be  geared  to a p rec i se   t a sk .   Fo r  
in s t ance  one  t ape  cou ld  be  used  fo r  de r iv ing  the  p rope r  mot ion  by combination 
computation with newly available measurements.  We would t h e n  s t o r e  o n  t h i s  
t a p e  t h e  matrices f o r  t h e  d e t e r m i n a t i o n s  of the  proper  motion.  
About t e n  s t a t i o n s  s c a t t e r e d  a r o u n d  t h e  g l o b e  would be necessary (at  ob- 
servator ies  equipped with computers)  and the resul ts  should be communicated i n  
t h e  form of cop ies  o f  magne t i c  t apes ,  pa r t i a l  l i s t i ngs ,  o r  even  in  conve r t ed  
forms, for i n s t a n c e  i n  t h e  form of  s tandard coordinates  with specif ied centers .  
Communications should  be  rap id  and  b i l led  a t  c o s t .  
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APPENDIX 
Complements t o  T h e o r e t i c a l  S t u d i e s  on Overlap Methods 
P. Lacroute and A. Valbousquet 
Improvement of  Constants  
Using t h e  method descr ibed  i n  (Lacroute, 1967) w e  c a l c u l a t e  the "depend- 
ences" between a l l  the constants  f rom the coord ina tes  of the r e f e r e n c e  stars, 
and then, w e  c a l c u l a t e  C ( B 2  + y2) f o r  each cons tan t .  
The computation was made f o r  1 6  r e fe rence  stars, K=5, t h a t  is a t o t a l  of 
80 stars, i n  t h e  case o f  t h e  r e l a t i o n s  o f  t y p e  11, l i n e a r  w i t h  c o r r e c t i o n  f o r  
t a n g e n t i a l  p o i n t :  
X = ax  + by + c + py2 + qxy 
Y = a ' x  + b 'y  + c '  + pxy + qy2 
The values  of  C ( B 2  + y2) are t h e  same f o r  a and b'  , b and a '  , c and c '  , 
and p and q .  We i n c l u d e  t h e n  i n  t h e  T a b l e  I V  o n l y  t h e  r e s u l t s  f o r  a ,  b y  c y  and 
P *  
Inc luded  a l so  are t h e  v a l u e s  of C ( B 2  + y2) f o r  t h e  a v e r a g e  X and t h e  d i f -  
f e r ences  D of t h e  c a l c u l a t e d  v a l u e s  of X on two p l a t e s .  
Table  IV. - R e l a t i o n  l i n e a r  w i t h  t a n g e n t i a l  p o i n t ,  C ( B 2  + y2) 
i n  u n i t s  of 0.001. 
16  re ference  stars (K=5) 
- 
a b   c p X D  
1st s o l u t i o n  200 200 100 390 187  249 
1st i t e r a t i o n  104 103 69 103 112 62 
2nd i t e r a t i o n  79 72 61 68 90 39 
3 r d  i t e r a t i o n  64 54 55 51  79 21  
4 t h   i t e r a t i o n  56 47 52 45 72 1 7  
5 t h  i t e r a t i o n  51 42 49 39 68 1 5  - 
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QUADRATIC ERRORS 
on constants a, b, 5 p 
and on  RESULTS X and D 
I I I I I I 
FIRST 1 2 3 
SOLUTION 
4 
ITERATIONS 
5' 
FIGURE 2 
The results of  Tab le  I V  in graph  form. 
A s  should have been expected, w e  see that t h e  improvement is  apparent  pr i -  
mar i ly  in the quadra t i c  cons t an t s  p and q w i t h  less illlprovement i n  t h e  con- 
s t a n t s  of magni f ica t ion  and  or ien ta t ion ,  a and b, and much less f o r  the ad- 
d i t i v e  c o n s t a n t s ,  c. 
T h e s e  r e s u l t s  i l l u s t r a t e  w e l l  the working of overlap method: t h e  s o l u t i o n s  
f o r  each p l a t e  are much improved, t h e  p l a t e s  are reduced precisely to  a u- 
nique system. The  improvement f o r  t h e  a v e r a g e  random p o s i t i o n s  i s  not  spec-  
t a c u l a r .  
I n  a pract ical  case,  Eichhorn and Gatewood (1967) i n  t h e i r  T a b l e  III g ive  
r e su l t s  i n  ag reemen t  wi th  those  shown above. 
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V a l i d i t y  of Tests on Coordinate Differences 
Many au thor s  use  the differences between the determinat ions of  the same e- 
qua to r i a l  coo rd ina te s  on two d i f f e r e n t  p l a t e s  t o  test the q u a l i t y  o f  t h e  re- 
s u l t s .  T h i s  is e s p e c i a l l y  a p p r o p r i a t e  f o r  t h e  o v e r l a p  method. 
With the notat ions used by Lacroute  (1967) ,  EI i s  the random e r r o r  of the 
re fe rence  star coord ina tes ,  ~2 is  the  ave rage  random e r r o r  of t h e  measurements 
on t h e  p l a t e s .  We have  fo r  the ave rage  va lue  o f  t he  d i f f e rence  D between two 
determinat ions of  coordinates:  
- 
D2 = 2 4  + C ( B 2  + y2) 
2 
With t h e  v a l u e s  o n  t h e  t a b l e  w e  now have: 
- 
D2 = ~ E Z  + 0.015 I €5 E; t - 2 
The test  on the  d i f f e rences  g ives  a lmos t  exac t ly  the  random e r r o r s  of t h e  
measurements  on  the  plates.  The e r r o r s  by t h e  s o l u t i o n s  o f  t h e  p l a t e s  are very 
small. 
This shows w e l l  t o  what e x t e n t  w e  c a n  b e  s u r e  t h a t  t h e  c a l c u l a t e d  r e s u l t s  
a r e  on t h e  same system, no matter which p l a t e  is used  to  deduce  the  coord ina tes .  
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DISCUSSION 
The following is  a jo int  d iscuss ion of the Stoy and Clube papers, the 
Googe and  Lukac paper, and the Lacroute paper, 
Vas ilevskis : Googe's resuZts are interest ing.  I t  7k mathematicaZZy elegant and  modern t o  take a 
large nwnber o f  mknams, subject them t o  speciaZ conditions and work everything in 
a large computer. But would it not have been be t t e r  i n  the beginning t o  make a sim- 
p l e  conventionaZ reference s t a r  solution on b o  overlapping plates and then check 
for systematic trends in the residuazs that require the introduction of additionaZ 
Eichhorn 
Baker 
S c h i  d 
Dieckvoss 
Baker 
reduction parameters? 
; Decisions as ! to  the most appropriate procedure are extremely difficult. If the  accur- 
acy of  the posi t ion measurements on overhpping plates is intrinsicalZy high, the po- 
s i t i ons  m a y  "interlock" and dis tort  the system with them. I f  therefore, one uses a 
reduction modeZ with not enough terms, true systematic trends may go unaccounted for; 
for e x q Z e ,  t h e  b r i g h t e s t  and the  fa in t  stars may represent different systems. &I 
the other hand, a reduction model which contains superfZuous t e n s  may introduce x- 
ther than remove sy s t emt i c   e r rors  because of the correspondingZy high parameter var- 
iance. Furthermore, a reduction model which i s  perfectZy adequate for a conventional 
reduction m y  be totally unsuited for an overlap solution. I have a good example for 
this.  Pointers as t o  t h e  most appropriate procedure would certainly  be valuable. 
: The various coefficients in the reduction modcl are also dependent on tenperature, 
and, in  part icular ,  temperature  gradients. The reason wha you found  the  radial  dis- 
t o r t ion  to  be a rather constant characteristic of the optical sssteln i s  tha t  the  cen- 
t ra l  rays which are mainly responsible for i t  are v e q  l i t t Z e  i n f l u e n c e d  b, t;m:-sr*a- 
ture gradients, which i s  not true for the rays from the perirherL4 ghich Froduce Ihc 
coma, so that coma terms w i l l  7>ary, to the extent of even reversing tke s i s n ,  dr?pend- 
ing on whether the optics was used under ccrtain cooling conditions or at. a s table  
tercperature. 
: I bel ieve that  one ought t o  disregard the historicaZ developement of astrometry i n  
this  respect  and introduce, i n  the reduction model, physically meaningful parameters 
rather than such ones which produce onZy an i n t e r p o l a t i o n  f o m l a .  Only i n  t h i s  way 
i s  it p o s s i b l e  t o  r e a l i s t i c a l l y  u t i l i z e  some a pr ior i  knowledge about the behavior 
of the optical system, as for instance, boundary values for the  var iabi l i ty  of cer- 
tain  reduct ion parameters which we j u s t  heard being described. 
: I n  preparation to reducing the plates of the AGK3 a t  Hamburg, Kox and Giienther per- 
formed a new reduction of the Catania Zone of the Astrographic Catalogue, which in- 
corporated  about 30 000 residuals on 1010 plates .  These were used to f ind the non- 
linear terms  such  as coma. A s  an experiment, i t  was investigated whether  the non- 
linear terms show a variation with temperature, by determining them separately for  
three di f ferent  temperature  groups. The resul t  of t h i s  ?>as negative, none of the 
non-linear effects depend i n  any way on the atmospheric temperature while the plate 
w a s  taken. 
: I beZieve it wouZd be more s ign i f i can t  t o  Zook at the tempemture gradient during 
the exposure. To do t h i s ,  one probably ought t o  record the temperature a t  t h e  be- 
ginning and the end of the exposure. 
Vasilevskis : I t  is important t o  have the  dome open and the Zens exposed to  the sky for as Zong as 
possible before starting the exposures. 
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Baker : In the  labonztoiy, we found tha t  some objective  systems  required  a  period of as long 
as four hours before they were usable after they had been handled. 
van de  Kamp : A t  ow1 observatoq we have found that  it takes the lens occasionuZly six t o  seven 
hours t o  reach equilibrium. This shows again that instruments are unuvo&&zbly im-  
perfect ,  and we have to  l earn  to  work with them. This introduces into science an 
element of art and sensual enjoyment. 
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THE  BEHAVIOR OF MAGNITUDE  DEPENDENT  SYSTEMATIC  ERRORS 
Heinrich Eichhorn 
University of South Florida 
ABSTRACT 
Coma and other magnitude dependent errors 
cause a dependence of the rezationship between 
measured and standard coordinates on magnitude. 
I n  order to estabZish this rezationship,  the 
reference stars m u s t  ezther adenmte2y cover 
the magnitude range of the J'ieZd s tars ,  or fa in t  
and strong images of the same s tar  must be d i r -  
ectZy reZated, for  instance b y  means of a coarse 
objective grating. 
The objective grating technique is discuss- 
ed. 
From the invest igat ion of actuaZ materiaZ, 
it is estahZished that the effect of coma varies 
s igni f icant  Zy from pZate t o  p Zate, aZso tha t  a 
mode2 Zinear in diameter and/or coordinate may be 
inadequate f o r  i t s  removat, and even introduce 
systematic errors. 
From this standpoint, the requirements of 
reference star systems are discussed. 
INTRODUCTION 
Opt ica l  sys tems are  of necess i ty  imper fec t ,  t ha t  is the images of t h e  sky 
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which they produce on photographic plates o r  films fo l low only  a lmost ,  bu t  no t  
quite the intended geometry,  which i s  u s a l l y  that of gnomonic p r o j e c t i o n .  I f  
the deviat ions from ideal  geometry are gene ra l ly  smaller than  the  random e r r o r  
with which the posit ion of an image can.be measured, they are n o t  p a r t i c u l a r l y  
dangerous; however, when t h e y  b e h a v e  s u f f i c i e n t l y  s y s t e m a t i c a l l y ,  t h e y  can be  
ve ry  de t r imen ta l  t o  the  accu racy  o f  the f i n a l l y  d e r i v e d  p o s i t i o n s .  
S i n c e  t h e  e s s e n t i a l  c h a r a c t e r i s t i c s  of a star are i t s  p o s i t i o n ,  its b r igh t -  
nes s  and its spectrum (for  which c o l o r  is a good s u b s t i t u t e ) ,  t h e  d e v i a t i o n s  
Ax, Ay of t h e  measured posit ions from what they would be  i f  imag ing  fo l lowed  
s t r i c t l y  t h e  i d e a l  geometry are func t ions  of t h e  l o c a t i o n  of t h e  image on t h e  
p l a t e ,  i t s  i n t e n s i t y  and t h e  c o l o r  of the  producing star.  In  p rac t i ce ,  co r -  
rections which depended on a l l  these  a rguments  in  a non-separable form such as 
Ax = Ax(x,y) + Ax(m) + Ax(c),  etc. were ac tua l ly  found  in  the  r educ t ions  of 
some of t h e  Yale photographic  zones.  These correct ions must  be establ ished 
and appl ied in  order  to  reduce the measurements  properly.  This  i s  done i n  two 
s t e p s :  F i r s t ,  by e s t ab l i sh ing  an  adequa te  model t o  r e p r e s e n t  them;  and  Second, 
by t h e  e s t i m a t i o n  o f  t h e  p a r a m e t e r s  i n  t h i s  model. We s h a l l  first d i s c u s s  t h e  
second s tep,  and make some remarks concerning the f irst  one la ter  on. 
One o f  t h e  p o s s i b i l i t i e s  f o r  f i n d i n g  t h e  c o r r e c t i o n s  Ax and Ay is  t o  u s e  
a set  of r e f e r e n c e  p o s i t i o n s .  It is  es sen t i a l  t ha t  t hese  no t  on ly  cove r  the  
area o f  t h e  e n t i r e  p l a t e ,  b u t  a l s o  t h a t  t h e y  c o v e r  t h e  e n t i r e  m a g n i t u d e  and 
c o l o r  r a n g e  o f  t h e  f i e l d  stars. While o f t e n  t h e  set of r e fe rence  stars w i l l  
adequa te ly  cove r  the  co lo r  r ange  o f  t he  f i e ld  stars, t h e  f a i n t e s t  r e f e r e n c e  
stars are a lmost  un iversa l ly ,  by necess i ty ,  s eve ra l  magn i tudes  b r igh te r  t han  
t h e  f a i n t e s t  f i e l d  stars. 
Fortunately,  color dependence of t h e  c o r r e c t i o n s  Ax,  Ay, seems t o  b e  
much rarer than their  magnitude dependence, and when i t  occurs ,  i t  i s  
genera l ly  smaller t h a n  t h a t  of a magnitude  (dependent)  correction. We s h a l l  
t he re fo re  d i scuss  on ly  the  l a t t e r .  
THE COARSE OBJECTIVE GRATING TECHNIQUE 
We assume the  sys t ema t i c  co r rec t ions  Ax, Ay ( the  sys t ema t i c  e r ro r s  would 
b e  t h e i r  a l g e b r a i c  o p p o s i t e s )  t o  b e  of t h e  form Ax = Ax(x,y,m,al, ..., an) where 
m is the magnitude or  a magnitude equivalent such as image diameter, etc.  
(When not  express ly  s ta ted  o therwise ,  w e  s h a l l  t h r o u g h o u t  what foll'ows, assume 
that  completely  analogous  formulas and express ions   ho ld   for  Ay). x ,  y are, of 
course the image's measured coordinates and a1 , .. . ,an are t h e   p a r a m e t e r s   i n   t h e  
a n a l y t i c a l  model of Ax. A s  a n  a l t e r n a t i v e  t o  t h e  s t r a i g h t f o r w a r d  d e t e r m i n a t i o n  
of a l , . . . , an  through compar ison  wi th  re ference  pos i t ions ,  the  {a}  could  be  de- 
termined i f ,  f o r  a t  least a su f f i c i en t ly  l a rge  sample  o f  stars, another  set of 
images were a v a i l a b l e  w h i c h  r e q u i r e  i d e n t i c a l  A whose m are d i f f e r e n t .  S i n c e  
m measures the blackening of the image on the p l a t e  and no t  i ts  b r i g h t n e s s  i n  
the sky,  such a set might be produced by another  exposure  of  d i f fe ren t  dura t ion  
(on the same p l a t e  w i t h  t h e  same camera). Note t h a t  i n  p r i n c i p l e  t h e  s e c o n d  
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image need not  be close to  the f i r s t ,  a l t h o u g h  this would make th ings  s impler  
in  genera l .  Proper ly  done ,  the  compar ison  of  the measured posit ions of the two 
images w i l l  y i e ld  equa t ions  that can be used as condi t ion  equat ions  f o r  t h e  
es tab l i shment  of {a]. For  example, a s h i f t  o f  the exposure, (i.e., a change 
o f  t he  d i r ec t ion  o f  t he  camera's o p t i c a l  a x i s )  h e l p s  t o  e s t a b l i s h  p a r a m e t e r s  
p e r t a i n i n g  t o  t h e  l o c a t i o n  of t h e  image  only ,  for  ins tance  the coeEf ic ien t  of 
r a d i a l  d i s t o r t i o n ,  w h i l e  a v a r i a t i o n  o f  i n t e n s i t y  w i l l ,  when appropr ia te  pre-  
caut ions  are taken ,  lead  to  an  es tab l i shment  of those  parameters  tha t  charac-  
ter ize  the magnitude dependence of t h e  A's, Note that t h i s  p r i n c i p l e  would 
a l s o  work fo r  t he  e s t ab l i shmen t  of color  parameters .  There is, however, a t  
p re sen t ,  no  sa t i s f ac to ry  t echn ique  known f o r  g e n e r a t i n g  a set of  images that  
r e q u i r e  i d e n t i c a l  c o r r e c t i o n s ,  b u t  w i t h  d i f f e r e n t  c o l o r  c h a r a c t e r i s t i c s  o f  
the second set of images. 
An ingen ious  dev ice  fo r  c r ea t ing  a f a v o r a b l e  s i t u a t i o n  f o r  t h e  d e t e r m i n a -  
t ion of  magni tude parameters  i s  t h e  wel l  known coarse  objec t ive  gra t ing .  Fre-  
q u e n t l y ,  s u f f i c i e n t l y  b r i g h t  stars produce up to  th ree  o rde r s  o f  measu rab le  
d i f f r a c t i o n  s p e c t r a ,  p r o v i d e d  t h e  wave l e n g t h  i n t e r v a l  i s  k e p t  s u f f i c i e n t l y  
na r row.  Theore t i ca l ly ,  t he  d i f f r ac t ion  spec t r a  of a c e r t a i n  o r d e r  show a black- 
e n i n g  i d e n t i c a l  t o  t h a t  of t h e  c e n t r a l  image produced by a star Am magnitudes 
f a i n t e r .  Am is ca l l ed   t he   g ra t ing   cons t an t .   S ince   t he   who le  complex  of gra- 
t i ng . images  is  produced during the same exposure, one may assume t h a t  t h o s e  
magnitude dependent effects which depend on the peculiari t ies of a s i n g l e  ex- 
posure (such as a magnitude equation caused by f au l ty  gu id ing )  w i l l  b e  i d e n t i -  
cal  on a l l  images  produced by t h e  same exposure.  Furthermore,  the average xD 
of the x-coordinates of a pa i r  o f  co r re spond ing  d i f f r ac t ion  images is i d e a l l y  
e q u a l   t o  x the   x -coord ina te  of t h e   c e n t r a l  image.  Hence w e  may write C Y  
A(x,y,m) - A(x,y,m + Am) = xc - XD (1) 
The d i f f e r e n c e s  xc - XD are immediately avai lable  f rom the observat ions before  
any o ther  reduct ions  are performed on t h e  p la tes ,  and may themselves be re- 
garded as obse rva t ions  tha t  are s u b j e c t e d  t o  random er rors .   Therefore ,   every  
comparison of a g r a t i n g  image p a i r  wi th  a c e n t r a l  image w i l l  g ive an equat ion 
of type  (1) .  The system thus generated can be used as condi t ion  equat ions  in  
a least  squa res  sys t em fo r  t he  de t e rmina t ion  of the parameters  {a) ,  provided 
t h a t  a n  a n a l y t i c a l  model f o r  A has been chosen. 
I n   t h i s  way,A can be determined independently of  r e fe rence  stars and 
from images whose blackening covers the entire range on t h e  p l a t e .  F o r  t h i s  
and o ther  reasons ,  a g ra t ing  ough t  t o  be  de  r igeu r  in  pho tograph ic  a s t rome t ry  
whenever images of d i f f e ren t  b l acken ing  are simultaneously considered.  
THE VARIATION OF THE COMA EFFECT FROM PLATE TO PLATE 
A minimum model f o r  A is: 
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Ax = a l m  + a2mx 
Ay = b,m + a2my 
whereby one assumes that the coma e f f e c t  is s t r i c t l y  r a d i a l .  
This  requirement  can be relaxed to:  
Ax = a l m  + a2mx 
Ay = b,m + b,mx 
(3) 
where the coma i s  s t i l l  l i n e a r .  I n  e s s e n c e  t h i s  was done i n  t h e  Yale Photo- 
graphic  Zones -30" t o  -35" and -35" t o  -40" (Hoff le i t ,   1967)   and,  somewhat 
modified i n  a de termina t ion  of new p l a t e  c o n s t a n t s  f o r  t h e  n o r t h e r n  Hyderabad 
Zone of  the Astrographic  Catalogue (Eichhorn and Gatewood, 1967). 
A t  Yale, t h e  coma c o e f f i c i e n t s  a2 and b2 were determined independently 
for  each  d i rec t ion  on  each  p la te  f rom compar isons  wi th  re ference  stars only.  
They are t h e r e  c a l l e d  G and J ,  r e s p e c t i v e l y .  I n  o r d e r  t o  tes t  whether  the  
assumpt ion  tha t  the  coma c o e f f i c i e n t s  are comple te ly  independent  in  each  d i r -  
ec t ion  and  on  each  p l a t e ,  t he  co r re l a t ion  be tween  the  coma c o e f f i c i e n t s  i n  t h e  
two d i rec t ions  on  each  p la te  can  be  used .  This  i s  so ,  b e c a u s e ,  i f  t h e r e  are 
s i g n i f i c a n t  v a r i a t i o n s  o f  t h e  coma e f f e c t  f r o m  p l a t e  t o  p l a t e ,  t h e  coma co- 
e f f i c i e n t s  o n  e a c h  p l a t e  would dev ia t e  f rom the  mean i n  b o t h  c o o r d i n a t e s  i n  
t h e  same s e n s e ,  s o  t h a t  t h e r e  would be a c o r r e l a t i o n  b e t w e e n  t h e  a2 and b,. 
The cor re la t ion  be tween the  publ i shed  G and J i s  34% i n  a sample of 60 p l a t e s  
which shows t h a t  i n  t h i s  z o n e  t h e  coma does  indeed  vary  s igni f icant ly  f rom 
p l a t e  t o  p l a t e .  L i k e w i s e ,  t h i s  shows t h a t  a model i n  which the x and y coma 
c o e f f i c i e n t s  were not  a l lowed to  change completely independent ly  of  each other ,  
as for instance in Eichhorn and Gatewood's (1967) paper,  would have been more 
r ea l i s t i c .  
The f o l l o w i n g  d a t a  i n  T a b l e  I kindly suppl ied by D r .  Hoff le i t ,  compare 
i n  t h r e e  random sample  reg ions  the  publ i shed  coma c o e f f i c i e n t s  G and J wi th  
those  newly  calculated  from  grating  images.   Every number is  followed by i t s  
. m . s . ;  t h e  u n i t  i s  10-5"/m mag. r 
Table I. - Coma C o e f f i c i e n t s  o f  t h r e e  p l a t e s  i n  the Yale Photographic 
Catalogue. 
Rea b2 a2 
6 b2  65 J 6 a2 ' G  G 
4 
192 + 767 250 + 532 222 + 506 234 $681 24 
289 + 38 264 + 293 242 + 258  275 +182 
52 200 +1621 337 +1438 160 +1376 245 $916 
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Although the sample i n  t h i s  t a b l e  is too  small, one can s t i l l  see t h a t  the 
coma coe f f i c i en t  can ,  gene ra l ly ,  be  a t  least as accurately determined by the 
g r a t i n g  method as by comparison with reference stars. I f  this fact is u t i l i z e d  
t h e   r e s u l t i n g   p o s i t i o n s  will b e  s y s t e m a t i c a l l y  more accu ra t e  because  the re  ail1 
be fewer parameters which will depend on t h e  r e f e r e n c e  stars alone. Table I 
a l s o  shows per fec t  agreement  (wi th in  the i r  e r rors )  be tween the  coma c o e f f i c i e n t s  
determined by t h e  two d i f f e r e n t  and completely  independent  methods.  Inspection 
of t h e  v a l u e s  a l s o  shows that one cannot doubt the r e a l i t y  of the va r i a t ions  o f  
t h e  coma effect from p l a t e  t o  p l a t e .  
THE ANALYTICAL FORM OF THE COMA EFFECT 
During t h e  work by Eichhorn and Gatewood, (1967) on new reduc t ion  param- 
eters f o r  t h e  n o r t h e r n  Hyderabad zone of the  Ast rographic  Cata logue ,  expres-  
s i o n s  (3) were used for  the model ing of  the magnitude equat ion and coma, a f t e r  
ex tens ive  exper iments  wi th  s ing le  p la tes  had  shown t h a t  c a r r y i n g  a d d i t i o n a l  
terms ~7OUld only  be  an  addi t iona l  load  on t h e  r e f e r e n c e  stars and decrease the 
sys temat ic  accuracy  of t h e  f i n a l  p o s i t i o n s .  S i n c e  a very powerful computer 
~7as n o t  a v a i l a b l e ,  t h e  p l a t e  o v e r l a p p i n g  was done i n  1 6  r e g u l a r  complexes of 
s i x  p l a t e s  each  ( and  an  add i t iona l  complex c o v e r i n g  t h e  g a l a c t i c  c l u s t e r  
NGC752). Table I1 gives  the  averages  of the va lues  o f  t he  coe f f i c i en t s  a2 
and  b2  ove r  t he  16  p l a t e s  i n  ana logous  pos i t i ons  in  the p l a t e  complex.  The 
i n d i v i d u a l  v a l u e s  were taken from Eichhorn and Gatewood (1968) and are t h e r e  
c a l l e d  u5 and $6, r e m e c t i v e l y .  
/Table 11. - Linear Coma Coef f i c i ent s  for  Yarying Pos i t ions  in  Overlapping Complex. I E 
Avg . 
I 
preceding 
-1162 
-1205 
-1184 
center  center preceding  average following 
-3196  -1983  -1983 
-1007 -1490 -1490 
-1238  -1674  -2187 
-2252 -2136 -1728 
-1736  -22 9 -1687  -2102 
following 
-1380 
-2110 
-1745 
average 
-1309 
-1007 
-2123 
-3196 
There is a pronounced trend of the a2 t o  increase with the r igh t  ascen-  
s ion  of  the p la t e  cen te r ,  and  a curved t rend with the d e c l i n a t i o n  i s  l i k e w i s e  
ind ica t ed .  The b va lues  cu rve  s t rong ly  with dec l ina t ion  and  wi th  r igh t  as- 
cens ion .  Inspec t lon  of  the v a l u e s  i n  E i c h h o r n  and Gatewood (1968) a l s o  shows 
that these dependences are more pronounced i n  the Milky Vay reg ions  ~ihere the 
l a r g e  number o f  f i e l d  stars creates a s t ronge r  ove r l ap  t i e  than  o f f  the Milky 
Way, w h e r e  t h e  f i t  t o  the r e f e r e n c e  stars is s t ronge r .  The s t ronges t  of  these, 
a l t h o u g h  d i f f e r e n t  i n  character, are a (a) and b (6) .  a2(cr) i s  p r a c t i c a l l y  
l i n e a r  and could probably be made conszant by a l lowing  fo r  a term I I I X ~  i n   t h e  
x reduct ions.  b2(6)  i s  smallest f o r  the c e n t e r  p l a t e s  a t  +38", the only one 
completely covered by ove r l app ing  p l a t e s .  If the y coma had a term m2y which 
was neg lec t ed ,  t he  effect t70Uld be  similar t o  what i s  observed i n  Table  11. 
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The adjustment of t h e  p l a t e s  t o  e a c h  o t h e r  is mainly determined by the f a in t  
stars which can actual ly  be on a sys t em tha t  dev ia t e s  f rom tha t  of t h e  r e f e r -  
ence stars s ince  none  of  the  re ference  stars are d i r e c t l y  compared w i t h  t h e  
f a i n t  f i e l d  stars. 
The o the r  t r ends ,  namely a2(6) and b2(a) are perhaps not pronounced e- 
nough t o  b e  o f  s e r i o u s  c o n c e r n .  They might be produced b i; terms mxy2 o r  m2xy, 
and myx2 o r  m2xy r e spec t ive ly .  No te  tha t  terms m2 and my , respec t ive ly ,  might  
a l s o  be  r e spons ib l e  fo r  t he  obse rved  a,(cr) and b2 (6 ) .  From t h e  material a t  
hand, one cannot decide whether higher order terms i n  m o r  t h e  c o o r d i n a t e s  are 
ind ica t ed .  Spec ia l  ad  hoc  inves t iga t ions  would i n  e a c h  case have  to  be  con- 
duc ted .  I f  fo r  i n s t ance ,  terms conta in ing  m2 are r e s p o n s i b l e  f o r  t h e  t r e n d s ,  
they would show up i f  coma values  determined from invest igat ions in  which stars 
wi th in  d i f fe ren t  magni tude  ranges  were compared. I f ,  f o r  i n s t a n c e ,  terms t h a t  
conta in  m2 were s i g n i f i c a n t  i n  t h e  Yale Zone discussed above, the values of G 
and J i n  T a b l e  I would b e  s i g n i f i c a n t l y  d i f f e r e n t  f r o m  a2 and b,, s i n c e  t h e  
former were determined from material in  the  magn i tude  r ange  o f  t he  r e fe rence  
stars only ,  whi le  the  l a t te r  were determined from images that cover the ent i re  
magnitude range of  the plate .  
However, even knowing which terms t o  i n c l u d e  i n  t h e  model so lves  only  
par t  of  the problem. How v a r i a b l e  will t h e  c o e f f i c i e n t s  o f  t h e s e  terms be  
from p l a t e  t o  p l a t e ?  What are the zero points  of  magni tude and coordinates  
t o  b e  u s e d  when h ighe r  o rde r  powers  of  these quant i t ies  are taken? (These 
will fur the rmore  have  to  be  ca r r i ed  as paranie te rs  and  thus  cont r ibu te  to  the  
sys t ema t i c  unce r t a in ty . )  Wil t h e i r  i n c l u s i o n  i n  t h e  s y s t e m  i n c r e a s e  t h e  
parameter  var iance  to  the  poin t  where  sys temat ic  e r rors  are inc reased  r a the r  
than decreased? All t h e s e  are ques t ions  tha t  on ly  fu r the r  expe r imev ta t ion  
can answer. 
CONCLUSION 
Astrometr ic  work almost always covers stars i n  a considerable magnitude 
range.  Since par t icular ly  non-l inear  magni tude effects  which are independent 
of the  images '  pos i t ions  on  the  p la te  can  be  es tab l i shed  only  by a g r a t i n g  o r  
i f  the re fe rence  material cove r s  t he  same magni tude  in te rva l  as t h e  f i e l d  
stars, no c r i t i ca l  work ought t o  be  unde r t aken  wi thou t  a c o a r s e  o b j e c t i v e  
g ra t ing  (o r  an  equ iva len t  dev ice )  o r  f a in t  r e fe rence  stars, preferab ly  both .  
A warning must a l s o  be  sounded aga ins t  over  conf ident  pred ic t ions  of 
systematic  accuracy obtainable  f rom overlapping without  or  with only a minimum 
of  re ference  stars. These  cons idera t ions  usua l ly  are based  on  the  (en t i re ly  
wrong) a s s u m p t i o n  t h a t  t h e  o p t i c a l  f i e l d  p r o p e r t i e s  o f  t h e  cameras used are 
e i t h e r  known o r  c a n  b e  e s t a b l i s h e d  w i t h  a n y  d e s i r e d  a c c u r a c y .  I n  t h i s  a u t h o r ' s  
*opinion, much more research w i l l  b e  n e c e s s a r y  t o  f i n d  o u t  f o r  s u r e  how t h e  
a p p l i c a t i o n  o f  t h e  p l a t e  o v e r l a p  method in f luences  the need  fo r  r e fe rence  
stars, e s p e c i a l l y  f a i n t  o n e s .  
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: In spite of  the imperfections mentioned, our re su l t s  on the Hyderabad Zone are s t i l l  
more lrcncrate than previous resules. 
: There are actuaZZy three kinds of coma which depend i n  d i f f e r e n t  ways on the aperture 
ra t io  and the mrgular width of  the f ield.  The ordinary linear coma i s  the most pre- 
valent f o r  re Zative l y  narrow f i e  Zds. For wider angle f i e l d s ,  coma terms that  involve 
the square of t h e  f i e l d  a n g l e  do  become important, likewise t e n s  t h a t  go as m’. The 
mx2 term, I bel ieve,  originates  from a decentering of t he  e lements.. 
: When one reduces a large field, preferab Zy i n  a ring around the sky, the coma obtained 
w i l l  have t o  a d j u s t  i t s e l f  t o  t h e  average value. 
: This i s  qu i t e  t rue ,  bu t  we had only small f i e  Zds. 
: When wide angle f ields are observed, mother cubic magnitude e f f e c t  i s  introduced. 
The principal ray i s  actually inclined to the emulsion, which has a f in i te  th ickness  
of, say 10 microns. A s  the l ight penetrates the emulsion a t  a  skew angle, the images 
of fa in t  s tars  are  formed c lose  to  the  emulsion surface, while those of bright stars 
are f o n e d  throughout the emulsion. Since the images are not measured from the dir- 
e c t i o n  i n  which the principal ray came, but  vert ical ly ,  a magnitude dependent dis-  
placement from the center w i  2 2  thereby be introduced. 
van  de Kamp : Originally, when long focus astrometry’ got started, it was  assumed that the lenses 
were perfect  and that there w a s  no coma. We now real i ze  tha t  long focus telescopes 
produce a coma e f f e c t   m d  we have learned t o  l i v e  w i t h  it. 
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INVERSION OF VERY  LARGE  MATRICES 
ENCOUNTERED IN LARGE SCALE PROBLEMS 
OF PHOTOGRAMMETRY  AND  PHOTOGRAPHIC  ASTROMETRY 
Duane C.  Brown 
D.B .A. Systems , Inc .  
ABSTRACT 
The simuZtaneous adjustment of very large 
nets  of overzapping pZates covering the ceZestiaZ 
sphere becomes computationaZZy feasible  by v i r tue  
of a tvofoZd process that ( a )  generates a system 
of norma2 equations having a %ordered-bandedn 
coeff icient matrix,  and (b )  soZves such a system 
in a highZy e f f i c i e n t  manner. NwnericaZ resuZts 
suggest that when a we22 constructed sphericaz 
net  is subjected t o  a rigorous, simultaneous ad- 
justment, the exercise of independentzy estab Zish- 
ed controZ points is neither required f o r  deter- 
minancy nor fo r  production of 'accurate resuZts. 
INTRODUCTION 
During t h e  las t  d e c a d e  t h e  d i s c i p l i n e s  of a n a l y t i c a l  photogrammetry and 
photographic  as t rometry have evolved,  qui te  independent ly  of  one another ,  a long 
c l o s e l y  paral le l  l i n e s .  I n  a s t r o m e t r y ,  t h e  i n i t i a l  i m p e t u s  was provided by 
Eichhorn's (1960) general  development  of  the  "plate  overlapping"  method.  This 
method is now w e l l  known t o  s p e c i a l i s t s  i n  a s t r o m e t r y  and is being adopted i n  
more  and  more i n v e s t i g a t i o n s  ( a  f a c t  w e l l  a t t e s t e d  t o  by seve ra l  pape r s  a t  t h i s  
c o n f e r e n c e ) .  I n  t h e  f i e l d  of photogrammetry the  theo ry  of ana ly t i ca l  ae ro -  
t r iangula t ion  developed  by  Brown (1958) consti tutes an independent development 
a k i n  t o  t h e  p l a t e  o v e r l a p p i n g  method. The a s t rome t r i c  and  photogrammetric 
t h e o r i e s  are concerned with fundamentally the same problem, namely, the re- 
cons t ruc t ion  of pos i t i ons  in  ob jec t  space  from  photographic  measurements.  In 
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t h e  a s t r o m e t r i c  p r o b l e m  r e l a t i n g  t o  stellar p o s i t i o n s ,  the p o i n t s  i n  o b j e c t  
space are loca ted  on  the  ce les t ia l  sphe re  at a n  e s s e n t i a l l y  i n f i n i t e  d i s t a n c e .  
Moreover, i f  s te l la r  p a r a l l a x e s  are ignored ,  the loca t ion  o f  a l l  exposure sta- 
t i o n s  may b e  c o n s i d e r e d  t o  c o i n c i d e  w i t h  the center  of  the celest ia l  sphere .  
Thus i n  stellar astrometry one is concerned pr imari ly  with the  geomet r i ca l  
r econs t ruc t ion  o f  a two dimensiona2 object  space from photographs made by 
cameras of known and  co inc ident  loca t ion .  By c o n t r a s t ,  i n  aerial  photogram- 
metry the p o i n t s  i n  o b j e c t  s p a c e  are a t  a f i n i t e  d i s t a n c e  and are d i s t r i b u t e d  
in   th ree   d imens ions .   I lo reover ,   the   exposure   s ta t ions  are n o t  n e c e s s a r i l y  
co inc iden t  no r  are they  necessa r i ly  of known l o c a t i o n .  Thus i n  aer ia l  photo- 
grammetry  one is concerned  pr imar i ly  wi th  the  geometr ica l  recons t ruc t ion  of  
t h ree  d imens iona l  ob jec t  space  from photographs made by cameras of unknown 
and  noncoincident   locat ion.  It fo l lows ,   t hen ,   t ha t   bas i c   deve lopmen t s   i n   ana -  
l y t i c a l  a e r o t r i a n g u l a t i o n  c a n  u s u a l l y  b e  s p e c i a l i z e d  i n  o r d e r  t o  a p p l y  t o  as- 
trometry,  whereas developments in astrometry must usually be generalized in 
o r d e r  t o  a p p l y  t o  a n a l y t i c a l  a e r o t r i a n g u l a t i o n .  I n  t h i s  p a p e r ,  r e s u l t s  i n  
a n a l y t i c a l  a e r o t r i a n g u l a t i o n  o r i g i n a l l y  d e v e l o p e d  t o  e s t a b l i s h  a Lunar Con- 
t r o l  Network  (Brown, 1968) w i l l  b e  s p e c i a l i z e d  t o  a p p l y  t o  t h e  a n a l o g o u s  as- 
trometric problem of determining s te l lar  pos i t ions  f rom a p o s s i b l y  l a r g e  n e t  
of overlapping  photographs  covering  the  ent i re  ce les t ia l  sphere .  The r i g o r -  
ous simultaneous adjustment of such  ne ts  can  lead  to  the  genera t ion  of sys- 
tems of   normal   equat ions  involving  tens  of thousands  of unknowns.  The prob- 
lem of ob ta in ing  a p r a c t i c a l ,  d i r e c t  s o l u t i o n  t o  s u c h  a system (as opposed to 
an i n d i r e c t  o r  i terat ive process such as t h a t  of a Gauss-Seidel) i s  one t h a t  
has  been  successfu l ly  so lved  in  ana ly t ica l  photogrammetry .  As w i l l  b e  shown, 
an  ana logous  so lu t ion  appl ies  to  the  as t romet r ic  problem of simultaneous ad- 
justment of a large block of  photographs covering the celestial  sphere .  
STRUCTURE OF THE  NORMAL  EQUATIONS 
In  cons ide r ing  the  p rob lem o f  ad jus t ing  a la rge  b lock  of  over lapping  pho- 
tographs providing complete coverage of the Moon,  Brown (1968) showed t h a t  by 
fo l lowing  a process  of  "pole- to-pole  spiral  order ing" of photographs one gen- 
erates a banded system of  normal  equat ions amenable  to  an eff ic ient  direct  
s o l u t i o n .  We s h a l l  r e v i e w  t h e s e  r e s u l t s  b r i e f l y  b e f o r e  c o n s i d e r i n g  t h e i r  
appl icat ion to  the corresponding astrometr ic  problem. 
Photographic coverage of a sphere from external  points  can be systema- 
t i z e d  i n  a convenient manner by means of a scheme based on successive bisec- 
t i ons  o f  the s ides  o f  an  i cosahedron  in sc r ibed  in  a sphe re  (F igu re  1 ) .  A 
t o t a l  of k s u c c e s s i v e  b i s e c t i o n s  g e n e r a t e s  a set of approximately equal spher- 
i c a l  t r i n a g l e s  h a v i n g  a t o t a l  of 1 0  x qk + 2 v e r t i c e s .  Each ver tex  genera ted  
by a given level o f  b i sec t ion  may be regarded as the approximate nadir  of  a 
v e r t i c a l  phot.ograph.  For a spec i f ied  cone  angle  of t h e  camera the  he ights  of  
exposure  s ta t ions  may be  t aken  to  be  comfor t ab ly  su f f i c i en t  t o  encompass a l l  
i m m e d i a t e l y  a d j a c e n t  n a d i r s  ( g e n e r a l l y  s i x  i n  number,  except when the exposure 
s t a t i o n  i s  over a ve r t ex  o f  t he  o r ig ina l  i cosahedron ,  whereupon t h e  number of 
ad jacen t  nad i r s  i s  f i v e ) .  Thus p o i n t s  i n  t h e  v i c i n i t y  of  photo  nadirs  gener- 
a l ly  appea r  on seven  d i f fe ren t  photos  and  most  o ther  po in ts  appear  in  four  or  
more photos.  
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FIGURE 1 
Systematic  method of s u b d i v i s i o n  o f  a s p h e r i -  
c a l  s u r f a c e  by r e p e a t e d  b i s e c t i o n s  of  t i l e  s i d e s  
of a n  i n i t i a l  set of  s p h e r i c a l  t r i a n g l e s  c o n n e c -  
t i n g  a d j a c e n t  v e r t i c e s  o f  a n  i n s c r i b e d  i c o s a h e -  
d ron .  
1 1 1 1 1 
FIGURE 2 
I l l u s t r a t i n g  p o l e - t o - p o l e  s p i r a l  o r d e r i n g  f o r  4 2 - p h o t o  n e t  c o v e r i n g  a 
s p h e r e .  
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The de ta i l ed  s t ruc tu re  o f  t he  no rma l  equa t ions  fo r  t he  pho togrammet r i c  ad-  
justment   depends  direct ly   on  the  photo-order ing scheme  adopted. The  most  de- 
s i r a b l e  scheme a p p e a r s  t o  b e  what may be  ca l led  "pole- to-pole  sp i ra l  o rder ing" .  
The app l i ca t ion  o f  such  a scheme t o  t h e  42 photo  ne t  genera ted  by t h e  f irst  le-  
v e l  of  bisect ion of  an icosahedron is i l l u s L r a t e d  i n  F i g u r e  2 .  Here, t h e  i c o -  
sahedron  provid ing  the  f ramework  for  the  d iv is ion  of  the  sphere  i s  p r e s e n t e d  i n  
i ts  well known development as a s u r f a c e  i n  a plane.  The flow of the numbering 
scheme cha rac t e r i z ing  po le - to -po le  sp i r a l  o rde r ing  i s  i n d i c a t e d  w i t h  t h e  a ia  of 
arrows  and i s  l a r g e l y  self  explanatory.  The on ly  sub t l e ty  o f  t he  scheme i s  i n  
t h e  manner i n  w h i c h  t h e  t r a n s i t i o n  i s  made from one zone t o  t h e  n e x t .  If s p i -  
r a l i n g  i s  t o  t h e  r i g h t ,  as i n  t h e  f i g u r e ,  t h e  s t e p  down from one zone t o  the 
next  must a l s o  b e a r  t o  t h e  r i g h t ,  as shown, for  otherwise the form of  the nor-  
mal equat ions w i l l  be  adverse ly  a f fec ted .  
When pole- to-pole  sp i ra l  o rder ing  i s  a d o p t e d ,  t h e  c o e f f i c i e n t  m a t r i x  o f  
normal  equat ions for  s imultaneous block adjustment  assumes the form typif ied in  
Figure 3 ,  w h i c h  a p p l i e s  s p e c i f i c a l l y  t o  t h e  1 6 2  p h o t o  n e t  r e s u l t i n g  f r o m  t h e  
second level  of  icosahedronal  b i sec t ion .  Each small sq. :re i n  t h e  f i g u r e  re- 
p r e s e n t s  a 6 x 6 block of nonzero  elements.  The unknowns c o n s i s t  of s i x  pro- 
j ec t ive  parameters   for   each  photo,   namely,   correct ions (6Xc, byc,  bZc) t o  t h e  
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FIGURE 4 
I l l u s t r a t i o n s  s h o w i n g  t h e  i n c r e a s e  of d i a g o n a l  
dominance of t h e  n o r m a l  e q u a t i o n s  f o r  a spher -  
i c a l  n e t  w i t h  a n  i n c r e a s e  in t h e  number of pho- 
t o s  i n  t h e  n e t .  
adopted posi t ion of  each exposure s ta t ion and correct ions 
adopted  angular   e lements   of   or ientat ion.  The coord ina tes  X, Y ,  Z of  photo- 
graphed points do no t  appea r  exp l i c i t l y  in  the  no rma l  equa t ions  fo r  t hey  have  
been el iminated according to  the method  developed by Brown (1958). The nonzero 
elements of t h e  c o e f f i c i e n t  m a t r i x  are s e e n  t o  b e  c o n f i n e d  t o  f i v e  d i a g o n a l  
bands that are pa ra l l e l  except where they draw together near the upper left  and 
lower r ight  hand ex t remet ies  of t he  ma t r ix .  The m a t r i x  f a l l s  w i t h i n  t h e  p e n e r -  
a1 c l a s s i f i c a t i o n  o f  banded  matrix. An N x N mat r ix  {a i j}  i s  s a i d  t o  b e  banded 
with a minimum bandwidth  of p i f  ai. = 0 f o r  a l l  li-jl 2 p,  and i f  ai, 
# 0 f o r  a t  least one  value of i. The  bandwidth r a t i o  i s  det ined ai, i-p + 1 
as p/N. In  gene ra l ,  w i th  po le - to -po le  sp i r a l  o rde r ing  one  f inds  tha t  t he  co- 
e f f i c i e n t  m a t r i x  of the  normal  equat ions  for  the  ad jus tment  of  the  spher ica l  
ne t  def ined  by t h e  k t h  b i sec t ion  o f  an  i cosahedron  cons t i t u t e s  a banded system 
having  the  fo l lowing  proper t ies .  
+ P-1 
Number of photos,  m: 10 x qk + 2 
Order of normal equations, N :  gm(k = number of unknowns per photo) 
Bandwidth, p: k [ 10 x 2k + 31 = ~ J l h  
Bandwidth r a t i o ,  p/N: (10 x z k  + 3) / (10  x 4 k  + 2) 
1 1 /2k  
= 1/ J m / l O  
The f a c t  that the bandwid th  r a t io  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  
of t h e  number of photos means that the normal equations become inc reas ing ly  d i -  
agonally dominant as the number of photos i n  the net is increased  (see Figure  4 ) .  
By e x p l o i t i n g  this f a c t ,  o n e  c a n  (as w i l l  b e  shown s h o r t l y )  e f f e c t  the s o l u t i o n  
of  the normal  equat ions w i t h  a n  e f f i c i e n c y  re la t ive  t o  a conven t iona l  so lu t ion  
t h a t  i n c r e a s e s  with the number of photos. 
The development, as r ev iewed  thus  f a r ,  pe r t a ins  to  a photogrammetric block 
with unknown exposure  s t a t ions  ex te rna l  t o  the  sphe re .  The s p e c i a l i z a t i o n  of 
the development  to  apply to  the astrometr ic  problem involves  the fol lowing s teps:  
253 
a) t h e  r a d i u s  o f  the sphe re  is ass igned  the va lue  o f  un i ty ;  
b) a l l  e x p o s u r e  s t a t i o n s  are assigned a he ight  of  minus  uni ty  ( th i s  
p l aces  a l l  s t a t i o n s  i n  c o i n c i d e n c e  a t  the c e n t e r  of the un i t  sphe re ;  a l so ,  
n a d i r  p o i n t s  become t a n g e n t i a l  p o i n t s ) ;  
c )  t he  coord ina te s  o f  ex  osu re  s t a t ions  are no t  a l lowed  to  ad jus t ;  
d) the c o n s t r a i n t  X2 + Y + Z2 = 1 i s  i n t r o d u c e d  f o r  a l l  photographed 
po in t s ,  o r ,  equ iva len t ly ,  t he  he igh t  of each  poin t  is cons t r a ined  to  ze ro  ( in  
e i t h e r  case, the X,  Y ,  Z ' s  become d i r e c t i o n  c o s i n e s ) ;  
e) t h e  p r o j e c t i v e  m o d e l . i s  r e v i s e d ,  i f  d e s i r e d ,  t o  i n c l u d e  a d d i t i o n a l  
parameters beyond t h e  t h r e e  r o t a t i o n a l  p a r a m e t e r s  r e m a i n i n g  a f t e r  s t e p  c ) ;  
f )  a camera cone angle  is as s igned  tha t  is s u f f i c i e n t l y  l a r g e  t o  encom- 
p a s s  t h e  t a n g e n t i a l  p o i n t s  o f  t h e  f i v e  o r  s i x  p l a t e s  i m m e d i a t e l y  a d j a c e n t  t o  
t h a t  of  any given plate .  
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Wi th  r ega rd  to  f ) ,  one  f inds  tha t  fo r  a p l a t e  format 23cm i n  d i a m e t e r ,  t h e  
cone  angles  and  foca l  lengths  appropr ia te  to  the  var ious  levels o f  b i sec t ion  
of the icosahedron are as i n d i c a t e d  i n  T a b l e  1. It is  t o  b e  n o t e d  t h a t  t h e  
degree of overlap provided by t h e  recommended scheme (i .e. ,  po in t s  common t o  
as many as seven  p la tes )  is g rea t e r  t han  is  g e n e r a l l y  p r a c t i c e d  i n  a s t r o m e t r y .  
Customary a s t rome t r i c  ove r l ap  of f i f t y  p e r c e n t  ( and  o f t en  l e s s )  would be  con- 
s ide red  by photogrammetr ic  s tandards to  be too weak fo r  an  accep tab le  ana ly t i -  
cal  r econs t ruc t ion .  
TABLE 1 .  Characteristics of camera coverage of celestial sphere 
corresponding to various levels of bisection of icosahedron, (for adopted 
plate format 23cm i n  diameter). 
No. Bisections No. Plates Cone Angle Focal  Length (rn) 
k rn 29  f=.l15cot9 
1 42 72 ' .16 
2 
10242 4:5 2.92 5 
2562 9" 1.46 4 
642 18" .73 3 
162 36 ' .35 
1 
When the s teps  out l ined  above  are taken ,  the  normal  equat ions  for  the  
astrometric problem assume precisely the form considered above for the cor- 
responding  photogrammetric  problem. The o n l y  d i f f e r e n c e  is t h a t  t h e  6 X 6 
nonzero submatrices,  such as t h o s e  i n  F i g u r e  3, become R x R submatr ices ,  
where R d e n o t e s  t h e  number o f  p ro jec t ive  pa rame te r s  cons ide red  to  be  unknown 
f o r  e a c h  p l a t e .  
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FIGURE 5 
General  form  of bordered-banded  coefficient  matrix. 
SOLUTION AND INWRSION OF BANDED SYSTEMS 
The banded system of Figure 3 may be regarded as a s p e c i a l  case of t h e  
genera l  matrix depic ted  i n  Figure  5. This is a bordered-banded matrix having 
bandvidth of p and border width of q. In e a r l y  1966 we developed a s p e c i a l  
a l g o r i t h m  c a l l e d  R e c u r r e n t  P a r t i t i o n i n g  t o  e f f e c t  the d i r e c t  s o l u t i o n a n d  (on 
opt ion)  inversion of  the matrices of normal equations having bordered-banded 
c o e f f i c i e n t  matrices. The a lgor i thm was inco rpora t ed  in to  ou r  ex i s t ing  ana ly -  
t i c a l  a e r o t r i a n g u l a t i o n  program, which i n  June  1967 was success fu l ly  used  to  
e f fec t  the  ad jus tment  of  a s imulated 1000 photoblock of aerial photographs (5 
s t r i p s  of 200 photos).  Total  computing time f o r  the formation of  the normal 
oquations and the computation of their s o l u t i o n  by Recur ren t  Pa r t i t i on ing  a- 
mounted t o  40 minutes on a computer i n  the class of an IBM 7094. A convention- 
a l  d i r e c t  s o l u t i o n ,  b y ' c o n t r a s t ,  would have taken well over  500 times longer .  
I n  g e n e l a l ,  the computing time r e q u i r e d  t o  s o l v e  a bordered-banded system of 
normal  equat ions by Recurrent  Par t i t ioning i s  on  the  order  T = K(p + q)2N where 
K i 6  a constant depending on the computer used. A c o m p l e t e l y  f i l l e d  c o e f  f i c i -  
e n t  matrix co r re sponds  to  the s p e c i a l  case where p + q = N, whereupon Recurrent 
P a r t i t i o n i n g  becomes e q u i v a l e n t  t o  Gauss Elimination, and the computing t i m e  
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FIGURE 6 
Partit ioning of banded system of normal e- 
quations. 
becomes To KN3 . It f o l l o w s   t h a t  a s o l u t i o n  by Recur ren t   Pa r t i t i on ing  re- 
qu i r e s  on ly  T/To = (p  + q) /N as much t i m e  as a s o l u t i o n  by d i r e c t  method t h a t  
does not  specif ical ly  recognize and exploi t  the bordered-banded form of  the 
normal equations.  
Because  the  de ta i led  development  of  Recurren t  Par t i t ion ing  is provided by 
Gyer (1967) , we s h a l l  limit c o n s i d e r a t i o n  h e r e  t o  t h e  b a r e  e s s e n t i a l s  of t h e  
method.  Furthermore, we s h a l l  limit c o n s i d e r a t i o n  t o  a banded  system f o r  t h i s  
s u f f i c e s  t o  i l l u s t r a t e  t h e  p r i n c i p l e s  i n v o l v e d .  I l l u s t r a t e d  i n  F i g u r e  6 is 
a banded system of normal equations which has been subjected to tr iple parti-  
t i on ing .  The number o f  e l e m e n t s  i n  t h e  first p a r t i t i o n  i s  a r b i t r a r y  e x c e p t  
tha t  ssp ,  the  bandwidth .  The number of elements i n  t h e  s e c o n d  p a r t i t i o n  is p,  
which automatically leaves U=N-p-s elements i n  t h e  t h i r d  p a r t i t i o n .  I f  we now 
a p p l y  t h e  method of p a r t i t i o n i n g  t o  e l i m i n a t e  t h e  v e c t o r  61 from the above 
system, we s h a l l  o b t a i n  t h e  r e d u c e d  s y s t e m :  
Because N are zero  matrices by cons t ruc t ion ,  this reduces to:  
13'  NT3 
Comparing this system with i t s  p redecesso r  i n  F igu re  6 ,  we see that the band- 
ed form and the bandwidth of t h e  o r i g i n a l  c o e f f i c i e n t  m a t r i x  are preserved;  
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o n l y  t h e  N22 por t ion  of  the matrix is a l t e r e d  by the e l imina t ion  of  6,. One 
c o u l d  t h e r e f o r e  p a r t i t i o n  t h e  r e d u c e d  s y s t e m  i n . t h e  same manner as t h e   o r i g i n a l  
system,  and  then  could  repeat the process  of e l imina t ion .  It is clear t h a t  a t  
no s tage  of  the  repea ted  appl ica t ion  of  this process  would one have t o  o p e r a t e  
ou t s ide  the  o r ig ina l  band .  Moreover, a t  any s t ep  o f  t he  p rocess ,  on ly  the  
p x p p o r t i o n  o f  t h e  matrix cor responding  to  the c u r r e n t  N,, i s  s u b j e c t  t o  al- 
t era t ion.  
The o v e r a l l  p r o c e s s  t h u s  c o n s t i t u t e s  a s i m p l e  r e p e t i t i v e  r e d u c t i o n  that 
can be formulated as a recurrent  process  (hence the name R e c u r r e n t  P a r t i t i o n -  
ing) .  Repeated appl icat ion of  the process  sill u l t i m a t e l y  l e a d  t o  a system 
s u f f i c i e n t l y  small t o  b e  s o l v e d  d i r e c t l y  f o r  a l l  of the  remain ing  unknowns. 
T h i s  p a r t i a l  s o l u t i o n  c a n  t h e n  b e  u s e d  i n  backward s u b s t i t u t i o n ,  whereby t h e  
unknowns e l imina ted  a t  each s tep of  the forward course are recovered i n  re- 
ve r se  o rde r .  As i n  the  forward  reduct ion ,  the  bandwidth  is preserved through- 
o u t  t h e  b a c k w a r d  r e d u c t i o n .  S p e c i f i c  e x p l o i t a t i o n  o f  t h e  f a c t  that zeroes  
ou t s ide  the  o r ig ina l  band  are never ann ih i l a t ed  p rov ides  the key t o   t h e  compu- 
t a t iona l  e f f i c i ency  o f  t he  a lgo r i thm.  A similar statement h o l d s  f o r  the ex- 
tended  vers ion  of R e c u r r e n t  P a r t i t i o n i n g  a p p l y i n g  t o  a bordered-banded matrix. 
Not on ly  can  Recur ren t  Pa r t i t i on ing  be  used  to  so lve  a bordered-banded 
system of normal equations but it can  a l so  be  adapted  t o  i n v e r t  t h e  c o e f f i c i e n t  
m a t r i x .  I n  t h e  a p p l i c a t i o n  t o  i n v e r s i o n ,  t h e  a l g o r i t h m  can, on opt ion,  be ex- 
e r c i s e d  t o  r e c o n s t r u c t  o n l y  t h a t  p o r t i o n  o f  t h e  inverse co r re spond ing  to  the  
o r i g i n a l  band and border. Because it requ i r e s  on ly  as much a d d i t i o n a l  time 
as is n e e d e d  f o r  t h e  s o l u t i o n  a l o n e ,  t h i s  mode of i nve r s ion  is e s p e c i a l l y  ef- 
f i c i e n t .  Yet, it provides  a l l  the  e lements  of  the  inverse t h a t  are needed  for  
subsequent  e r ror  propagat ion  through the  de te rmina t ion  of  pos i t ions  in  o b j e c t  
space.  
The b o r d e r  i n  a bordered-banded system allows one t o  accommodate unknovms 
t h a t  may be  common t o  many p l a t e s  - p a r a m e t e r s  f o r  d i s t o r t i o n ,  f o r  example 
(perhaps  wi th  tempera ture  dependent  coef f ic ien ts ) .  Another  poss ib i l i ty  i s  t o  
employ t h e  b o r d e r  f o r  t h e  c o e f f i c i e n t s  o f  a t e n t a t i v e ,  e m p i r i c a l  e r r o r  model 
. intended to  account  for  unknown s y s t e m a t i c  e r r o r s  t h a t  are regarded as common 
t o  a l l  p l a t e s  o r  t o  l a r g e  s u b s e t s  of  plates .  For  example,  one might  postulate  
t h a t  s y s t e m a t i c  e r r o r s  common t o  a l l  p l a t e s  c.an be  desc r ibed  empi r i ca l ly  by 
s e l e c t e d  terms of general  polynomials such as: 
r i j  
i = 2  j = O  k=O 
A y =  C C C bijkx i-j Y j-kzk J 
where x, y deno te  p l a t e  coord ina te s ,  and z denotes  either image diameter or 
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stellar magnitude.  The unknown c o e f f i c i e n t s   b i j k  would be  determined 
w i t h i n  t h e  a d j u s t m e n t  ( n o t e :  z e r o  a n d  f i r s t  o r  r terms are n o t  i n c l u d e d  i n  
the  above  express ions  because  they  would  ord inar i ly  be  equiva len t  to  the  par -  
ameters i n  t h e  banded portion of t h e  m a t r i x ) .  When a l l  p l a t e s  c o n t r i b u t e  t o  
a common empirical model, t h e  r e s u l t  i s  f a r  more de t e rmin i s t i c  t han  when in-  
dependent einpirical models are p o s t u l a t e d  f o r  e a c h  p l a t e .  For t h i s  r e a s o n ,  
one can accommodate r a t h e r  e x t e n s i v e  m o d e l s  i n  t h e  b o r d e r  w i t h o u t  s e r i o u s  r i s k  
of  inducing i l l -condi t ioning.  The border  can a l s o  serve as a convenient  place 
t o  a s s i g n  o c c a s i o n a l  p a r a m e t e r s  t h a t  would otherwise increase the bandwidth 
o f  t he  banded p o r t i o n  of t h e  matrix. Thus  one  sometimes f i n d s  t h a t  a l o g i c a l  
order ing scheme leads to  a very narrow bandwidth except for a few ou t ly ing  
b locks  r equ i r ing  a s igni f icant ly  wider  bandwidth  for  the i r  accomodat ion .  One 
can e a s i l y  overcome th i s  p rob lem by r eo rde r ing  the offending parameters s o  
t h a t  t h e y  become re l ega ted  to  the  bo rde r .  
From the  foregoing  it is  clear that  a bordered-banded system allows the 
i n v e s t i g a t o r  c o n s i d e r a b l y  g r e a t e r  f l e x i b i l i t y  t h a n  d o e s  a banded system alone. 
By achieving an o r d e r i n g  t h a t  g e n e r a t e s  a banded bordered system of normal 
equat ions having minimum p + q, one maximizes t h e  e f f i c i e n c y  of t h e  s o l u t i o n .  
THEORETICAL COMPUTING TIMES 
The s ign i f i cance  o f  po le - to -po le  sp i r a l  o rde r ing  i n  combination with 
Recur ren t  Pa r t i t i on ing  i s  bes t  apprec i a t ed  th rough  a comparison of the theore- 
t ical  computing times r e q u i r e d  f o r  t h i s  a p p r o a c h  v e r s u s  a convent ional  unstruc-  
tured approach. Such a comparison is p rov ided  in  Tab le  2 .  
TABLE 2. Theoretical m p v t i n g  timer for soluriar of namal  eqvati- for simultaneous adiustment of astranetric  net 
cove:ing entire  celestial sphere. 
Number 
Rec. Part. (hr) Solution fir) 
Solulion By Conventional Rotia PlVr N m a l  length Angle Birccliau 
T m p .  Time, 'Ccmp. Time, Borlewidlh I Border-Bandwidlh Degree of F a d  Cone 
(meten) Bandwidth Eqmtioru 
k T-[@+q)/NYT, TO2KN' (Pd 'N P+? N f 29 
1 .m11 
.I24 1 1  3.4 3 6 6 x 4 3  366x162 .35  36' 2 
-0029 I /  1.7 3623 3-42 .16 72' 
.ow 
3 18' .73  36+6x642 
3-323 36+6x10242 2.92 4:s 5 
1il5.2 36t6x163 36r6x2562 1.46 P 4 
1/ 7.3 36+6x83 
442.6 
IBl.2 
1.9 
28,129. 29.0 
7.11 . I 3  
;B~donCDCd6W(k=1.21 x 10") 
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Here, w e  have made the fol lowing assumptions:  
a )  6 independent  project ive parameters  are e x e r c i s e d  f o r  each p l a t e  ( t h u s ,  
b) 36 parameters are c o n s i d e r e d  t o  be common t o  a l l  p l a t e s  ( t h u s ,  q = 36);  
c) a CDC-6600 computer is used  fo r  t he  r educ t ion  ( thus ,  K = 1.2 x 10"lOhr 
R = 6);  
i n   t h e   e x p r e s s i o n  To K N 3 ) .  
Because some of  the  matrices considered become t o o  l a r g e  t o  b e  s t o r e d  i n  any 
r e a l i s t i c a l l y  p o s t u l a t e d  c o r e ,  t h e  f u r t h e r  a s s u m p t i o n  is  made t h a t  e x t e r n a l  
s to rage  is u s e d  f o r  t h e  c o e f f i c i e n t  matrix and tha t  each  r educ t ion  i s  pe r fec t -  
l y  b u f f e r e d  so t h a t  no t i m e  is l o s t  i n  t r a n s f e r  of d a t a  i n  and ou t  of core. 
This assumption is o n e  t h a t  c a n  b e  r e a l i z e d  i n  p r a c t i c e .  
Table 2 i n d i c a t e s  t h a t  w h i l e  a conven t iona l  d i r ec t  so lu t ion  of the normal  
equat ions becomes p r o h i b i t i v e l y  t i m e  consuming for  nets  embracing thousands of 
p h o t o s ,  t h i s  i s  n o t  t h e  case when Recur ren t  Pa r t i t i on ing  is employed. We see, 
f o r  example, t h a t  a convent iona l  reduct ion  of  a 2562 photo net  would r e q u i r e  
well over  two weeks of steady computing on a CDC-6600, whereas a reduct ion  
by Recur ren t  Pa r t i t i on ing  would requi re  under  two hours.  Table 2 sugges ts  
t h a t  even the adjustment  of  net  containing as many as 10 000 photos remains 
a p r a c t i c a l  p o s s i b i l i t y  w i t h  R e c u r r e n t  P a r t i t i o n i n g .  
RESULTS OF NUMERICAL  SIMLILATIONS 
Simulat ions reported on  by Brown (1968) i n d i c a t e  t h a t  i n  e s t a b l i s h i n g  a 
Lunar control network of uniform accuracy by simultaneous adjustment of a l l  
photos  covering the surface,  one can do t o t a l l y  w i t h o u t  t h e  e x e r c i s e  of pre-  
e s t a b l i s h e d  c o n t r o l  p o i n t s .  It  s u f f i c e s  i n s t e a d  s i m p l y  t o  e x e r c i s e  a set of 
a r b i t r a r y  c o n s t r a i n t s  t h a t  serves t o  d e f i n e  u n i q u e l y  t h e  o r i g i n ,  o r i e n t a t i o n  
and s c a l e  of the  coord ina te  sys tem to  be  adopted .  One would expect a similar 
r e s u l t  t o  h o l d  f o r  t h e  c o r r e s p o n d i n g  a s t r o m e t r i c  r e d u c t i o n .  I n  t h i s  c a s e ,  
the specif icat ion of  the coordinate  system could be ful ly  accomplished by as- 
s i g n i n g  d i r e c t i o n  c o s i n e s  ( 0 , 0 , 1 )  t o  o n e  p a r t i c u l a r  star and by a s s ign ing  a 
v a l u e  o f  z e r o  t o  e i t h e r  t h e  f i r s t  o r  s e c o n d  d i r e c t i o n  c o s i n e s  of another star 
The f i r s t  s p e c i f i c a t i o n  would e s t a b l i s h  an a r b i t r a r y  p o l e  and the  second an  
a rb i t r a ry  ze ro  mer id i an .  
In  o rde r  t o  ga in  in s igh t  i n to  the  fundamen ta l  s t r eng th  o f  t he .  ad jus tmen t ,  
w e  performed a series of  numerical  s imulat ions of  the 42 pho to  a s t rome t r i c  ne t  
r e s u l t i n g  from t h e  f i r s t  b i s e c t i o n  of an icosahedron. Camera f o c a l  l e n g t h  was 
taken as 150mm, which is  c l o s e  t o  t h e  16Omm of Table 1 and corresponds t o  a 
t y p i c a l  ae r ia l  mapping  camera. P la te  measuring accuracy was taken as three 
microns (one sigma) which corresponds to a basic  angular  accuracy of  about  four  
seconds of arc. Only t h e  minimal case w a s  considered in  which the measured 
stars on each plate  are l i m i t e d  t o  stars n e a r  t h e  t a n g e n t i a l  p o i n t s  o f  o v e r -  
l app ing  p l a t e s  ( thus  on ly  6 o r  7 stars are measured  on  each p l a t e ) .  I n  o r d e r  
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I 42 TABLE 3. Expected  accuracies of stellar  positions from simultaneous adjustment of plate net covering celestial sphere(camera cone angle 72", focal length 150mm). I 
Case 1. L im i t ing  case of  perfect ly known 
projective  parameters  for all plates. 
M i n .  1'!27  1'!23 
1.32  1.32 1 
1.29  1.25 
Case 2. All projective parameters unknown; 
twelve  well   distr ibuted  control  points  exercised 
in  adjustment. 
Case 3. All  projective  parameters  unknown;  Min. 1.58  1.54 
no  control  points  exercised  inadjustment.  Max. 1.96 1.94 
1.74  1.69 
t o  u se ,  w i thou t  mod i f i ca t ion ,  t he  computer  program  developed fo r  t he  s imula t ion  
of t h e  Lunar  cont ro l  ne t ,  w e  l i m i t e d  t h e  unknown p r o j e c t i v e  p a r a m e t e r s  t o  t h e  
th ree   angu la r   e l emen t s   o f   o r i en ta t ion   fo r   each   p l a t e   ( t hus  = 3 ) .  Invers ion  
of t h e  c o e f f i c i e n t  m a t r i x  of the  normal  equat ions  was accomplished by Recurrent 
P a r t i t i o n i n g .  The resu l t ing  covar iance  mat r ix  of  the  pro jec t ive  parameters  was 
then  used  to  per form the  e r ror  propagat ion  assoc ia ted  wi th  the  de te rmina t ion  
of s te l lar  coord ina tes  in  accordance  wi th  resu l t s  deve loped  by  Brown (1958). 
Key r e s u l t s  of t he  s imula t ions  are summarized i n  T a b l e  3 .  I n  Case 1 we 
assumed t h a t  a l l  p ro jec t ive  pa rame te r s  were f l a w l e s s l y  known. T h i s  l i m i t i n g  
case provides  a s tandard against  which other  less r e s t r i c t i v e  c a s e s  c a n  b e  
eva lua ted .  The ang le s  X ,  4 r e f e r r e d  t o  i n  t h e  t a b l e  are sphe r i ca l  coord ina te s  
ana logous  to  r igh t  ascens ion  and  dec l ina t ion .  The  tab le  l ists  t h e  minimum, 
maximum and average values of 09 and a X C O S @  r e s u l t i n g  from the propagat ion of  
p la te  measur ing  e r ror  th rough the  s imul taneous  ad jus tment  of  the  en t i re  b lock  of 
p l a t e s .  Fo r  Case 1 w e  see tha t ,  g iven  pe r fec t  p ro j ec t ive  pa rame te r s ,  accu rac i e s  
i n  s te l lar  p o s i t i o n s  on the  o rde r  o f  1'!3 are to  be  expec ted  f rom the  pos tu la ted  
42, photo   ne t .  
I n  Case 2 none of  the project ive parameters  i s  cons idered  to  be  known. How- 
ever, a set  of twelve, p e r f e c t l y  known s te l lar  c o n t r o l  p o i n t s  i s  e x e r c i s e d  i n  t h e  
reduct ion .  These  cont ro l  po in ts  are loca ted  a t  the. vertices o f  t he  in sc r ibed  
icosahedron from which the net  w a s  g e n e r a t e d .  I n  t h i s  case, the propagated ef-  
f e c t  o f  e r r o r s  i n  t h e  p r o j e c t i v e  parameters reconstructed from the adjustment  
r e s u l t s  i n  a n  i n c r e a s e  i n  t y p i c a l  s t a n d a r d  d e v i a t i o n s  t o  s l i g h t l y  o v e r  1!'4, o r  
about  seven  percent  h igher  than  the  l imi t ing  case .  
The  most i n t e r e s t i n g  and  most s i g n i f i c a n t  r e s u l t s  a re  provided by Case 3. 
Here, a l l  p ro jec t ive  pa rame te r s  are regarded as unknown, and not a s i n g l e  con- 
t r o l  p o i n t  i s  exerc ised .  The coordinate  system is e s t a b l i s h e d  by ass igning  
d i r e c t i o n  c o s i n e s  (0,0,1) t o  P o i n t  1, the adopted pole,  and by d e f i n i n g  t h e  
zero  mer id ian  to  pass  through Poin t  1 7  (see F igure  2 ) .  The cons ide ra t ion  of 
overriding importance from Case 3 is  tha t  the  ad jus tment  remains  de te rmina te  
even  though  no  control-points  are  exercised.   Moreover ,   s tandard  deviat ions 
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are fa i r ly  uni form throughout  the celestial sphere and are only about one 
t h i r d  h i e h e r  t h a n  t h o s e  f o r  t h e  l i m i t i n g  case (about 1!'7 versus  1'.'3). This  
r e s u l t ,  it is t o  b e  emphasized, depends on the reduct ion  of only s i x  o r  s even  
stellar images p e r  p l a t e .  I f  t h e  number were i n c r e a s e d  t e n f o l d  t o  s i x t y  o r  
seven ty  pe r  p l a t e ,  one  cou ld  expec t  t he  r e su l t i ng  ave rage  s t anda rd  dev ia t ions  
t o  a p p r o a c h  t o  w i t h i n  f i v e  percent of t h e  l i m i t i n g  v a l u e  o f  Case 1. This  
s ta tement  i s  based  on  the  fol lowing  considerat ions.  L e t  us set: 
n 
o;(n) = v a r i a n c e  i n  stellar c o o r d i n a t e s  a t t r i b u t a b l e  s o l e l y  t o  e r r o r s  i n  
project ive parameters  determined from average n stars p e r  p l a t e ;  
known pro jec t ive  parameters .  
= t y p i c a l  number of stars c a r r i e d  on each plate;  
0 ;  
= var i ance  i n  s te l lar  c o o r d i n a t e s  f o r  l i m i t i n g  case of p e r f e c t l y  
Then the  fo l lowing  r e l a t ion  deve loped  by  Brown (1958) holds: 
i n  which  02(n) i s  t h e  t o t a l  v a r i a n c e  i n  s te l lar  coord ina tes .  Now, i f  t h e  num- 
ber  of  stars p e r  p l a t e  i s  changed from n w e l l  d i s t r i b u t e d  stars t o  kn w e l l  d i s -  
t r i b u t e d  stars, one has 
1 
k o2(kn) = - U 2  (n) 
We know from  Table 3 t h a t  U: (1 .3)2.  A l so ,  o'(n) = (1 .7)  f o r   t h e   c a s e   i n  
which n = 7. It f o l l o w s  t h a t  f o r  n = 7 ,  u2(n)  = (1 .7)2 - (1 .3)2  = 1.20 . 
Accordingly, f o r  n = 10 x 7 , o2  (n) 1 .12 .' Thus when approximately 70 stars 
are reduced  per   plate ,   one  hasPo2(70)  1 (1 .   3)2 + ( - 1 2 )  o r  ~ ( 7 0 )  = 1.36.  This 
is on ly  abou t  f ive  pe rcen t  g rea t e r  t han  o o  = 1-30, and, i n  t u r n ,  i s  s u p e r i o r  
t o  t h e  r e s u l t s  t o  b e  e x p e c t e d  from Case 2 i n  which 1 2  c o n t r o l  p o i n t s  are ex- 
e rc i sed .  
Our resu l t s  i n d i c a t e  t h a t  i f  a moderately great  number of stars are ex- 
e r c i s e d  on  each p l a t e ,  a simultaneous adjustment of a n e t  of 42 pla tes  cover -  
i n g  t h e  ce les t ia l  sphe re  can  e s t ab l i sh  s t e l l a r  coord ina te s  to  accu rac i e s  c lose -  
l y  a p p r o a c h i n g  t h e o r e t i c a l  limits even when no s te l lar  c o n t r o l  p o i n t s  are used. 
More ex tens ive  numer ica l  s imula t ions  should  be  under taken  t o  e s t ab l i sh  whe the r  
o r  n o t  t h i s  s t a t e m e n t  h a s  g e n e r a l  v a l i d i t y .  Such s imulat ions should consider  not  
o n l y  v e r y  l a r g e  n e t s ,  b u t  a l s o  s h o u l d  e x e r c i s e  more ex tens ive  pro jec t ive  models  
and  vary ing  degrees  of  p la te  over lap .  Of p a r t i c u l a r  i n t e r e s t  would be  an  in -  
v e s t i g a t i o n  o f  t h e  e f f e c t s  o f  e m p i r i c a l  m o d e l i n g  o f  s y s t e m a t i c  e r r o r s  c o m o n  
t o  l a r g e  numhers  of p l a t e s .  E x p e r i e n c e  i n  o t h e r  f i e l d s  l e a d s  u s  t o  b e l i e v e  
t h a t  i n  l a r g e  scale adjustments ,  ra ther  extensive empir ical  model ing of t h i s  
na ture  can  be  incorpora ted  wi thout  danger  of  s ign i f icant  d i lu t ion  of  a t ta inable  
a c c u r a c i e s .  I f  t h i s  b e  so ,  f ina l  resu l t s  can  conce ivably  be  rendered  a lmost  
immune t o  e f f e c t s  o f  unknown s y s t e m a t i c  e r r o r s  t h a t  persist from p l a t e  t o  p l a t e .  
We b e l i e v e  a p r a c t i c a l  test o f  t h i s  t h e s i s  would c o n s t i t u t e  a most worthwhile 
undertaking.  A s  a n  i n i t i a l  v e n t u r e  w e  would sugges t  the  execut ion  of  ac tua l  
photography to  generate  a n e t  o f  1 6 2  p l a t e s  c o v e r i n g  t h e  c e l e s t i a l  s p h e r e .  A 
2 6 1  
s u i t a b l e  camera f o r  t h i s  p u r p o s e  would be one employing a 360m Schneider Sym- 
mar lens  and  Kodak 24 x .24cm m i c r o f l a t  p l a t e s .  . A c c u r a c i e s  i n  s te l lar  p o s i t i o n s  
theo re t i ca l ly  to  be  expec ted  f rom such  an  exercise would approach 0'!6. By  com- 
pa r ing  su i t ab ly  t r ans fo rmed  pos i t i ons  f rom ac tua l  r educ t ions  wi th  co r re spond ing  
ca ta logued  pos i t ions ,  one  could  de te rmine  the e x t e n t  t o  w h i c h  t h e o r e t i c a l  ex- 
pecta t ions  can  ac tua l ly  be  rea l ized ,  and ,  more  impor tan t ly ,  one  could  ascer- 
t a i n   t o  what  ex ten t  sys temat ic  e r ror  can a c t u a l l y  b e  overcome (both with and 
without   special   model ing) .  A l imi t ed  expe r imen ta l  i nves t iga t ion  a long  such  
l i n e s  s h o u l d ,  w e  feel ,  be executed and thoroughly evaluated before the under- 
taking of  more ex tens ive  expe r imen ta l  i nves t iga t ions  i s  ser ious ly  cons idered .  
When p l a t e  measuring accuracies of 2 t o  3 microns (one sigma) are a t t a i n e d ,  
our  ex t rapola t ions  sugges t  tha t  one  can  expec t  to  produce  s te l lar  pos i t i ons  
accura te  to  be tween O!'l and 0!'2 from the s imultaneous adjustment  of an uncon- 
t r o l l e d  2562 p la te  ne t  produced  by a camera having a foca l  length  of  about  1.5m. 
L e t  us assume momentar i ly  tha t  th i s  expec ta t ion  i s  indeed  cor rec t .  The  conse- 
quences would be far reaching, for photographic astrometry would then be freed 
from a l l  dependence on c o n t r o l  stars e s t a b l i s h e d  by meridian observat ions (ex-  
cep t  t o  the  minor  ex ten t  r equ i r ed  to  e f f ec t  a r i g i d  body r o t a t i o n  of a r b i t r a r i l y  
e s t a b l i s h e d  X ,  I$ sys t em  in to   t he   r i gh t   a scens ion -dec l ina t ion   sys t em) .   Th i s  
raises the  in t r igu ing  poss ib i l i t y  t ha t  pho tograph ic  a s t rome t ry  migh t  even  one  
day serve to uncover  systematic  errors  in  the system of  fundamental  stars. This  
would,  of course,  consti tute a complete reversal o f  t h e  t r a d i t i o n a l  r o l e s  of 
photographic   and  visual   as t rometry.   Unt i l  now, t h e  p l a t e  overlapping method 
has  been universal ly  regarded as p r i m a r i l y  a n  i n t e r p o l a t i v e  p r o c e s s ,  of g r e a t e r  
e f f ec t iveness  than  earlier methods,  but nonetheless fundamentally dependent on 
a framework of p re -e s t ab l i shed  con t ro l .  We now a p p r e c i a t e  t h a t  s u c h  a frame- 
work i s  n o t  i n h e r e n t l y  e s s e n t i a l  t o  t h e  a n a l y t i c a l  r e c o n s t r u c t i o n  o f  a w e l l  con- 
s t r u c t e d  s p h e r i c a l  n e t .  
CONCLUSIONS 
In the  s imultaneous adjustment  of  a s p h e r i c a l  n e t ,  w e  f i n d  t h a t  t h e  pro- 
cesses of pole-to-pole spiral  ordering and modeling of e f f e c t s  common t o  l a r g e  
numbers  of p l a t e s  combine to  genera te  normal  equat ions  having  a bordered-banded 
coe f f i c i en t  ma t r ix .  The d i r e c t  s o l u t i o n  and invers ion  of  such  a system of norm- 
a l  equat ions becomes computa t iona l ly  f eas ib l e  by  means of Recurren t  Par t i t ion ing ,  
even when tens of thousands of unknowns must he recovered simultaneously.  Re- 
s u l t s  on a l i m i t e d  s c a l e  i n d i c a t e  that s p h e r i c a l  n e t s  c a n  b e  s u c c e s s f u l i y  ad- 
j u s t e d  with b u t  s l i g h t  d i l u t i o n  of t h e o r e t i c a l l y  a t t a i n a b l e  a c c u r a c i e s ,  e v e n  i n  
the  complete   absence  of   independent ly   es tabl ished  control .   Should these f ind-  
i n g s  h o l d  f o r  v e r y  l a r g e  n e t s ,  t h e  i m p l i c a t i o n s  t o  astrometry could be profound. 
I n  any event,  practicaJ means are now a v a i l a b l e  t o  p e r m i t  the  undertaking of  
more e x t e n s i v e  i n v e s t i g a t i o n s  i n t o  t h i s  matter. 
A s  a f i n a l  n o t e  w t  would suggest that  a g rea t e r  deg ree  of i n t e r d i s c i p l i n -  
ary awareness between astrometry and photogrammetry could w e l l  be  of consider- 
a b l e  b e n e f i t  t o  b o t h  f i e l d s .  
26 2 
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DISCUSSION 
Clube : What happens i f  you impose a direction on your solution? 
Brown : I n  Case 2 I assumed that twelve reference stars were available. However,  Case 3 showed 
that these were not really essential to determinacy. In this sense I agree with your com- 
ment that  i n  principle,  the photographic method can produce s tar  posi t ions ent irely  wi th-  
out reference stars. For that  reason, it could be used as a  means of investigating system- 
a t i c   e r r o r s   i n  a fundamental star catalogue. 
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APPENDIX 
Comparison of measuring and redkcing techniques 
of satellite observa t ions  and  the i r  accuracy .  
There were s i x  a g e n c i e s  r e p r e s e n t e d  i n  the meetings of the Conference,  
which were actively engaged in  obta in ing ,  measur ing ,  and reducing satel l i te  
da ta .  T h e  techniques used toward this. purpose a t  the v a r i o u s  i n s t i t u t i o n s  
var ied  cons iderably  and  th i s  appendix  has been compiled t o  g i v e  a comparison 
of the  da ta  acquis i t ion  and  handl ing  methods .  The p lace  where  the  o r ig ina l  
d a t a  are s t o r e d  is a l s o  i n d i c a t e d  s o  that, i f  some time i n  t h e  f u t u r e  improved 
star pos i t i ons  shou ld  become a v a i l a b l e ,  some of the reduct ions might  be re- 
pea ted  wi th  the  improved star pos i t i ons  and  l ead  to  more a c c u r a t e  r e s u l t s .  
The agencies from which information was a v a i l a b l e  and the  ins t ruments  
The Smithsonian Astrophysical Observatory (SAO) a t  Cambridge,  Massachu- 
The Deutsches Geodat isches Forschungsinst i tut  (DGFI) der Deutschen Geo- 
they used for  measuring the photographic  material were as fol lows:  
setts used a two l ead  screw David Mann model 8298 comparator. 
datischen Komission a t  Munich, Germany used a Wild Stereo comparator model 
STKl . 
The Aeronaut ical  Chart  and Information Center (ACIC) a t  S t .  Louis,  M i s -  
sou r i  u sed  a David Mann type 1204 semiautomatic s t e l l a r  comparator. 
A t  t h e  PSC of New Mexico S t a t e  U n i v e r s i t y  (NMSU) a t  Universi ty  Park,  a 
two screw David Mann type  422F measuring machine was used. 
The workers a t  the Royal Radar Establishment (RRE) a t  Great Malvern, 
Worcs., England used a 30cm x 30cm Zeiss coordinatograph. 
A t  the Coast and Geodetic Service (CGS) of the Environmental  Service 
Adminis t ra t ion of the U.S. D e p t .  of Commerce in  Rockvi l le ,  Maryland ,  s ix  d i f -  
f e r e n t  Mann monocular two screw comparators were i n  u s e .  
The  rows of t he  Tab le  below g ive  the fol lowing information (n.  i. means 
t h a t  no information w a s  a v a i l a b l e ) .  
1. the measuring machines were operated ei ther  manual ly  (m) or  semiauto-  
2. mode of d i g i t i z a t i o n  (T = Telecordex, n = none, M = David  Mann). 
3 .  t he  ou tpu t  of t h e  measurements  appeared on punched ca rds  ( c )  o r  punch- 
4 .  type of  emulsion carr ier  ( f  = f i lm ,  p = g l a s s  p l a t e s ) .  
5. s i z e  of t h e  f i e l d  i n  l i n e a r  u n i t s .  
6. e f f e c t i v e  f o c a l  l e n g t h  of camera ( i n  u n i t s  of mi l l ime te r s ) .  
7.  mode of  camera ope ra t ion  ( f  = e a r t h  f i x e d ,  s = f o l l o w i n g  t h e  s t a r s ) .  
8. a s a t e l l i t e  image is unders tood  to  be  a point shaped t r a i l  s e c t i o n  ( s ) ,  
m a t i c a l l y   ( s . a . ) .  
ed t a p e  ( t ) .  
a n  i n t e r r u p t i o n  i n  t h e  trail  ( i )  f o r  p a s s i v e  satel l i tes ,  o r  a f l a s h  ( f )  f o r  
a c t i v e  satel l i tes .  
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9. s t anda rd  dev ia t ion  of the measured coordinates  of one stellar image, 
10. number o f  s e t t i n g s  made on each stellar image. 
11. were the measurements made i n  d i r e c t  o r  reverse p o s i t i o n s  of t h e  
12. number of images of the same ( reference)  star measured on any one 
13. (average) number of satell i te images measured on any one frame. 
14 .  s tandard  devia t ion  of  the  measured  coord ina tes  of an  ind iv idua l ly  
15. average number of r e fe rence  stars used. 
16.  s tandard deviat ion of t he  r ec t angu la r  coord ina te s  of t h e  r e f e r e n c e  
as it  is  used i n  the r e d u c t i o n  ( i n  units of micruns) .  
frame? 
frame  (average) . 
recorded satel l i te  image ( i n  u n i t s  of microns) .  
star p o s i t i o n s  as computed  from t h e  measured coordinates of one of i ts  images 
on the frame. 
1 7 .  number of sa te l l i t e  images on one frame that are combined i n t o  a 
f i c t i t i o u s  p o i n t .  
18. s t anda rd  dev ia t ion  of t he  coord ina te s  of a f i c t i t i o u s  (combined) 
s a t e l l i t e  image. 
19 .  s tandard  devia t ion  of  the  t iming  assoc ia ted  wi th  the  s a t e l l i t e  images 
( i n   u n i t s  of  mil l isecdons)  . 
20. form i n  which  the  da ta  a t  the q u o t e d  i n s t i t u t i o n s  are preserved 
(c = punched ca rds ,  s = t yped  shee t s ,  p = computer  pr intout ,  m = magnetic 
tape ,  t = punched t ape ,  f = microf i lm) .  
Table  en t r ies  which  are numbers i n  p a r e n t h e s e s  r e f e r  t o  r e m a r k s  a t  t h e  
bottom of t h e  t a b l e .  
T - 
- 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
L7 
L8 
19 
!O 
- 
APPENDIX TABLE.- Information on procedures used for the establishment 
of s p h e r i c a l  p o s i t i o n s  of a r t i f i c i a l  sa te l l i t es .  1 
S A0 
~ 
m 
T 
C 
f 
n . i .  
500 
( 2 )  
( 2 )  
2 t o  3 
6 
Yes 
1 
1 
2 t o  3 
8 
0!'5 
( 6 )  
1" t o  2" 
1 
C 
DGFI 
m 
n 
C 
g 
450 
f 
2 
2 
Yes 
200 
8 
2.5 
50 
3.5D 
a l l  
0 . 2  t o  0.3~ 
1 
s , c  
18 x 18 cm2 
S 
A C I C  
sa 
M 
C 
g 
10 X 10 in2 
(1) 
( 3 )  
f 
1 
1 
no 
6 
1 
25 
0!'7 
0 !' 7 
0 .5  
C.P 
( 5 )  
2.100 (7) 
NMSU 
m 
T 
C 
8 x 10 i n i  
g 
1000 
S 
f 
4 t o  5 
5 
no 
1 
7 
4 t o  5 
50 
4D 
n.a. 
n.a.  
n . i .  
c,m 
~~ 
~ 
I RRE m n . i .  t g 611 f 1 .5  20 x 15 cm2 ( 3 )  4 ( 4 )  Yes 2 60  50 2 . 2  4 . 2 ~  = 1!'4 n.a .  n.a. 0.5 t o  1 t , P  CdGS m T t g 450 f 1.6 2 5 300 1.4 120 n . i .  (8) 0 . 6 5 ~  ( 9 )  m 18 x 2 1  cm2 S yes  - 
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Remarks  : 
(1) Three camera types were used, PC 1000 w i t h  f o c a l  l e n g t h  l O O n q q ,  and two 
(2) The Baker-Nunn cameras cou ld  be  used  in  the f i x e d  mode, o r  t r ack ing  a 
types of BC-4 cameras with 450 and 300mi foca l  l eng th ,  r e spec t ive ly .  
sa te l l i te ,  o r  t r a c k i n g  t h e  stars. Al of these were employed on d i f f e r e n t  
occas ions ,  and  accord ingly ,  y ie lded  d i f fe ren t  accurac ies .  
f o r  p a s s i v e  satellites. 
(3)  Flashes  o r  actiye satellites and s h u t t e r  produced trail i n t e r r u p t i o n s  
(4) Two s e t t i n g s  each by two d i f f e ren t  obse rve r s .  
(5) 7 f o r  active, 1 0 0  f o r  p a s s i v e  satellites. 
( 6 )  F i c t i t i o u s  p o i n t s  were n o t  n o w a l l y  produced - this w a s  done  only  for  
(7) Number va l id  fo r  pho tographs  wi th  the  PC-1000 camera. 
( 8 )  7 F i c t i t i o u s  p o i n t s  were c rea t ed  from the 300 satel l i te  images on any 
(9) The timing accuracy of the sa te l l i t e  images depends on the speed of the 
1 s p e c i a l   p r o j e c t s .  
one  frame. 
r o t a t i o n  s e c t i o n  t h a t  p r o d u c e s  t h e  i n t e r r u p t i o n s  i n  t h e  trail. A t  60 rpm t h e  
t iming  s .d .  is 0.5ms, a t  30 rpm, 1 m s .  Most sa te l l i tes  were recorded  with  the 
shut te r  speed  be tween these  ex t remes .  
NASA-Langley, 1911 - 14 CR-1825 
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